Google 


This  is  a  digital  copy  of  a  book  that  was  preserved  for  generations  on  Hbrary  shelves  before  it  was  carefully  scanned  by  Google  as  part  of  a  project 

to  make  the  world's  books  discoverable  online. 

It  has  survived  long  enough  for  the  copyright  to  expire  and  the  book  to  enter  the  public  domain.  A  public  domain  book  is  one  that  was  never  subject 

to  copyright  or  whose  legal  copyright  term  has  expired.  Whether  a  book  is  in  the  public  domain  may  vary  country  to  country.  Public  domain  books 

are  our  gateways  to  the  past,  representing  a  wealth  of  history,  culture  and  knowledge  that's  often  difficult  to  discover. 

Marks,  notations  and  other  maiginalia  present  in  the  original  volume  will  appear  in  this  file  -  a  reminder  of  this  book's  long  journey  from  the 

publisher  to  a  library  and  finally  to  you. 

Usage  guidelines 

Google  is  proud  to  partner  with  libraries  to  digitize  public  domain  materials  and  make  them  widely  accessible.  Public  domain  books  belong  to  the 
public  and  we  are  merely  their  custodians.  Nevertheless,  this  work  is  expensive,  so  in  order  to  keep  providing  this  resource,  we  liave  taken  steps  to 
prevent  abuse  by  commercial  parties,  including  placing  technical  restrictions  on  automated  querying. 
We  also  ask  that  you: 

+  Make  non-commercial  use  of  the  files  We  designed  Google  Book  Search  for  use  by  individuals,  and  we  request  that  you  use  these  files  for 
personal,  non-commercial  purposes. 

+  Refrain  fivm  automated  querying  Do  not  send  automated  queries  of  any  sort  to  Google's  system:  If  you  are  conducting  research  on  machine 
translation,  optical  character  recognition  or  other  areas  where  access  to  a  large  amount  of  text  is  helpful,  please  contact  us.  We  encourage  the 
use  of  public  domain  materials  for  these  purposes  and  may  be  able  to  help. 

+  Maintain  attributionTht  GoogXt  "watermark"  you  see  on  each  file  is  essential  for  informing  people  about  this  project  and  helping  them  find 
additional  materials  through  Google  Book  Search.  Please  do  not  remove  it. 

+  Keep  it  legal  Whatever  your  use,  remember  that  you  are  responsible  for  ensuring  that  what  you  are  doing  is  legal.  Do  not  assume  that  just 
because  we  believe  a  book  is  in  the  public  domain  for  users  in  the  United  States,  that  the  work  is  also  in  the  public  domain  for  users  in  other 
countries.  Whether  a  book  is  still  in  copyright  varies  from  country  to  country,  and  we  can't  offer  guidance  on  whether  any  specific  use  of 
any  specific  book  is  allowed.  Please  do  not  assume  that  a  book's  appearance  in  Google  Book  Search  means  it  can  be  used  in  any  manner 
anywhere  in  the  world.  Copyright  infringement  liabili^  can  be  quite  severe. 

About  Google  Book  Search 

Google's  mission  is  to  organize  the  world's  information  and  to  make  it  universally  accessible  and  useful.   Google  Book  Search  helps  readers 
discover  the  world's  books  while  helping  authors  and  publishers  reach  new  audiences.  You  can  search  through  the  full  text  of  this  book  on  the  web 

at|http  :  //books  .  google  .  com/| 


I 


Louis  C*  Earplnski 


n 


PA 


NOTE. 

The  Special  Board  for  Mathematics  in  the  University 
of  Cambridge  in  a  Report  on  Geometrical  Teaching  dated 
May  10,  1887,  state  as  follows: 

'The  majority  of  the  Board  are  of  opinion  that  the  rigid  adherence 
to  Euclid's  texts  is  prejudicial  to  the  interests  of  education,  and 
that  greater  freedom  in  the  method  of  teaching  Geometry  is 
desirable.  As  it  appears  that  this  greater  freedom  cannot  be 
attained  while  a  knowledge  of  Euclid's  text  is  insisted  upon  in 
the  examinations  of  the  University,  they  consider  that  such 
alterations  should  be  made  in  the  regulations  of  the  examina- 
tions as  to  admit  other  proofs  besides  those  of  Euclid,  while 
following  however  his  general  sequence  of  propositions,  so  that 
no  proof  of  any  proposition  occurring  in  Euclid  should  be 
accepted  in  which  a  subsequent  proposition  in  Euclid's  order 
is  assumed.' 

On   March   8,    1888,    Amended    Regulations    for    the 

Previous    Examination,    which    contained    the    following 

provision,  were  approved  by  the  Senate  : 

'  Euclid's  definitions  will  be  required,  and  no  axioms  or  postulates 
except  Euclid's  may  be  assumed.  The  actual  proofs  of  propo- 
sitions as  given  in  Euclid  will  not  be  required,  but  no  proof  of 
any  proposition  occurring  in  Euclid  will  be  admitted  in  which 
use  is  made  of  any  proposition  which  in  Euclid's  order  occurs 
subsequently.^ 

And  in  the  Regulations  for  the  Local  Examinations 

conducted  by  the  University  of  Cambridge  it  is  provided 

that : 

*  Proofs  other  than  Euclid's  will  be  admitted,  but  Euclid's  Axioms 
will  be  required,  and  no  proof  of  any  proposition  will  be 
accepted  which  assumes  anything  not  proved  in  preceding 
propositions  in  Euclid.' 
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PKEFACE  TO  BOOKS  I.   AND  11. 


T  was  with  extreme  diffidence  that  I  accepted  an  invi- 
tation from  the  Syndics  of  the  Cambridge  University 
^  Press  to  undertake  for  them  a  new  edition  of  the  Elements 
^  of  Euclid.  Though  I  was  deeply  sensible  of  the  honour, 
*;  which  the  invitation  conferred,  I  could  not  but  recognise 
^  the  great  responsibility,  which  the  acceptance  of  it  would 
^  entail. 
Vt)         The  invitation  of  the  Syndics  was  in  itself,  to  my  mind,  ^ 

a  sign  of  a  widely  felt  conviction  that  the  editions  in 
^^  common  use  were  capable  of  improvement.  Now  improve- 
ment necessitates  change,  and  every  change  made  in  a 
work,  which  has  been  a  text  book  for  centuries,  must  run 
the  gauntlet  of  severe  criticism,  for  while  some  will  view 
every  alteration  with  aversion,  others  will  consider  that 
every  change  demands  an  apology  for  the  absence  of  more  / 
and  greater  changes.  t 

I  will  here  give  a  short  account  of  the  chief  points,  in 
which  this  edition  differs  from  the  best  known  editions  of 
the  Elements  of  Euclid  at  present  in  use  in  England. 

While  the  texts  of  the  editions  of  Potts  and  Todhunter 
are  confessedly  little  more  than  reprints  of  Simson's  English 
version  of  the  Elements  published  in  1756,  the  text  of  the 
present  edition  does'  not  profess  to  be  a  translcUion  from 
the  Greek.  I  began  by  retranslating  the  First  Book:  but 
there  proved  to  be  so  many  points,  in  w^iich  I  thought  it 
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\    desirable  to  depart  from  the  original,  that  it  seemed  best 
to  give  up  all  idea  of  simple   translation  and   to  retain/ 
merely  the  substance  of  the  work,  following  closely  Euclid's W 
sequence  of  Propositions  in  Books  I.  and  II.  at  all  events,  i 

Some  of  the  definitions  of  Euclid,  for  instance  trapeziuvi} 
rliomhoidy  gnomon  are  omitted  altogether  as  unnecessary. 
The  word  trapezium  is  defined  in  the  Greek  to  mean  *^  any 
four  sided figv/re  other  tJuin  tliose  already  definedy^  but  in 
many  modem  works  it  is  defined  to  be  "a  quadrikUeral^ 
which  has  one  pair  o/  parallel  sides,"  The  first  of  these 
definitions  is  obsolete,  the  second  is  not  universally  ac- 
cepted. On  the  other  hand  definitions  are  added  of  several 
words  in  general  use,  such  as  perimeter,  pa/raUelogrami, 
diagonal,  which  do  not  occur  in  Euclid's  list. 

The  chief  alteration  in  the  definitions  is  in  that  of  the 
word  figure,  which  is  in  the  Greek  text  defined  to  be  "  that 
which  is  enclosed  by  one  or  more  boundaries"  1  have 
preferred  to  define  a  figu^re  as  "a  combination  of  points, 
lines  and  su/rfa>ces"  That  Euclid's  definition  leads  to  diffi- 
culty  is  seen  from  the  fact  that,  though  Euclid  defines  a 
circle  as  "a  figure  contained  by  one  line.,",  he  demands  in 
his  postulate  that  "a  circle  m^ay  be  described...".  Now  it  is 
the  circumference  of  a  circle  which  is  described  and  not 
the  surface.  Again,  when  two  circles  intersect,  it  is  the 
circumferences  which  intersect  and  not  the  surfaces. 

I  have  rejected  the  ordinarily  received  definition  of  a 
square  as  "  a  qu>adrilateral,  whose  sides  are  equal,  and  whose 
angles  a/re  right  angles"  I'here  is  no  doubt  that,  when  we 
define  any  geometrical  figure,  we  postulate  the  possibility 
of  the  figure ;  .  but  it  is  useless  to  embrace  in  the  definition 
more  properties  than  are  requisite  to  determine  the  figure. 

The  word  axiom  is  used  in  many  modem  works  as 
applicable  both  to  simple  geometrical  propositions,  such  as 
"  two  straigJU  lines  cannot  enclose  a  space,"  and  to  proposi- 
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tions,  other  than  geometrical,  accepted  without  demonstra- 
tion and  true  universally^  such  s&^Hhe  whole  of  a  thing  is 
greater  than  a parL^*  These  two  classes  of  propositions  are 
often  distinguished  by  the  terms  "geometrical  axioms"  and 
"  general  axioms."  I  prefer  to  use  the  word  axiom  as  appli- 
cable to  the  latter  class  only,  that  is,  to  simple  propositions, 
true  of  magnitudes  of  all  kinds  (for  inststnce  "things  which 
are  eqiud  to  the  same  thing  are  eqtml  to  one  another "),  and 
to  use  the  term  postulate  for  a  simple  geometrical  proposi- 
tion, whose  truth  we  assume. 

When  a  child  is  told  that  -4  weighs  exactly  as  much 
as  E,  and  E  weighs  exactly  as  much  as  C,  he  without 
hesitation  arrives  at  the  conclusion  that  A  weighs  exactly 
as  much  as  C.  His  conviction  of  the  validity  of  his 
conclusion  would  not  be  strengthened,  and  possibly  his 
confidence  in  his  conclusion  might  be  impaired,  by  his 
being  directed. to  appeal  to  the  authority  of  the  general 
proposition  "  things  which  are  equal  to  the  sams  thing  a/re 
equal  to  one  another"  I  have  therefore,  as  a  rule,  omitted  I 
in  the  text  all  reference  to  the  general  statements  of 
axioms,  and  have  only  introduced  such  a  statement  occa- 
sionally, where  its  introduction  seemed  to  me  the  shortest 
way  of  explaining  the  nature  of  the  next  step  in  the 
demonstration. 

If  it  be  objected  that  all  axioms  used  should  be  clearly 
stated,  and  that  their  number  should  not  be  unnecessarily 
extended^  my  reply  is  that  neither  the  Greek  text  nor  any 
edition  of  it,  with  which  I  am  acquainted,  has  attempted 
to  make  its  list  of  axioms  perfect  in  either  of  these  respects. 
The  lists  err  in  excess,  inasmuch  as  some  of  the  axioms 
therein  can  be  deduced  from  others :  they  err  in  defect, 
inasmuch  as  in  the  demonstrations  of  Propositions  conclu- 
sions are  often  drawn,  to  support  the  validity  of  which  no 
appeal  can  be  made  to  any  axiom  in  the  lists. 

T.  E.  comp.  ^ 
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Under  the  term  postulate  I  have  included  not  only  what 
may  be  called  the  postulates  of  geometrical  operation,  such 
as  ^Ht  is  assfwmed  thctt  a  straight  line  may  be  dravm  Jrom 
anvy  point  to  any  other  pointy^  but  also  geometrical  theorems, 
the  truth  of  which  we  assume,  such  as  ^Htuo  straiglU  lines 
cannot  have  a  common  part" 
\     The  postulates  of  this  edition  are  nine  in  number. 

Postulates  3,  4,  6  are  the  postulates  of  geometrical 
operation,  which  are  common  to  all  editions  of  the  Elements 
of  Euclid.  Postulates  1,  6,  9  are  the  Axioms  10,  11,  12  of 
modem  editions.  Postulates  2,  7,  8  do  not  appear  under 
the  head  either  of  axioms  or  of  postulates  in  Euclid's  text, 
but  the  substance  of  them  is  assumed  in  the  demonstrations 
of  his  propositions. 

Postulate  9  has  been  postponed  until  page  51,  as  it 
seemed  undesirable  to  trouble  the  student  with  an  attempt 
to  unravel  its  meaning,  until  he  was  prepared  to  accept  it 
as  the  converse  of  a  theorem,  with  the  proof  of  which  he 
had  already  been  made  acquainted. 

It  may  be  mentioned  that  a  proof  of  Postulate  5,  "oZ^ 
right  angles  are  eqical"  is  given  in  the  text  (Proposition  lOB), 
and  that  therefore  the  number  of  the  Postulates  might 
have  been  diminished  by  one :  it  was  however  thought 
necessary  to  retain  this  Postulate  in  the  list,  so  that  it 
might  be  used  as  a  postulate  by  any  person  who  might 
prefer  to  adhere  closely  to  the  original  text  of  Euclid. 

One  important  feature  in  the  present  edition  is  the 
^  greater  freedom  in  the  direct  use  of  "  the  method  of  super- 
//  position  "  in  the  proofs  of  the  Propositions.  The  method  is 
used  directly  by  Euclid  in  his  proof  of  Proposition  4  of 
Book  I.,  and  indirectly  in  his  proofs  of  Proposition  5  and 
of  every  other  Proposition,  in  which  the  theorem  of 
Proposition  4  is  quoted.  It  seems  therefore  but  a  slight 
alteration  to  adopt  the  direct  use  of  this  method  in  the 
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proofs  of  any  theorems,  in  the  proofs  of  which,  in  Euclid's 
text,  the  theorem  of  Proposition  4  is  quoted. 

It  may  of  course  be  fairly  objected  that  it  would  be 
more  logical  for  a  writer,  who  uses  with  freedom  the 
method  of  superposition,  to  omit  the  first  three  Propo- 
sitions of  Book  I.  To  this  objection  my  reply  must  be 
that  it  is  considered  undesirable  to  alter  the  numbering 
of  the  Propositions  in  Books  I.  and  11.  at  all  events.  No" 
doubt  a  work  written  merely  for  the  teaching  of  geometry, 
without  immediate  reference  to  the  requirements  of  candi- 
dates preparing  for  examination,  might  well  omit  the  first 
three  Propositions  and  assume  as  a  postulate  that  "  a  circle 
rrmy  he  described  with  any  point  as  centre,  amd  tvith  a 
length  equal  to  a/ny  given  straight  line  as  radius"  instead 
of  the  postulate  of  Euclid's  text  (Postulate  6  of  the  pre- 
sent edition),  "  a  circle  may  be  described  tvith  any  point  as 
centre  and  udth  a/n/y  straight  line  drawn  from  that  point  as 
radius," 

The  use  of  the  -words  "each  to  each"  has  been  aban- 
doned. The  statement  that  two  things  are  equal  to  two 
other  things  each  to  each,  seems  to  imply,  according  to  the 
natural  meaning  of  the  words,  that  all  four  things  are 
equal  to  each  other.  Where  we  wish  to  state  briefly  that 
A  has  a  certain  relation  to  a,  B  has  the  same  relation  to 
by  and  C  has  the  same  relation  to  c,  we  prefer  to  say  that 
A,  £f  G  have  this  relation  to  o,  b,  c  respectively. 

The  enunciations  of  the  Propositions  in  Books  I.  and 
II.  have  been,  with  some  few  slight  exceptions,  retained 
throughout,  and  the  order  of  the  Propositions  remains 
unaltered,  but  different  methods  of  proof  have  been  adopted 
in  many  cases.  The  chief  instances  of  alteration  are  to  be 
found  in  Propositions  5  and  6  of  Book  I.,  and  in  Book  II. 

The  use  of  what  may  be  called  impossible  figures,  such 
as  occurred  in  Euclid's  text  in  the  proofs  of  Propositions 
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6  and  7  of  Book  I.  has  been  avoided.  It  seems  better  to 
prove  that  a  line  cannot  be  drawn  satisfying  a  certain  condi- 
tion without  making  a  pretence  of  doing  what  is  impossible. 

Two  Propositions  (10  A  and  10  B),  have  been  introduced 
to  shew  that,  if  the  method  of  superposition  be  used,  we 
need  not  take  as  a  postulate  ^^all  right  angles  are  equal  to 
one  anjother^^  but  that  we  may  deduce  this  theorem  from 
other  postulates  which  have  been  already  assumed. 

Another  new  Proposition  introduced  into  the  text  is 
Proposition  26  A,  ^^if  two  triangles  have  tux>  sides  equal  to 
two  sides,  and  the  amgles  opposite  to  one  pair  of  equal  sides 
equal,  the  a/ngles  opposite  to  the  other  pair  a/re  either  equal  or 
awpplementary^^  which  may  be  described,  with  reference  to 
Euclid's  text,  as  the  missing  case  of  the  equality  of  two 
triangles.  It  is  intimately  connected  with  what  is  called 
in  Trigonometry  "  the  ambiguous  case  "  in  the  solution  of 
triangles. 

Another  new  Proposition  (41  A)  is  the  solution  of  the 
problem  "  to  construct  a  triangle  equal  to  a  given  rectilineal 
figure,^*  It  appears  to  be  a  more  practical  method  of  solving 
the  general  problem  of  Proposition  45  "<p  construct  a  paral- 
lelogram, equal  to  a  given  rectilineal  figure,  having  a  side 
equal  to  a  given  straight  line,  and  havi/ng  an  angle  eqital  to 
a  given  angle,^*  to  begin  with  the  construction  of  a  triangle 
equal  to  the  given  figure  rather  than  to  follow  the  exact 
sequence  of  Euclid's  propositions. 

In  the  notes  a  few  "Additional  Propositions"  have 
been  introduced  containing  important  theorems,  which  did 
not  occur  in  Euclid's  text,  but  with  which  it  is  desirable 
that  the  student  should  become  familiar  as  early  as 
possible.  Also  outlines  have  been  given  of  some  of  tho 
many  diflferent  proofs  which  have  been  discovered  of 
Pythagoras's  Theorem.  They  may  be  found  int^jresting  and 
useful  as  exercises  for  the  student. 
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Euclid's  proofs  of  many  of  the  Propositions  of  Book  II. 
are  unnecessarily  long.  His  use  of  the  diagonal  of  the 
square  in  his  constructions  in  Propositions  4  to  8  can 
scarcely  be  considered  elegant. 

It  is   curious  to  notice  that   Euclid   after    giving  a' 
demonstration   of   Proposition  1  makes  no  use  whatever 
of  the  theorem.     It  seems  more  logical  to  deduce  from 
Proposition  1  those  of  the  subsequent  Propositions  which 
can  be  readily  so  deduced. 

In  Book  II.  outlines  of  alternative  proofs  of  several  of 
the  Propositions  have  been  given,  which  may  be  developed 
more  fully  and  used  in  examinations,  in  place  of  the 
proofs  given  in  the  text.  Some  of  these  proofs  are  not, 
so  far  as  I  know,  to  be  found  in  English  text  books. 
The  most  interesting  ones  are  those  of  Propositions  12 
and  13.  Some,  which  I  thought  at  first  were  new,  I  have 
since  found  in  foreign  text  books. 

The  Propositions  in  the  text  have  not  been  distin- 
guished by  the  words  "Theorem"  and  "Problem."  The 
student  may  be  informed  once  for  all  that  the  word 
theorem  is  used  of  a  geometrical  truth  which  is  to  be 
demonstrated,  and  that  the  word  problem  is  used  of  a 
geometrical  construction  which  is  to  be  performed. 

Although  Euclid  always  sums  up  the  result  of  a  Propo- 
sition by  the  words  cnrcp  ISct  ScZ^at  or  oircp  cSct  iroirjo'cu^ 
there  seems  to  be  no  utility  in  putting  the  letters  q.e.d. 
or  Q.B.F.  at  the  end  of  a  Proposition  in  an  English  text- 
book. The  words  "  Quod  erat  demonstrandum  "  or  "  Quod 
erat  faciendum  "  in  a  Latin  text  were  not  out  of  place. 

When  the  book  is  opened,  the  reader  will  see  as  a  rule 
on  the  left  hand  page  a  Pi*oposition,  and  on  the  opposite 
page  notes  or  exercises.  The  notes  are  either  appropriate 
to  the  Proposition  they  face  or  introductory  to  the  one 
next  succeeding.    The  exercises  on  the  right  hand  page  are, 
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it  is  hoped,  in  all  cases  capable  of  being  solved  by  means  of 
the  Proposition  on  the  adjoining  page  and  of  preceding 
Propositions.  They  have  been  chosen  with  care  and  with 
the  special  view  of  inducing  the  student  from  the  com- 
mencement of  his  reading  to  attempt  for  himself  the 
solution  of  exercises. 

For  many  Propositions  it  has  been  difficult  to  find 
suitable  exercises :  consequently  many  of  the  exercises  have 
been  specially  manufactured  for  the  Propositions  to  which 
they  are  attached.  Great  pains  have  been  taken  to  verify 
the  exercises,  but  notwithstanding  it  can  scarcely  be  hoped 
that  all  trace  of  error  has  been  eliminated. 

It  is  with  pleasure  that  I  record  here  my  deep  sense 
of  obligation  to  many  friends,  who  have  aided  me  by 
valuable  hints  and  suggestions,  and  more  especially  to 
A.  R.  Forsyth,  M.A.,  Fellow  and  Assistant  Tutor  of 
Trinity  College,  Charles  Smith,  M.A.,  Fellow  and  Tutor  of 
Sidney  Sussex  College,  R.  T.  Wright,  M.A,  formerly 
Fellow  and  Tutor  of  Christ's  College,  my  brother-in-law 
the  Reverend  T.  J.  Sanderson,  M.A,  formerly  Fellow  of 
Clare  College,  and  my  brother  W.  W.  Taylor,  M.A., 
formerly  Scholar  of  Queen's  College,  Oxford,  and  after- 
wards Scholar  of  Trinity  College,  Cambridge.  The  time 
and  trouble  ungrudgingly  spent  by  these  gentlemen  on 
this  edition  have  saved  it  from  many  blemishes,  which 
would  otherwise  have  disfigured  its  pages. 

I  shall  be  grateful  for  any  corrections  or  criticisms, 
which  may  be  forwarded  to  me  in  connection  either  with 
the  exercises  or  with  any  other  part  of  the  work. 


H.    M.   TAYLOR. 


Trinity  College,  Cambbidge, 
October  1,  1889. 
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IN  Book  III.  the  chief  deviation  from  Euclid's  text  will 
be  found  in  the  first  twelve  Propositions,  where  a  good 
deal  of  rearrangement  has  been  thought  desirable.  This 
rearrangement  has  led  to  some  changes  in  the  sequence 
of  Propositions  as  well  as  in  the  Propositions  themselves ; 
but,  even  with  these  changes,  the  first  twelve  Propositions 
will  be  found  to  include  the  substance  of  the  whole  of  the 
first  twelve  of  Euclid's  text. 

The  Propositions  from  13  to  37  are,  except  in  unim- 
portant details,  unchanged  in  substance  and  in  order. 

The  enunciation  of  the  theorem  of  Proposition  36  has 
been  altered  to  make  it  more  closely  resemble  that  of  the 
complementary  theorem  of  Proposition  35. 

An  additional  Proposition  has  been  introduced  on  page 
186  involving  the  principle  of  the  rotation  of  a  plane 
figure  about  a  point  in  its  plane.  It  is  a  principle  of 
which  extensive  use  might  with  advantage  be  made  in  the 
proof  of  some  of  the  simpler  properties  of  the  circle. 
It  has  not  however  been  thought  desirable  to  do  more 
in  this  edition  than  to  introduce  the  student  to  this 
method  and  by  a  selection  of  exercises,  which  can  readily 
be  solved  by  its  means,  to  indicate  the  importance  of  the 
method. 
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The  elegant  theorem  commonly  called  Ptolemy's  Theorem 
is  not  found  in  Euclid's  text.  It  was  incorporated  by 
Dr  Robert  Simson  in  one  of  his  later  editions  as  Pro- 
position D  of  Book  VI.  The  position  in  those  modern 
editions  which  are  based  on  Simson's  conveys  the  idea 
that  the  methods  of  proportion  are  necessary  for  the 
proof  of  the  theorem.  I  have  been  bold  enough  to  insert 
it  as  Proposition  37  B  in  Book  III,  prefacing  it  by 
another  theorem  which  appears  as  Proposition  37  A. 

The  additional  Propositions  at  the  end  of  Book  1X1 
will  introduce  the  reader  to  some  of  the  simpler  properties 
of  Poles  and  Polars,  of  the  Badical  Axis  of  two  Circles, 
of  Orthogonal  Circles,  and  of  the  Nine  Point  Circle  of 
a  Triangle. 

Some  of  the  definitions  usually  found  in  Book  IV 
have  been  transferred  in  this  edition  to  Book  III.  The 
change  has  been  made  chiefly  with  a  view  to  convenience 
in  the  enunciation  of  exercises. 

There  is  nothing  which  calls  for  special  remark  in 
Book  IV. 

I  record  with  gratitude  my  obligations  to  those  friends 
who  have  again  so  generously  in  this  the  second  instal- 
ment of  my  work  rendered  me  every  assistance. 

H.  M.  T. 


Trinity  Colleoe,  Cambbidou. 
January  8,  1891. 
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/ 


The  portion  of  Book  V  which  is  included  in  this  edition 
contains  only  so  much  as  is  sufficient  to  establish  in  their 
generality  those  theorems  in  proportion  which  in  Book  VI 
are  applied  to  geometrical  magnitudes. 

The  method  commonly  used  of  representing  the  magni- 
tudes under  discussion  by  straight  lines  has  been  discarded 
as  tending  to  mislead  the  student  with  respect  to  the  general 
nature  of  the  theorems  of  Book  V,  which  are  applicable  to 
magnitudes  of  many  kinds  besides  those  met  with  in  Geo- 
metry. In  fact  Book  V  is  not  essentially  geometrical;  a 
student  whose  knowledge  of  proportion  is  derived  entirely 
from  any  of  the  standard  treatises  on  Algebra  is  fully  pre- 
pared to  follow  the  applications  of  proportion  to  geometrical 
magnitudes  as  developed  in  Book  YI. 

In  consequence  of  the  omission  of  some  of  the  Pro- 
positions of  the  Greek  text,  the  Propositions  in  Book  V 
have  been  renumbered ;  but  for  convenience  the  numbering 
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of  the  Greek  text  is  printed  in  brackets  at  the  head  of  each 
Proposition. 

In  Book  YI  a  slight  departure  from  Euclid's  text  is 
made  in  the  treatment  of  similar  figures.  The  definition  of 
similar  polygons  which  is  adopted  in  this  work  brings  into 
prominence  the  important  property  of  the  fixed  ratio  of 
their  corresponding  sides.  Its  use  has  the  great  merit  of 
tending  at  once  to  simplicity  and  brevity  in  the  proofs  of 
many  theorema 

The  numbering  of  the  Propositions  in  Book  VI  remains 
unchanged :  Propositions  27,  28,  29  are  omitted  as  in  many 
of  the  recent  English  editions  of  Euclid,  and  in  several  cases 
a  Proposition  which  consists  of  a  theorem  and  its  converse 
is  divided  into  two  Parts.  Proposition  32  of  Euclid's  text, 
which  is  a  very  special  case  of  no  great  interest,  has  been 
replaced  by  a  simple  but  important- theorem  in  the  theory 
of  similar  and  similarly  situate  figures. 

The  chief  difiiculty  with  respect  to  the  additions  which 
have  been  made  to  Book  VI  was  the  immense  number  of 
known  theorems  from  which  a  selection  had  to  be  made. 

I  have  attempted  by  means  of  two  or  three  series  of 
Propositions  arranged  in  something  like  logical  sequence  to 
introduce  the  student  to  important  general  methods  or 
well-known  interesting  results. 

/  One  series  gives  a  sketch  of  the  theory  of  transversals, 
and  the  properties  of  harmonic  and  anharmonic  ranges  and 
pencils,  and  leads  up  to  Pascal's  Theorem.  Another  series 
deals  with  similar  and  similarly  situate  figures  and  leads  up 
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to  Gergonne's  elegant  solution  of  the  problem  to  describe  a 
circle  to  touch  three  given  circles.  These  are  followed  by 
an  introduction  to  the  method  of  Inversion,  an  account  of 
Casey's  extension  of  Ptolemy's  Theorem,  some  of  the  im- 
portant properties  of  coaxial  circles,  and  Poncelet's  Theorems 
relating  to  the  porisms  connected  with  a  series  of  coaxial 
circles.  / 

No  attempt  has  been  made  to  represent  the  very  large 
and  still  increasing  collection  of  theorems  connected-  with 
the  "  Modern  Geometry  of  the  Triangle." 

I  hereby  acknowledge  the  great  help  I  have  received  in 

this  portion  of  my  work  from  friends,  and  especially  from 

Dr  Forsyth  and  from  my  brother  Mr  J.  H.  Taylor.    To  the 

latter  I  am  indebted  for  the  Index  to  Books  I — VI,  which 

I  hope  may  prove  of  some  assistance  to  persons  using  this 

edition. 

H.  M.  T. 

TbINITT  COLIi^GE,   CAMBIUDaB, 

March  16,  1893. 


PREFACE  TO  BOOKS  XI.  AND  XII. 


TN  the  text  of  Book  XI.  I  have  included  only  the  first 
^  twenty-one  Propositions  of  Euclid's  Elements. 

The  substance  as  well  as  the  order  of  the  Propositions 
with  the  exception  of  Propositions  1,  2,  3,  and  7  is  the 
same  as  Euclid's  Elements. 

Proposition  2  of  the  Greek  text  implicitly  assumes  the 
truth  of  Proposition  3;  Propositions  1,  3  and  7  of  the 
Greek  text  become  unnecessary  when  we  adopt  the  de- 
finition of  a  plane  which  assumes  that  the  straight  line 
joining  two  points  in  the  plane  lies  wholly  in  that  plane. 

The  twenty-one  Propositions  are  followed  by  nineteen 
Additional  Propositions*  Some  of  them  cover  the  same 
ground  as  parts  of  Books  XI.  and  XII.  of  the  Greek  text, 
which  are  now  seldom  read. 

The  Additional  Propositions  are  followed  by  other 
matter  in  which  the  subjects  discussed  are  treated  in  a 
less  formal  manner.  Short  expositions  of  the  following 
subjects  are  included :  Perspective  drawing ;  the  proper- 
ties of  tetrahedrons  and  parallelepipeds;  the  properties 
of  the  sphere  and  of  systems  of  spheres;  the  problem 
to  describe  a  sphere  to  touch  four  spheres;  the  elements 
of  spherical  trigonometry;  the  relations  of  spheres  touching 
four  faces  of  a  tetrahedron;  rotation  in  space,  and  the 
principles  of  geometrical  reflection ;  the  problem  to  describe 
a  sphere  to  touch  the  four  sides  of  a  skew  quadrilateral; 
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the  construction  of  the  five  regular  solid  figures ;  and  the 
determination  of  the  surface  and  the  volume  of  a  sphere. 

It  is  with  the  greatest  satisfaction  that  I  now  complete 
the  fourth  and  final  part  of  the  work  which  I  undertook  in 
the  year  1887. 

Tbe  chief  portion  of  this  instalment  of  my  work  was 
substantially  completed  before  Easter  1894;  but  most  of 
the  remainder,  which  includes  all  the  additional  matter 
after  page  575,  has  been  thought  out  without  any  assist- 
ance from  eyesight.  I  am  indebted  to  friends  for  drawing 
the  diagrams  and  preparing  the  text  in  this  part  of  the 
book. 

I  have  again  to  thank  Dr  Forsyth,  my  brothers,  and 
my  brother-in-law  for  their  continued  help.  Some  other 
friends  have  kindly  given  me  assistance  in  this  portion 
of  my  edition  of  Euclid ;  but  I  am  especially  indebted  to 
my  old  College  friend  the  Rev.  A.  M.  E^endell,  M.A., 
Vicar  of  St  .Margaret's,  Leicester,  who  has  generously 
sacrificed  a  month's  holiday  in  order  to  help  me  to  com- 
plete my  work. 

H.  M.  TAYLOR. 


TBn^iTY  College,  Cambridge. 
August  16, 1895. 
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HINTS  TO  THE  READER. 

Geometry  is  a  subject  for  the  exercise  of  the  under- 
standing, not  of  the  memory.  The  reader,  who  is  begin- 
ning tlie  study  of  geometry,  is  recommended  not  to  attempt 
to  learn  by  heart  all  the  definitions  and  postulates  before 
he  proceeds  to  the  propositions.  As  soon  as  he  has  made 
out  the  meaning  of  the  enunciation  and  mastered  the  proof 
of  a  proposition  he  may  then  commit  the  enunciation  to 
memory.  He  is  also  advised  to  refer  constantly  to  the 
defLnitions  for  explanation  of  the  meaning  of  any  terms 
with  which  he  is  not  familiar.  The  Index  at  the  end  of 
the  book  will  be  found  useful  for  this  purpose.  The 
student  is  advised  to  make  himself  familiar  with  the 
practical  use  of  geometrical  constructions  by  means  of  a 
straight-edge  and  a  pair  of  compasses. 


NOTE. 

Little  is  known  about  Uluclid,  the  author  of  the  Ele- 
ments, beyond  the  fact  that  he  taught  at  Alexandria  during 
the  reign  of  Ptolemy  I.  King  of  Egypt  (323—285  B.C.). 

Of  the  thirteen  Books  composing  the  Elements,  Books 
VII. — X.  and  XIII.  do  not  appear  in  this  Edition.  Books 
VII. — IX.  treat  of  the  properties  of  numbers,  Book  X. 
treats  of  incommensurable  magnitudes  and  Book  XIII. 
contains  miscellaneous  propositions  in  plane  and  solid 
geometry. 

Euclid  is  supposed  to  have  been  also  the  author  of  the 
following  works :  the  Data  (a  collection  of  geometrical 
theorems),  the  Phsenomena  (a  treatise  on  geometrical 
astronomy).  Optics,  Reflections,  and  an  Introduction  to 
Harmony. 
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Definition  1.     That  which  has  position  hut  not  magni- 
tude is  called  a  point. 

The  word  point  is  used  in  many  different  senses.  We  speak  in 
ordinary  language  of  the  point  of  a  pin,  of  a  pen  or  of  a  pencil. 
Any  mark  made  with  such  a  point  on  paper  is  of  some  definite  size 
and  is  in  some  definite  position.  A  small  mark  is  often  called  a  spot 
or  a  dot.  Suppose  such  a  spot  to  hecome  smaller  and  smaller;  the 
smaller  it  becomes  the  more  nearly  it  resembles  a  geometrical  point: 
but  it  is  only  when  the  spot  has  become  so  small  that  it  is  on  the 
point  of  vanishing  altogether,  i.e.  when  in  fact  the  spot  still  hais 
position  but  has  no  magnitude,  that  it  answers  to  the  geometrical 
definition  of  a  point. 

A  point  is  generally  denoted  by  a  single  letter  of  the  alphabet: 
for  instance  we  speak  of  the  point  A. 

Definition  2.     2^hat  which  has  position  and  length  hut 
neither  breadth  nor  thickness  is  called  a  line. 

Tlie  extremities  of  a  line  are  points. 

The  intersections  of  lines  are  points. 
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The  word  line  also  is  used  in  many  different  senses  in  ordinary 
language,  and  in  mos.t  of  these  senses  the  main  idea  suggested  is  tiiat 
of  length.  For  instance  we  speak  of  a  line  of  railway  as'oonneoting 
two  distant  towns,  or  of  a  sounding  line  as  reaching  from  the  bottom 
of  the  sea  to  the  surface,  and  in  so  speaking  we  seldom  think  of  the 
breadth  of  the  railway  or  of  the  thickness  of  the  sounding  line. 

When  we  speak  of  a  geometrical  line,  we  regard  merely  the  length: 
we  exclude  the  idea  of  breadth  and  thickness  altogether:  in  fact  we 
consider  that  the  cross-section  of  the  line  is  of  no  size,  or  in  other 
words  that  the  cross-section  is  a  geometrical  point. 

If  a  point  move  with  a  continuous  motion  from  one  position  to 
another,  the  path  which  it  describes  during  the  motion  is  a  line. 


Definition  3.     That  which   has  position^  length  ami 
breadth  hut  not  thickness  is  called  a  surface. 

The  botmdaries  of  a  surface  a/re  lines. 

The  intersections  of  su/rjaces  are  lines. 

The  word  mrface  in  ordinary  language  conveys  the  idea  of  ex- 
tension  in  two  directions :  for  instance  we  speak  of  the  surface  of  the 
Earth,  the  surface  of  the  sea,  the  surface  of  a  sheet  of  paper. 
Although  in  some  cases  the  idea  of  the  thickness  or  the  depth  of  the 
thing  spokeU  of  may  be  present  in  the  speaker's  mind,  yet  as  a  rule 
no  stress  is  laid  on  depth  or  thickness.  When  we  speak  of  a  geome.- 
trical  surface  we  put  aside  the  idea  of  depth  and  thickness  altogether. 
We  are  told  that  it  takes  more  than  300,000  sheets  of  gold  leaf  to 
make  an  inch  of  thickness ;  but  although  the  gold  leaf  is  so  thin,  it 
must  not  be  regarded  as  a  geometrical  surface.  In  fact  each  leaf 
however  thin  has  always  two  bounding  surfaces.  The  geometrical 
surface  is  to  be  regarded  as  absolutely  devoid  of  thickness,  and  no 
number  of  surfaces  put  together  would  make  any  thickness  whatever. 


Definition  4.    Tha>t  which  has  position,  length,  breadth 
and  thickness  is  called  a  solid. 

The  bov/ndaries  of  solids  are  surfaces. 

1—2 
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Definition  5.  Any  combinatum  of  points,  lines,  and 
sti/rfaces  is  called  a  fignre. 

Definition  6.  A  line  which  lies  evenly  between  points 
on  it  is  called  a  straight  line. 

This  is  Euclid's  definition  of  a  straight  line.  It  cannot  be  turned 
to  practical  use  by  itself.  We  supplement  the  definition,  as  Euclid 
did,  by  making  some  assumptions  the  nature  of  which  will  be  seen 
hereafter. 

Postulates.  There  are  a  few  geometrical  propositions 
so  obvious  that  we  take  the  truth  of  them  for  granted,  and 
a  few  geometrical  operations  so  simple  that  we  assume  we 
may  perform  them  when  we  please  without  giving  any 
explanation  of  the  process.  The  claim  we  make  to  use  any 
one  of  these  propositions,  or  to  perform  any  one  of  these 
operations,  is  called  a  postulate. 

Postulate  1.     Two  straight  lines  ca7inot  enclose  a  space. 

This  postulate  is  equivalent  to 

Two  straight  lines  cannot  intersect  in  more  than  one  point. 

Postulate  2.  Two  straight  lines  cannot  have  a  common 
pa/rt. 

If  two  straight  lines  have  two  points  Aj  B  in  common,  they  must 
coincide  between  A  and  B,  since,  if  they  did  not,  the  two  straight 
lines  would  enclose  a  space.  Again,  they  must  coincide  beyond  A 
and  Bi  since,  if  they  did  not,  the  two  straight  lines  would  have  a 
common  part.    Hence  we  conclude  that 

Two  straight  lines,  which  have  two  points  in  common,  are 
coincident  throughout  their  length. 

Thus  two  points  on  a  straight  line  completely  fix  the  position  of  the 
line.  Hence  we  generally  denote  a  straight  line  by  mentioning  two 
points  on  it,  and  when  the  straight  line  is  of  finite  length,  we  generally 
denote  it  by  mentioning  the  points  which  are  its  two  extremities. 
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For  instance,  if  P  and  Q  be  two  points  on  a  straight  line,  the  line 
is  called  the  straight  line  PQ  or  the  straight  line  QP,  ot  sometimes 
more  shortly  PQ  or  QP\  and  the  straight  line  which  is  terminated 
by  two  points  P  and  Q  is  called  in  the  some  way  PQ  or  QP, 

It  may  be  remarked  that,  when  merely  the  actual  length  of  the 
straight  line  is  nnder  discussion,  we  use  PQ  or  QP  indifferently: 
but  that,  when  we  wish  to  consider  the  direction  of  the  line,  we 
must  carefully  distinguish  between  PQ  and  QP. 


Postulate  3.     A  straigJU  line  may  he  drawn  from  any 
point  to  am/y  other  point. 


Postulate  4.  A  finite  si/raight  line  may  be  produced 
at  either  ext/rermty  to  any  length. 

The  demands  made  in  Postulates  3  and  4  are  in  practical  geometry 
equivalent  to  saying  that  a  *  straight  edge '  may  be  used  for  drawing 
a  straight  line  from  one  point  to  another  and  for  producing  a  straight 
line  to  any  length. 

We  assume,  as  Euclid  did,  that  it  is  possible  to 
shift  any  geometrical  figure  from  its  initial  position 
unchanged  in  shape  and  size  into  another  position. 

Test  of  Equality  of  Geometrical  Figures.    The  criterion  of  the 
equality  of  two  geometrical  figures,  which  we  shall  use  in  most  cases,  \ 
is  the  possibility  of  shifting  one  of  the  figures,  unchanged  in  shape 
and  size,  so  that  it  exactly  fits  the  place  which  the  other  of  the  figures 
occupies.    (See  Def.  21.) 

This  method  of  testing  the  equality  of  geometrical 
figures  is  generally  known  as  the  method  of  superposition. 

Test  of  equality  of  straight  lines.  Two  straight  lines  AB,  CD 
are  said  to  be  equal,  when  it  is  possible  to  shift  either  of  them,  say 
AB,  so  that  it  'coincides  with  the  other  CD,  the  end  A  on  0  and  the 
end  B  on  D,  or  the  end  ^  on  D  and  the  end  B  on  G. 
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Addition  of  Lines.     Having  defined  the  equality  of  straight  lines, 
we  proceed  to  explain  what  is  meant  by  the  addition  of  straight  lines. 


A  BCD 

I     I  >  ■ »— 


If  in  a  straight  line  we  take  points  A^B,  C^D  in  order,  we  say 
that  the  straight  line  AC  m  the  sum  of  the  two  straight  lines  AB^  BC 
(or  of  any  two  straight  lines  equal  to  them),  "^ 

and  that  the  straight  line  ^B  is  the  difference  of  the  two  straight 
lines  AC,  BC  (or  of  any  two  straight  lines  equal  to  them). 

In  the  same  way  we  say  that  the  straight  line  AD  is  the  sum  of  the 
three  straight  lines  AB,  BC,  CD, 

Again,  if  AB  be  equal  to  BC,  we  say  that  ilC  is  double  of  ^fi  or 
of^C. 

Definition  7.  A  surface  which  lies  evenly  between 
straight  lines  on  it  is  called  a  plane. 

This  is  Euclid's  definition  of  a  plane :  there  is  the  same  difiiculty 
in  making  use  of  it  that  there  is  in  making  use  of  his  definition  of 
a  straight  line. 

Consequently  this  definition  has  by  many  modem  editors  been 
replaced  by  the  following,  which  perhaps  merely  expresses  Euclid's 
meaning  in  other  words : 

A  surface  such  that  the  straight  line  joining  any  two 
points  in  the  surface  lies  wholly  in  the  surface  is  called 
a  plane. 

Definition  8.  A  figure,  which  lies  wholly  in  one  plane^ 
is  called  a  plane  figure. 

All  the  geometrical  propositions  in  the  first  six  books 
of  the  Elements  of  Euclid  relate  to  figures  in  one  plane. 
This  part  of  Geometry  is  called  Plane  Geometry. 
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Definition  9.  Two  straight  lines  in  the  sa/me  plane, 
which  do  not  meet  however  far -they  may  he  produced  both 
ways,  are  said  to  be  parallel*  to  one  another. 


JD 


Definition  10.  A  plane  angle  is  the  inclination  to  one 
another  of  txoo  straight  lines  which  m^et  but  are  not  in  the 
saTYve  straight  line. 

The  idea  of  an  angle  is  one  which  it  is  very  difficult  to  convey  by 
the  words  of  a  definition.  We  will  content  ourselves  by  explaining 
some  few  things  connected  with  angles. 

If  two  straight  lines  ABy  A  C  meet 
at  Ay  the  amount  of  their  divergence  Cy 

from  one  another  or  their  inclination         y^ 
to  one  another  is  called    the  angle     ^  BAB 

which  the  lines  make  with  one  another 
or  the  angle  between  the  linesy  or  the  angle  contained  by  the  lines. 

The  angle  formed  by  the  straight  lines  AB,  AC  ib  generally  de- 
nominated BAG,  or  CAB y  the  middle  letter  always  denoting  the  point 
where  the  lines  meet,  and  the  letters  B  and  C  denoting  any  two  points 
in  the  straight  lines  ABy  AG.  It  must  be  carefully  noted  that  the 
magnitude  of  the  angle  is  not  affected  by  the  length  of  the  straight 
lines  AB,  AG, 

The  point  Ay  where  the  two  straight  lines  AB  and  ACy  which 
form  the  angle  BAG,  meet,  is  called  the  vertex  of  the  angle  BAG, 

If  there  be  only  two  straight  lines  meeting  at  a  point  A,  the  angle 
formed  by  the  lines  is  sometimes  denoted  by  the  single  letter  A. 


*  Derived  from  iropd  '*  by  the  side  of  "  and  aWrfXas  "  one  another" 
TrapdWriXoi  ypafifial  "lines  side  by  side", 
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TeBt  of  Equality  of  Angles.  Two  angles  are  said  to  be  equal, 
when  it  is  possible  to  shift  the  straight  lines  forming  one  of  the 
angles,  unchanged  in  position  relative  to  each  other,  so  as  to  exactly 
coincide  in  direction  with  the  straight  lines  forming  the  other  angle. 

I> 
A 


For  instance,  the  angles  ABCy  DEF  will  be  equal,  if  it  be  pos- 
sible to  shift  AB,  EC  unchanged  in  position  relative  to  each  other, 
so  that  B  coincides  with  E,  and  so  that  also  either  BA  coincides  in 
direction  with  ED  and  BG  with  JJjP,  or  BA  coincides  in  direction 
with  EF  and  BC  with  ED, 

If  a  straight  line  move  in  a  plane,  while  one  point  in  the  line 
remains  fixed,  the  line  is  said  to  turn  or  revolve  about  the  fixed  point. 
If  the  revolving  line  move  from  any  one  position  to  any  other 
position,  it  generates  an  angle,  and  the  amount  of  turning  from  one 
position  to  the  other  is  the  measure  of  the  magnitude  of  the  angle 
between  the  two  positions  of  the  line. 

For  instance  each  hand  of  a  watch,  as  long  as  the  watch  is  going, 
is  turning  uniformly  round  its  fixed  extremity,  and  is  generating  an 
angle  uniformly. 

This  mode  of  regarding  angles  enables  us  to  realize  that  angles 
are  capable  of  growing  to  any  size  and  need  not  be  limited  (as  in 
most  of  the  propositions  in  Euclid's  Elements  they  are  supposed  to 
be)  to  magnitudes  less  than  two  right  angles.     (See  Def.  11.) 

Addition  of  Angles.  If  three  straight 
lines  ABfAC,AD  meet  at  the  same  point, 
we  say  that  the  angle  BAD  is  the  sum  of 
the  two  angles  BAG,  GAD  (or  of  any  two 
angles  equal  to  them). 

In  the  same  way  we  say  that  the  angle 
BAG  is  the  difference  of  the  two  angles 
BADj  GAD  (or  of  any  two  angles  equal  to  them). 

Two  angles  such  as  BAGy  GAD,  which  have  a  common  vertex  and 
one  common  bounding  line,  are  called  adjacent  angles. 
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Definition  11.  If  ttvo  adjacent  angles  made  hy  two 
straight  lines  at  the  point  where 
they  meet  be  equal,  each  of  these 
angles  is  called  a  right  angle,  and 
the  straight  lines  are  said  to  he  at 
right  angles  to  each  other.  m 

Either  of  two  straight  lines  which         C  '  -^ 

are  at  right  angles  to  each  other  is 
said  to  he  perpendlcnlar  to  the  other.  ^ 

If  a  straight  line  AE  he  drawn  from  a  point  A  at  right  angles 
to  a  given  straight  line  CD,  the  part  AE  intercepted  between  the 
point  and  the  straight  line  is  commonly  called  the  perpendicular 
from  the  point  A  on  the  straight  line  CD. 

Euclid  uses  as  a  postulate. 

Postulate  5.    All  right  angles  a/re  equal  to  one  another. 

It  is  not  necessary  to  assume  this  proposition,  since  it  can  be  proved 
by  the  method  of  superposition.  A  proof  will  be  found  on  a  sub- 
sequent page.    (p.  37)  y^ 

Definition  12.  An  angle  ksi  ^  a  right  angle  is  called 
an  acute  angle. 

An  angle  greater  tha/n  a  rig  fit  angle  and  less  than  two 
right  angles  is  called  an  obtuse  angle. 

Definition  13.  A  line,  which  is  such  t/uit  it  can  be 
described  by  a  moving  point  starting  from  any  point  of  the 
line  and  returning  to  it  again,  is  called  a  closed  line. 

A  figwre  com/posed  wholly  of  straight  lines  is  called 
a  rectilineal  figure. 

The  straight  lines,  which  form  a  closed  rectilineal  figure, 
a/re  called  the  sides  of  tJie  figure. 

The  sum,  of  the  lengths  of  the  sides  of  any  figure  is 
caUed  the  perimeter  of  the  figure. 

The  point,  where  two  adjacent  sides  meet,  is  called  a 
vertex  or  an  angular  point  of  th^  figure. 

The  angle  form>ed  by  two  adjacent  sides  is  called  an  angle 
ofthefi>gure. 
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A  straight  line  joining  any  two  vertices  of  a  closed  recti- 
lineal  figure,  which  are  7iot  extremities  of  the  same  side,  is 
called  a  diagonal*. 

Tlie  st4/r/ace  contained  within  a  closed  figuo'e  is  called 
the  area  of  the  figure. 

A  closed  rectiUneal  figure,  which  is  such  that  the  whole 
figv/re  lies  on  one  side  of  each  of  the  sides  of  the  figure,  is 
called  a  conyex  figure. 

A  closed  rectilineal  figure  is  in 
general  denoted  by  naming  the  letters, 
which  denote  its  vertices,  in  order: 
for  instance  the  five-sided  figure  in 
the  diagram  is  denoted  by  the  letters 
A,  B,  Cy  Dy  E,  in  order:  i.e.  it  might 
be  called  the  figure  ABODE,  or  the 
figure  CBAED, 

A,.B,  C,  D,  E  are  its  vertices. 

AB,  BC,  CD,  DE,  EA  are  its  sides. 

ABC,  BCD,  CDE,  DEA,  EAB  are  its  angles. 

AC,  AD  are  two  of  its  diagonals. 

It  will  be  observed  that  a  closed  figure  has  the  same  number  of 
angles  as  it  has  sides. 

If  a  closed  figure  have  an  even  number  of  sides,  we  speak  of 
a  pair  of  sides  as  being  opposite,  and  of  a  pair  of  angles  as  being 
opposite. 

If  a  closed  figure  have  an  odd  number  of  sides,  we  speak  of  an 
angle  as  being  opposite  to  a  side  and  vice  versa. 

For  instance  in  the  quadrilateral  ABCD  the  side  AD  is  said  to  be 
opposite  to  the  side  BC,  and  the  angle  BAD  opposite  to  the  angle 
BCD,  but  in  the  five-sided  figure  ABODE  the  side  CD  is  said  to  be 
opposite  to  the  angle  BAE,  and  the  angle  AED  opposite  to  the 
side  BC. 


*  Derived  from  6td  "through",  and  ytavla  "an  angle". 
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Definition  14.  A  figure^  all  the  sides  of  which  are  equals 
is  called  equilateral. 

A  figure^  all  the  angles  of  which  are  eqtuil,  is  called 
equiangular. 

A  figv/re^  which  is  both  eqtdlateral  and  equiangula/r^  is 
called  regular. 

Definition  15.  A  closed  rectilineal  figure,  which  lias 
three  sides*,  is  called  a  triangle. 

A  closed  rectilineal  figure,  which  has  fowr  sides,  is  called 
a  quadrilateral 

A  closed  rectilineal  figure,  which  has  more  than  four 
sides,  is  called  a  polygon  f. 

Definition  16.  A  triangle,  which  has  two  sides  eqvxil, 
is  called  isosceles]:. 


A  tria/ngle,  which  has  a  right  angle,  is  called  right-angled. 

The  side  opposite  to  the  right  angle  is  called  the  hypo- 
tenuse $• 


*  A  figure,  which  has  three  sides,  must  also  have  three  angles. 
It  is  for  this  reason  called  a  triangle. 

t  Derived  from  xoXiJs  '♦much"  and  7wi'/a  "an  angle". 
X  Derived  from  ttros  ** equal"  and  ck^Xos  "a  leg". 

§  Derived  from  {nr6  "under"  and  TeiveLV  "to  stretch",  ij  inro- 
Tclyovaa  ypa/ifx'^  "the  line  subtending"  or  "stretching  across"  (the 
right  angle). 
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A  tricmgUj  which  has  an  ohttise  angle^  is  ccUled  obtuse- 
angled. 


A  triangle,  which  has  three  acute  angles,  is  called  acnte- 
angled. 


1        Definition  17.   A  quadriUxteraly 
"•  which  lias  four  sides  equal,  is  called 
a  rhombus. 


Definition   18.      A   qitadri- 
lateraly   whose  opposite  sides  a/re  y 

pa/ralld,    is   called   a  parallelo-      / 


Definition  19.  ^  parallelogram, 
one  of  whose  a/ngles  is  a  right  angle, 
is  called  a  rectangle. 


L 


It  will  be  proved  later  that  each  angle  of  a  rectangle  is  a  right 
angle. 


^  Definition  20.  A  rectangle,  which 
has  two  adjacent  sides  equal,  is  called 
a  square. 

It  will  be  proved  later  that  all  the  sides  of  a 
sqnare  are  equal. 
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Definition  21.  Two  Jlgv/res  are  said,  to  be  equal  in  aU 
respects,  tvhen  it  is  possible  to  shift  one  unchanged  in  shape 
amd  size  so  as  to  coincide  with  the  other. 


The  figures  ABODE,  FGHKL  are  equal  in  all  respects,  if  it  be 
possible  to  shift  ABODE  so  that  the  vertices  A,  B,  O,  D,  E  may 
coincide  with  the  vertices  F,  G,  H,  K,  L  respectively :  in  which  case 
the  sides  of  the  two  figures  must  be  equal,  AB,  BO,  OD,  DE,  EA  to 
FO,  OH,  HK,  KL,  LF  respectively,  and  the  angles  must  be  equal, 
ABC,  BCD,  ODE,  DEA,  EAB  to  FGH,  GHK,  HKL,  KLF,  LEG 
respectively. 

Definition  22.     A  plane  closed  line,  which  is  such  that 
all  straight  lines  drawn  to  it  from,  a 
fixed  point  a/re  eqiuil,  is  called  a  circle. 

This  point  is  called  the  centre  o/ 
the  circle. 

It  will  be  proved  hereafter  that  a  circle 
has  only  one  centre. 

A  straight  line  drawn  from  the  centre  of  the  circle  to  the 
circle  is  called  a  radins. 

A  straight  line  drawn  through  the  centre  a/nd  terminated 
both  ways  by  the  circle  is  called  a  diameter. 

It  will  be  proved  hereafter  that  three  points  on  a  circle  completely 
fix  the  position  and  Inagnitude  of  the  circle:  hence  we  generally 
denote  a  circle  by  'mentioning  three  points  on  it;  for  instance  the 
circle  in  the  diagram  might  be  called  the  circle  BDE,  or  the  circle  DBC. 

The  one  assumption  which  we  make  with  reference  to  describing  a 
circle  is  contained  in  the  following  postulate : 
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Postulate  6.  A  circle  vna/y  be  described  wUk  amy  point 
as  centre  afid  with  a/ny  straight  line  drawn  from  that  pairU 
as  radius. 

Postulate  7.  Any  straight  line  drawn  through  a  point 
within  a  closed  figure  must,  if  produced  far  enough,  intersect 
ihe  figure  in  two  points  at  least. 


In  the  diagram  we  have  three  specimens  of  dosed  figures  each 
with  a  point  A  inside  the  figure. 

It  is  easily  seen  that  any  straight  line  through  A  must  intersect 
the  figure  in  two  points  at  least:  in  the  case  of  two  of  the  figures 
a  straight  line  cannot  intersect  the.figure  in  more  than  two  points : 
but  in  the  third  case,  a  straight  line  can  be  drawn  to  intersect  the 
figure  in  four  points. 

Postulate  8.  Any  line  joining  ttvo  points  one  within 
and  the  other  without  a  closed  figure  inust  intersect  the 
figure  in  one  point  at  least. 

It  follows  that 

Any  closed  line  drawn  through  two  points  one  within  and  the  other 
without  a  closed  figure  must  intersect  the  figure  in  two  points  at  leojtt. 


-..-'-'S 


In  the  diagram  we  have  three  specimens  of  closed  figures  with  two 
points  At  By  one  inside  and  the  other  outside  the  figure. 
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It  is  easily  seen  that  any  line  joining  A  and  B  must  intersect  the* 
figure  in  one  point  at  least,  and  that  any  closed  line  drawn  through  A 
and  B  must  intersect  the  figure  in  two  points  at  least :  in  two  of  the 
cases  in  the  diagram  either  of  the  paths  represented  by  part  of  the 
dotted  line  joining  A  and  B  intersects  the  figure  in  one  point  only  and 
the  closed  line  drawn  intersects  the  figure  in  two  points  only:  but  in 
the  third  case  one  of  the  paths  from  A  to  B  represented  by  part  of 
the  dotted  line  intersects  the  figure  in  one  point  only,  while  the  path 
represented  by  the  other  part  of  the  dotted  line  intersects  the  figure  in 
three  points,  and  the  closed  line  drawn  through  A  and  B  interseotfi 
the  figure  in  four  points. 

Axioms.  There  are  a  number  of  simple  propositions 
generally  admitted  to  be  true  universally,  i.e.  with  reference 
to  magnitudes  of  all  kinds. 

« 

Such  propositions  were  called  by  Euclid  kolvoI  ^wowll, 
"common  notions":  they  are  now  usually  denominated 
aadoms*,  ct^woftaTo,  as  being  propositions  claimed  without 
demonstration. 

The  following  are  examples  of  such  axioms : 

Things  which  are  equal  to  the  same  thing  are  eqtud  to  one 
another. 

If  equals  he  added  to  equals^  the  wholes  are  equal. 

If  equals  he  taken  from  equals,  the  remainders  are  equal. 

Doubles  of  equals  are  equal. 

Halves  of  equals  are  equal. 

The  whole  of  a  thing  is  greater  than  a  part. 

If  one  thing  he  greater  than  a  second  and  tlie  second 
greater  than  a  third,  the  first  is  greater  than  the  third. 

Such  propositions  as  the  above  we  shall  use  freely  in 
the  following  pages  without  further  remark. 

*  Dr  Johnson  in  his  English  Dictionary  defined  an  axiom  as  *<a 
proposition  evident  at  first  sight,  that  cannot  be  made  plainer  by 
demonstration."  , 


16  BOOK  L 


PROPOSITION  1. 


On  a  given  finite  straight  line  to  construct  an  equilatercU 
triangle. 

Let  ^^  be  the  given  finite  straight  line: 
it  is  required  to  construct  an  equilateral  triangle  on  AB, 

Construction.     With  A  as  centre  and  AB  as  radius, 
describe  the  circle  BCD.  (Post.  6.) 

With  B  as  centre  and  BA  as  radius,  describe  the  circle  ACE. 

These  circles  must  intersect :  (Post.  8.) 

let  them  intersect  in  C. 
Draw  the  straight  lines  CA,  CB :       (Post.  3.) 
then  ABC  is  a  triangle  constructed  as  required. 


Proof.     Because  A  is  the  centre  of  the  circle  BCD, 

AC  ia  equal  to  AB.  (Def.  22.) 

And  because  B  is  the  centre  of  the  circle  ACE, 

BC  is  equal  to  BA. 
Therefore  CA,  AB,  BC  are  all  equal. 

Wherefore,   the  triangle  ABC  is  equilateral,  and  it  has        1 
been  constructed  on  the  given  finite  straight  line  AB. 


PROPOSITION  1.  17 

It  is  assomed  in  this  proposition  that  the  two  circles  intersect.  It 
is  easily  seen  that  they  must  intersect  in  two  points.  We  can  take 
either  of  these  points  as  the  third  angular  point  of  an  equilateral 
triangle  on  the  given  straight  line;  there  are  thus  two  triangles  which 
can  he  constructed  satisfying  the  requirements  of  the  proposition. 
We  say  therefore  that  the  problem  put  before  us  in  this  proposition 
admits  of  two  solutions. 

We  shall  often  have  occasion  to  notice  that  a  geometrical  problem 
admits  of  more  than  one  solution,  and  it  is  a  very  useful  exercise  to 
consider  the  number  of  possible  solutions  of  a  particular  problem. 

For  the  future  we  shall  generally  use  the  abbreviated  expression 
"draw  AB**  instead  of  "draw  the  straight  line  AB'^  or  "draw  a 
straight  line  itom.  the  point  A  to  the  point  B." 


EXERCISES. 

1.  Produce  a  straight  line  so  as  to  be  (a)  twice,  (6)  three  times, 
(c)  five  times,  its  original  length. 

2.  Construct  on  a  given  straight  line  an  isosceles  triangle,  such 
that  each  of  its  equal  sides  shall  be  (a)  twice,  {h)  three  times,  (c)  six 
times,  the  length  of  the  given  line. 

3.  Prove  that,  if  two  circles,  whose  centres  are  A,  P,  and  whose 
radii  are  equal,  intersect  in  C,  D,  the  figure  ABCD  is  a  rhombus. 


T.E. 
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PROPOSITION  2. 

From  a  given  point  to  draw  a  straight  line  eqtuil  to  a  given 

straight  line. 

Let  A  be  the  given  point,  and  BC  the  given  straight  line : 
it  is  required  to  draw  from  A  a  straight  line  equal  to  BC. 

Construction.     Draw  AB,  the  straight  line  from  A  to 

one  of  the  extremities  of  BC ;  (Post.  3. 

on  it  construct  an  equilateral  triangle  ABD,   (Prop.  1. 

With  B  as  centre  and  BC  as  radius,  describe  the  circle  GEF^ 

(Post.  6. 
meeting  DB  (produced  if  necessary)  at  E,   (Post.  7. 
With  D  as  centre  and  DE  as  radius,  describe  the  circle  EGH^ 
meeting  DA  (produced  if  necessary)  at  G : 
then  AG  i&di,  straight  line  drawn  as  required. 


Proof.     Because  B  is  the  centre  of  the  circle  CEF^ 

BC  is  equal  to  BE,  (Def .  22.) 

Again,  because  D  is  the  centre  of  the  circle  EGHy 

DG  is  equal  to  DE ; 
and  because  ABD  is  an  equilateral  triangle, 

DA  is  equal  to  DB  \  (Def.  14.) 

therefore  AG\&  equal  to  BE, 
And  it  has  been  proved  that  BC  is  equal  to  BE\ 
therefore  AG  \a  equal  to  BC. 

Wherefore,  yrow  the  given  'point  A  a  straight  line  AG 
has  been  d/ranjon  equal  to  the  given  straight  line  BC 


PROPOSITION  2.  19 

It  is  assumed  in  this  proposition  that  the  straight  line  DB  inter- 
sects the  circle  CEF,  It  is  easily  seen  that  it  must  intersect  it  in  two 
points. 

It  will  be  noticed  that  in  the  construction  of  this  proposition 
there  are  several  steps  at  which  a  choice  of  two  alternatives  is 
afforded:  (1)  we  can  draw  either  AB  ox  AG  as  the  straight  line  on 
which  to  construct  an  equilateral  triangle :  (2)  we  can  construct  an 
equilateral  triangle  on  either  side  of  ^^:  (3)  if  DB  cut  the  circle  in  E 
and  If  we  can  choose  either  BE  or  BI  as  the  radius  of  the  circle 
which  we  describe  with  B  as  centre. 

There  are  therefore  three  steps  in  the  construction,  at  each  of 
which  there  is  a  choice  of  two  alternatives:  the  total  number  of 
solutions  of  the  problem  is  therefore  2  x  2  x  2  or  eight. 

On  the  opposite  page  two  diagrams  are  drawn,  to  represent  two 
out  of  these  eight  possible  solutions.  It  will  be  a  useful  exercise 
for  the  student  to  draw  diagrams  corresponding  to  some  of  the 
remaining  six. 


EXEBGISES. 

1.  Draw  a  diagram  for  the  case  in  which  the  given  point  is  the 
middle  point  of  the  given  straight  line. 

2.  Draw  a  diagram  for  the  case  in  whichjbhe  given  point  is  in 
the  given  straight  line  produced.  *^ 

8.  Draw  from  a  g|iven  point  a  straight  line  (a)  twice,  (&)  three 
times  the  length  of  a  given  straight  line. 

4.  Draw  from  B  in  any  one  of  the  diagrams  of  Proposition  2 
a  straight  line,  so  that  the  part  of  it  intercepted  between  the  two 
circles  may  be  equal  to  the  given  straight  line.  Is  a  solution  always 
possible  ? 


2—2 
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PROPOSITION  3. 

From  the  greater  of  two  given  straight  lines  to  cut  off 
a  part  equal  to  the  less. 

Let  AB  and  CD  be  the  two  given  straight  lines,  of  whicli 
AB  \&  the  greater  : 
it  is  required  to  cut  off  from  AB  a  part  equal  to  CD, 

Construction.      From   A    draw    a    straight    line     AE 
equal  to  CD ;  (Prop.  2.) 

with  A  as  centre  and  AH  &a  radius, 

describe  the  circle  BFijf,  (Post.  6.) 

The  circle  must  intersect  AB  between  A  and  B, 

for  AB  is  greater  than  AH, 

Let  F  be  the  point  of  intersection : 

then  AF  is  the  part  required. 


Proof.     Because  A  is  the  centre  of  the  circle  FFGj 

AB  is  equal  to  AF.  (Def.  22.) 

But  AB  was  made  equal  to  CD ;  (Construction.) 
therefore  AFia  equal  to  CD, 

Wherefore,  from  AB  the  greater  of  two  given  si/raight 
lines  a  part  A  F  has  been  cut  off  equal  to  CD  the  less. 


PROPOSITION  3.  21 


The  demand  made  in  Postulate  6,  that  *'a  circle'may  be  described 
with  any  point  as  centre  and  with  any  straight  line  drawn  from  that 
point  as  radius,"  is  equiyalent,  in  practical  geometry,  to  saying  that 
a  pair  of  compasses  may  be  used  in  the  following  manner:  the  ex- 
tremity of  one  leg  of  a  pair  of  compasses  may  be  put  down  on  any 
point  A,  the  compasses  may  then  be  opened  so  that  the  extremity  of 
the  other  leg  comes  to  any  other  point  and  then  a  circle  may  be 
swept  out  by  the  extremity  of  the  second  leg  of  the  compasses,  the 
extremity  of  the  first  leg  remaining  throughout  the  motion  on  the 
point  A, 

Compasses  are  also  used  practically  for  carrying  a  given  length 
from  any  one.  position  to  any  other :  for  instance,  they  would  gene- 
rally be  used  to  solve  the  problem  of  Proposition  8  by  opening  the 
compasses  out  till  the  extremities  of  the  legs  came  to  the  points 
C,D:  they  would  then  be  shifted,  without  any  change  in  the  opening 
of  the  legs,  until  the  extremity  of  one  leg  was  on  A  and  the  extremity 
of  the  other  in  the  straight  line  AB* 

Euclid  restricted  himself  much  in  the  same  way  as  a  draughtsman 
would,  if  he  allowed  himself  only  the  first  mentioned  use  of  the  com- 
passes: the  first  three  propositions  shew  how  Euclid  with  this  self- 
imposed  restriction  solved  the  problem,  which  without  such  a  restric- 
tion could  have  been  solved  more  readily. 

After  the  problems  in  the  first  three  propositions  have  been  solved, 
we  may  assume  that  we  can  draw  a  circle,  as  a  practical  draughts- 
man would,  with  any  point  as  centre  and  with  a  length  equal  to  any 
given  straight  line  as  radius. 


EXEECISES. 

1.  On  a  given  straight  line  describe  an  isosceles  triangle  having 
each  of  the  equal  sides  equal  to  a  second  given  straight  line. 

2.  Construct  upon  a  given  straight  line  an  isosceles  triangle 
having  each  of  the  equal  sides  double  of  a  second  given  straight  line. 

3.  Construct  a  rhombus  having  a  given  angle  for  one  of  its 
angles,  and  having  its  sides  each  equal  to  a  given  straight  line. 
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PROPOSITION  4. 

If  two  triangles  have  two  sides  of  Hie  one  equal  to  two 
sides  xf  the  others  and  also  the  angles  contained  by  those  sides 
equal,  the  two  triangles  are  equal  in  all  respects, 

(See  Def.  21.) 

Let  ABC,  DEF  be  two  triangles,  in  which  AB  is  equal 
to  DE,  and  AC  to  DF,  and  the  angle  BAC  is  equal  to  the 
angle  ^i>i^: 

it  is  required  to  prove  that  the  triangles  ABC,  DEF  are 
equal  in  all  respects. 


Proof.     Because  the  angles  BAC,  EDF  a.re  equal, 
it  is  possible  to  shift  the  triangle  ABC 

so  that  A  coincides  with  D, 
and  AB  coincides  in  direction  with  DE, 

and  AC  with  DF.     (Test  of  Equality,  page  8.) 

If  this  be  done, 

because  AB  is  equal  to  DE, 

B  must  coincide  with  E ; 

and  because  AC  ia  equal  to  DF, 

C  must  coincide  with  F. 

Again  because  B  coincides  with  E  and  C  with  F, 

BC  coincides  with  EF;  (Post.  2.) 

therefore  the  triangle  ABC  coincides  with  the  triangle  DEF^ 

and  is  equal  to  it  in  all  respects. 

Wherefore,  if  two  triangles  &c. 


PROPOSITION  4.  23 

The  proof  of  this  proposition  holds  good  not  only  for  a  pair  of 
triangles  snoh  as  ABC,  DEF  in  the  diagram :  it  holds  good  equally 
for  a  pair  such  as  ABC,  D'E'F',  one  of  which  must  be  reversed  or 
turned  over  before  the  triangles  can  be  made  to  coincide  or  fit  exactly. 

In  this  proposition  Euclid  assumed  Postulate  2,  that  two  straight 
lines  cannot  have  a  common  part.  When  the  triangle  ABC  is 
shifted,  so  that  ^  is  on  D  and  AB  is  on  DE,  there  would  be  no 
justification  for  the  conclusion  that  B  must  coincide  with  E,  because 
AB  is  equal  to  DE,  if  it  were  possible  for  two  straight  lines  to  have  a 
common  part.  In  fact,  two  curved  lines  might  be  drawn  from  the 
point  D  starting  in  the  same  direction  DE  but  leading  to  two  totally 
distinct  points  E  and  F  although  the  lines  were  of  the  same  length. 
It  is  tacitly  assumed,  that  if  the  lines  be  straight  lines,  this  is  im- 
possible. 


EXEBCISES. 

1.  If  the  straight  line  joining  the  middle  points  of  two  opposite 
sides  of  a  quadrilateral  be  at  right  angles  to  each  of  these  sides,  the 
other  t\jro  sides  are  equal. 

2.  If  in  a  quadrilateral  ABCD  the  sides  AB,  CD  be  equal  and 
the  angles  ABC,  BCD  be  equal,  the  diagonals  AC,  BD  are  equal. 

3.  If  in  a  quadrilateral  two  opposite  sides  be  equal,  and  the 
angles  which  a  third  side  makes  with  the  equal  sides  be  equal,  the 
other  angles  are  equal. 

4.  Prove  by  the  method  of  superposition  that,  if  in  two  quadri- 
laterals ABCD,  A'B'C^D',  the  sides  AB,  BC,  CD  be  equal  to  the  sides 
A'B',  B'C\  CD'  respectively,  and  the  angles  ABC,  BCD  equal  to  the 
angles  A'B'C,  B'CD'  respectively,  tiie  quadrilaterals  are  equal  in  all 
respects. 
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PROPOSITION  5. 

If  two  sides  of  a  triangle  he  equals  the  angles  opposite  to 
these  sides  are  equals  and  the  angles  made  by  prodtidng 
these  sides  beyond  the  third  side  are  eqiuil. 

Let  ABC  be  a  triangle,  in  which  AB  is  equal  to  AC, 
and  AB,  AC  are  produced  to  D,  E : 

it  is  required  to  prove   that   the  angle  ACB  is  equal  to 
the  angle  ABC,  and  the  angle  BCE  to  the  angle  CBD, 

CoNSTBUCTiON.  Let  the  6gure  ABODE  be  turned  over 
and  shifted  unchanged  in  shape  and  size  to  the  position 
abcde,  A  to  a,  Btob,  Ctoc,  Dtod  and  E  to  e. 


Proof.     Because  the  angles  DAE,  ead  are  equal,  it  is 
possible  to  shift  the  figure  abcde 

so  that  a  coincides  with  A, 
and  oe  coincides  in  direction  with  AD, 

and  ad  with  AE,     (Test  of  Equality,  page  8.) 

If  this  be  done, 

because  ac  is  equal  to  AB, 

c  must  coincide  with  B ; 

and  because  ab  is  equal  to  k(7, 

b  must  coincide  with  C ; 

hence  cb  coincides  with  BC  (Post.  2.) 

Now  because  a^e  coincides  in  direction  with  ABD, 

and  cb  with  BG, 

the  angle  a^b  coincides  with  the  angle  ABC, 

and  the  angle  bee  with  the  angle  CBD ; 

therefore  the  angle  a>cb  is  equal  to  the  angle  ABC, 
and  the  angle  6ce  to  the  angle  CBD, 


PROPOSITION  5.  25 

But  the  angle  ach  is  equal  to  the  angle  AGB^ 

and  the  angle  hce  to  the  angle  BCE ; 

therefore  the  angle  ACB  is  equal  to  the  angle  ABC^ 

and  the  angle  BCE  to  the  angle  GBD, 

Wherefore,  if  two  sides  &c. 

Corollary   1.      An  equilateral  triangle   is  aJso   equi- 
a/ngvXa/r. 

Corollary  2.     If  two  angles  of  a  triangle  he  unequcU^ 
the  sides  opposite  to  these  angles  are  unequal. 


EXEBGISES. 

1.  The  opposite  angles  of  a  rhombus  are  equal. 

2.  If  a  quadrilateral  have  two  pairs  of  equal  adjacent  sides,  it 
has  one  pair  of  opposite  angles  equal. 

3.  If  in  a  quadrilateral  ABCDj  AB  be  equal  to  AD  and  EC  to 
DCy  the  diagonal  AC  bisects  each  of  the  angles  BAB^  BCD, 

4.  If  in  a  quadrilateral  ABCD,  AB  be  equal  to  AD  and  BC  Xo 
DCf  the  diagonaJ  BD  is  bisected  at  right  angles  by  the  diagonal  AC. 

5.  Prove  that  the  triangle,  whose  vertices  are  the  middle  points 
of  the  sides  of  an  equilateral  triangle,  is  equilateraL 

6.  Prove  that  the  triangle,  formed  by  joining  the  middle  points 
of  the  sides  of  an  isosceles  triangle,  is  isosceles. 

7.  Prove  by  the  method  of  superposition  that,  if  in  a  convex 
quadrilateral  ABCD^  AB  be  equal  to  CD  and  the  angle  ABC  to  the 
angle  BCD,  AD  is  parallel  to  BC. 
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PROPOSITION  6. 

If  two  angles  of  a  triangle  he  equal,  the  sides  opposite  to 
these  angles  are  equal. 

Let  ABC  be  a  triangle,  in  which  the  angle  ABC  is 
equal  to  the  angle  ACB  : 

it  is  required  to  prove  that  AC  is  equal  to  AB. 

Construction.  Let  the  triangle  ABC  be  turned  over 
and  shifted  unchanged  in  shape  and  size  to  the  position 
aI>Cy  A  to  a,  B  to  by  and  C  to  c. 


Proof.     Because  the  sides  BC,  cb  are  equal, 
it  is  possible  to  shift  the  triangle  ac6 
so  that  cb  coincides  with  BC,  c  with  By  and  b  with  C, 

(Test  of  Equality,  page  5.) 
and  so  that  the  triangles  acb,  ABC  are  on  the  same  side 

oiBC. 
If  this  be  done, 

because  the  angles  ABC,  acb  are  equal, 
ca  must  coincide  in  direction  with  BA  ; 
and  because  the  angles  ACB,  ahc  are  equal, 
ha  must  coincide  in  direction  with  CA. 
And  because  two  straight  lines  cannot  intersect  in  more 
than  one  point,  (Post.  1.) 

the  point  a,  which  is  the  intersection  of  ca  and  ba,  must 
coincide  with  the  point  A,  which  is  the  intersection  of 
BA  and  CA, 

Now  because  a  coincides  with  A  and  c  with  B, 
ac  coincides  with  AB  and  is  equal  to  it. 
But  ac  is  equal  to  AC  y 
therefore  -4(7  is  equal  to  AB. 

Wherefore  if  two  angles  &c. 

Corollary.    An  equiangular  triangle  is  also  equilateral. 


PROPOSITION  6.  27 

When  in  two  propositions  the  hypothesis  of  eJich  is  the 
conclusion  of  the  other^  each  proposition  is  said  to  be  the 
converse  of  the  other. 

The  theorems  in  Propositions  5  and  6  are  the  converses  of  each 
other. 

It  must  not  be  assumed  that  the  converse  of  a  proposition  is 
necessarily  true. 


EXERCISES. 

1.  Shew  that,  if  the  angles  ABC  and  ACB  at  the  base  of  an 
isosceles  triangle  be  bisected  by  the  straight  lines  BD  and  CD,  DBC 
will  be  an  isosceles  triangle. 

2.  BAC  is  a  triangle  having  the  angle  B  donble  of  the  angle  A. 
If  BD  bisect  the  angle  B  and  meet  AC  &t  D,  BD  is  equal  to  AD. 

3.  Prove  by  the  method  of  superposition  that,  if  in  two  triangles 
ABC,  A'B'C  the  angles  ABC,  BCA  be  equal  to  the  angles  A'B'C\ 
B'C'A'  respectively  and  the  sides  BC,  B'C  be  equal,  the  triangles  are 
equal  in  all  respects. 

4.  Prove  by  the  method  of  superposition  that,  if  in  two  quadri- 
laterals ABCD,  A'B'C'D'  the  angles  DAB,  ABC, BCD  be  equal  to  the 
angles  D'A'B',  A'B'C,  B'C'D'  respectively,  and  the  sides  AB,  BC  be 
equal  to  the  sides  A'B',  B'C  respectively,  the  quadrilaterals  are  equal 
in  all  respects. 

5.  If  in  a  quadrilateral  ABCD,  AB  be  equal  to  AD  and  the  angle 
ABC  to  the  angle  ADC,  then  BC  is  equal  to  DC,  and  the  diagonal 
AC  bisects  the  quadrilateral  and  two  of  its  angles. 
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PROPOSITION  7. 


If  ttuo  points  on  the  same  side  of  a  straight  line  he  equi- 
distant from  one  point  in  the  line^  they  ca/nnot  be  equidistant 
from  a/ny  other  point  in  the  line. 

Let  AB  be  a  given  straight  line,  and  (7,  Z>  be  two 
points  on  the  same  side  of  it  equidistant  from  the  point  A : 
it  is  required  to  prove  that  C',  D  cannot  be  equidistant 
from  any  other  point  in  the  line. 

Construction.    Take  any  other  point  B  in  the  line,  and 

draw  BC,  BD. 


Peoof.  Because  C  and  D  are  two  different  points,  either 

(1)  the  vertex  of  each  of  the  triangles  ABC^  ABD  must  be 
outside  the  other  triangle, 

(2)  the  vertex  of  one  triangle  must  be  inside  the  other, 

or  (3)  the  vertex  of  one  triangle  must  be  on  a  side  of  the 
other. 

(1)  First  let  the  vertex  of  each  triangle  be  without  the 
other. 

Because  AD  is  equal  to  AC, 
the  angle  ACD  is  equal  to  the  angle  ADC,     (Prop.  5.) 

But  the  angle  ACD  is  greater  than  the  angle  BCD, 
and  the  angle  BDC  is  greater  than  the  angle  ADC  v 
therefore  the  angle  BDC  is  greater  than  the  angle  BCD ; 
therefore  BC,  BD  are  unequal.     (Prop.  5,  Coroll.  2.) 

(2)  Next  let  the  vertex  D  of  one  triangle  ABD  be  within 
the  other  triangle  ABC  : 

produce  AC,  AD  to  E,  F,  (Post.  4.) 


PROPOSITION  7.  29 

Then  because  in  the  triangle  AC  By  AC  is  equal  to  AD, 
the  angles  ECD,  FDC  made  by  producing  the  sides  A  C,  AD 
are  equal.  (Prop.  5.) 

But  the  angle  ECD  is  greater  than  the  angle  BCD, 
and  the  angle  BDG  is  greater  than  the  angle  FDC ; 
therefore  the  angle  BDC  is  greater  than  the  angle  BCD-, 
therefore  BC,  BD  are  unequal.    (Prop.  5,  CoroU.  2.) 

(3)     Next  let  the  vertex  D  of  one  triangle  lie  on  one  of  the 
sides  BG  of  the  other  : 

then  -5(7,  BD  are  unequal. 

Wherefore,  if  two  points  07i  the  same  side  <fec. 
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PROPOSITION  8. 

If  two  triangles  have  three  sides  of  tJie  one  equal  to  three 
sides  of  the  other,  the  triangles  are  equal  in  all  respects. 

Let  ABC,  DEF  be  two  triangles,  in  which  AB  is  equal 
to  DE,  AC  to  BF,  and  BC  to  £F: 

it  is  required  to  prove  that  the  triangles  ABC,  DEF  are 

equal  in  all  respects. 


Proof.     Because  the  sides  BC,  EF  are  equal, 
it  is  possible  to  shift  the  triangle  ABC, 
so  that  BC  coincides  with  EF,  B  with  E  and  C  with  F, 

(Test  of  Equality,  page  5.) 
and  so  that  the  triangles  ABC,  DEF  are  on  the  same  side 
oiEF, 
If  this  be  done, 

A  must  coincide  with  D : 
for  there  cannot  be  two  points  on  the  sarnie  side  of  the 
straight  line  EF  equidistant  from  E 
and  also  equidistant  from  F,  (Prop.  7.) 

Now  because  A  coincides  with  D, 

and  B  coincides  with  E,  (Constr.) 

AB  coincides  with  BE,  (Post.  2.) 

Similarly  it  can  be  proved  that 
AC  Coincides  with  DF, 

Therefore  the  triangle  ABC  coincides  with  the  triangle  DEF, 
and  is  equal  to  it  in  all  respects. 

Wherefore,  if  two  triangles  &c. 


PROPOSITION  8.  31 


EXEECISES. 

1.  If  a  qnadrilateral  have  two  pairs  of  equal  sides,  it  mast  have 
one  pair  and  may  have  two  pairs  of  equal  angles. 

2.  ABC,  DBG  are  two  isosceles  triangles  on  the  same  base  BG, 
and  on  the  same  side  of  it :  shew  that  AD  bisects  the  vertical  angles 
of  the  triangles. 

3.  If  the  opposite  sides  of  a  quadrilateral  be  equal,  the  opposite 
angles  are  equad. 

4.  If  in  a  quadrilateral  two  opposite  sides  be  equal,  and  the 
diagonals  be  equal,  the  quadrilateral  has  two  pairs  of  equal  angles. 

5.  If  in  a  quadrilateral  the  sides  AB^  CD  be  equal  and  the 
^  angles  ABC,  BCD  be  equal,  the  angles  GDA,  DAB  are  equal. 

6.  The  sides  AB,  AD  of  a  quadrilateral  ABCD  are  equal,  and 
the  diagonal  AG  bisects  the  angle  BAD ;  shew  that  the  sides  GB,  CD 
are  equal,  and  that  the  diagonal  AG  bisects  the  angle  BCD, 

7.  ACB,  ADB  are  two  triangles  on  the  same  side  of  AB,  such 
that  ^C  is  equal  to  PD,  and  AD  is  equal  to  BG,  and  AD  and  BG 
intersect  at  0 :  shew  that  the  triangle  AOB  is  isosceles. 

8.  A  diagonal  of  a  rhombus  bisects  each  of  the  angles  through 
which  it  passes. 
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PROPOSITION  9. 
To  bisect  a  given  angle. 

Let  BAC  be  the  given  angle: 
it  is  required  to  bisect  it. 

Construction.     Take  any  point  D  in  AB, 

and  from  AC  cut  off  AE  equal  to  AD,    (Prop.  3.) 

Draw  DE, 
and  on  DE^  on  the  side  away  from  A,  construct  the  equi- 
lateral triangle  DEF,  (Prop.  1.) 

DrawJ^i^: 
then  ^j^  is  the  required  bisector  of  the  angle  BAC. 


Proof.     Because  in  the  triangles  DAF,  EAF, 

DA  is  equal  to  EA^ 

AF  to  AF, 

and  FD  to  FE, 

the  triangles  are  equal  in  all  respects ;    (Prop.  8.) 

therefore  the  angle  DAF  is  equal  to  the  angle  EAF, 

Wherefore,  the  given  angle  BAG  is  bisected  by  tJie  straight 
line  AF. 


PROPOSITION  9.  33 

In  the  oonstruction  for  this  proposition  it  is  said  that  the  equi- 
lateral triangle  DEF  is  to  he  constructed  on  the  side  of  BE  away 
from  A,  This  restriction  is  introduced  in  order  to  prevent  the  possi- 
bility of  the  point  F  coinciding  with  the  point  A» 

In  practical  geometry  it  is  always  desirable  to  obtain  two  points, 
which  determine  a  straight  line,  as  far  apart  as  possible,  as  then  an 
error  in  the  position  of  one  of  the  points  causes  less  error  in  the 
position  of  the  straight  line. 


EXERCISES. 

1.  A  straight  line,  bisecting  the  angle  contained  by  two  equal 
sides  of  a  triangle,  bisects  the  third  side. 

2.  The  bisectors  of  the  angles  ABG^  AGB  of  &  triangle  ABC  meet 
in  D:  prove  that,  if  DB,  DC  he  equal,  AB^  AC  are  equal. 

3.  Prove  that  there  is  only  one  bisector  of  a  given  angle. 

4.  Prove  that  the  bisectors  of  the  angles  of  an  equilateral  triangle 
meet  in  a  point. 

5.  Prove  that  the  bisectors  of  the  angles  of  an  isosceles  triangle 
meet  in  a  point. 

6.  BAC  is  a  given  angle;  cut  off  AB,  AC  equal  to  one  another: 
with  centres  B,  C  describe  circles  having  equal  radii :  if  the  circles 
intersect  at  D,  AD  bisects  the  angle  BAC. 

7.  Prove  by  the  method  of  superposition  that,  if  one  diagonal 
of  a  quadrilateral  bisect  each  of  the  angles  through  which  it  passes, 
the  two  diagonals  are  at  right  angles  to  each  other. 
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PROPOSITION  10. 

To  bisect  a  given  finite  straigJU  line. 

Let  ABhQ  the  given  finite  straight  line: 
it  is  required  to  bisect  it. 

Construction.    On  AB  construct  an  equilateral  triangle 

ABC,  (Prop.  1.) 

and  bisect  the  angle  ACB  by  the  straight  line  CD,  meeting 

AB&tJ):  (Prop.  9.) 

then  AB  ia  bisected  as  required  at  I). 


Proof.     Because  in  the  triangles  ACD,  BCD, 

AG  ia  equal  to  BC, 

and  CD  to  CD, 

and  the  angle  ACD  is  equal  to  the  angle  BCD, 

the  triangles  are  equal  in  all  respects;     (Prop.  4.) 
therefore  AD  ia  equal  to  BD, 

Wherefore,  tJie  given  finite  straight  line  AB  is  bisected 
at  tJiS  point  D. 


PROPOSITION  10.  35 


EXEBCISES. 

1.  Prove  that  there  is  only  one  point  of  bisection  of  a  given 
finite  straight  line. 

2.  If  two  circles  intersect,  then  the  straight  line  joining  their 
centres  bisects  at  right  angles  the  straight  line  joining  their  points  of 
intersection. 

3.  Draw  from  the  vertex  of  a  triangle  to  the  opposite  side  a 
straight  line,  which  shall  exceed  the  smaller  of  the  other  sides  as 
much  as  it  is  exceeded  by  the  greater. 
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PROPOSITION   10  A. 

.  From,  the  same  point  in  a  given  straight  line  and  on  the 
same  side  ofity  only  one  straight  line  can  be  draum  at  right 
angles  to  the  given  straight  line. 

From  the  point   C  in   the   straight  line  AB  let  the 
straight  line  CD  be  drawn  at  right  angles  to  AB : 

it  is  required  to  prove  that  no  other  straight  line  can  be 
drawn  from  G  at  right  angles  to  il^  on  the  same  side  of  it. 

Construction.     Draw  from  G  within  the  angle  AGD 
any  straight  line  GB, 


E 


D 


A  C  B 

Proof.     Because  the  angles  DGB,  DC  A  are  equal, 
and  the  angle  EGB  is  greater  than  the  angle  DGB, 
and  the  angle  DC  A  is  greater  than  the  angle  EGA ; 
therefore  the  angle  EGB  is  greater  than  the  angle  EGA  ; 
therefore  GE  is  not  at  right  angles  to  AB,    (Def.  11.) 
Similarly  it  can  be  proved  that  no  straight  line  drawn 
from  G  within  the  angle  DGB  can  be  at  right  angles 
toAB. 
Therefore  no  straight  line  other  than  CD  drawn  from  C 
can  be  at  right  angles  to  J  ^  on  the  same  side  of  it. 

Wherefore,  yrom  the  same  point  &c. 
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PROPOSITION   10  B. 

All  right  angles  a/re  eqital  to  one  another. 

Let  the  straight  lines  AB,  CD  meet  at  E  and  make 
the  angles  CEA,  GEB  right  angles;  (Def.  11.) 

and  let  the  straight  lines  FG^  HK  meet  at  L  and  make 
the  angles  HLF^  HLG  right  angles  : 

it  is  required  to  prove  that  the  angle  CEA  is  equal  to  the 
angle  HLF. 


Proof.  If  the  figure  ABODE  be  shifted,  so  that  E 
coincides  with  L,  and  the  line  A  Bin  direction  with  FG,  and 
so  that  EGy  LH  are  on  the  same  side  of  FG : 

then  EG  must  coincide  with  LH,  for  at  the  same  point  L 
in  FG  on  the  same  side  of  it  there  cannot  be  two  straight 
lines  at  right  angles  to  FG]  (Prop.  10  A.) 

therefore  the  angle  A  EG  coincides  with  the  angle  FLH, 

and  is  equal  to  it. 

Wherefore,  all  right  angles  <fec. 
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PROPOSITION  11. 

To  draw  a  straight  line  at  right  angles  to  a  given  straight 
line  from  a  given  point  in  it. 

Let  ABhe  the  given  straight  line,  and  C  the  given  point 
in  it : 

it  is  required  to  draw  from  C  a  straight  line  at  right  angles 
to  AB. 

Construction.     Take  any  point  D  ia  AC, 

and  from  CB  cut  off  CH  equal  to  CD.  (Prop.  3.) 

On  DB  construct  an  equilateral  triangle  DFE,   (Prop.  1.) 

and  draw  GF : 
then  OF  is  a  straight  line  drawn  as  required. 


A 


Proof.     Because  in  the  triangles  DCF,  EOF, 

DC  is  equal  to  EC, 
CF  to  CF, 
and  FD  to  FE,  (Constr.) 

the  triangles  are  equal  in  all  respects ;  (Prop.  8.) 

therefore  the  angle  DCF  is  equal  to  the  angle  ECF, 
and  they  are  adjacent  angles; 

therefore  each  of  these  angles  is  a  right  angle;  and  the 
straight  lines  are  at  right  angles  to  each  other.  (Def.  11.) 

"Wherefore,   CF  has  been  drawn  at  right  angles  to  the 
given  straight  line  A B,  from  tlie  given  point  G  in  it 


PROPOSITION  11. 
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In  the  definition  of  a  circle  (Def.  22)  we  meet  with  the  idea  of 
a  point,  which  moves^  subject  to  a  given  condition,  the  condition 
being  that  the  point  is  always  to  be  at  a  given  distance  from  a 
given  point,  i.e.  from  the  centre  of  the  circle.  The  j^ath  of  such  a 
moving  point,  or  the  place  {locus) y  at  some  position  on  which  the 
point  must  always  be  and  at  an^  position  on  which  the  point  may 
be,  is  called  the  locus  of  the  point.  Hence  we  say  in  the  case  just 
mentioned  that  the  locus  of  a  point  which  is  at  a  given  distance  from 
a  given  point  is  a  circle. 

As  a  further  illustration  of  this  idea,  let  us  consider  the  locus  of  a 
point,  which  moves  subject  to  the  condition  that  it  is  always  to  be 
equidistant  from  two  given  points. 

Let  A,B\iQ  two  given  points,  and  let 
P  be  a  point  equidistant  from  A  and  B, 
i.e.  let  FA  be  equal  to  PB, 

Draw  AB  and  take  C  the  middle  point 
oiAB, 

Draw  PC. 

Then  because  in  the  triangles  PCA, 
PCB, 

PA  is  equal  to  PBy  PC  to  PC,  and  AG  to  PC, 
the  two  triangles  are  equal  in  all  respects:         (Prop.  8.) 
therefore  the  angle  PC  A  is  equal  to  the  angle  PCB^ 
and  since  they  are  adjacent  angles  each  is  a  right  angle. 

It  follows  that,  if  P  be  equidistant  from  A  and  P,  it  must  lie  on 
the  straight  line  CP  which  bisects  AB  at  right  angles.  Every  point 
on  CP  satisfies  this  condition. 

We  may  state  the  result  of  this  proposition  thus :  The  locus  of  a 
point  equidistant  from  two  given  points  is  the  straight  line  which 
bisects  at  right  angles  the  straight  line  joining  the  given  points. 


EXEBOISES. 

1.  The  diagonals  of  a  rhombus  bisect  each  other  at  right  angles. 

2.  Find  in  a  given  straight  line  a  point  equidistant  from  two 
given  points.     Is  a  solution  always  possible? 

3.  Find  a  point  equidistant  from  three  given  points. 

4.  In  the  base  BC  of  a  triangle  ABC  any  point  D  is  taken. 
Draw  a  straight  line  such  that,  if  the  triangle  ABC  be  folded  along 
this  straight  line,  the  point  A  shall  fall  upon  the  point  X>. 
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PROPOSITION  12. 

2^0  draw  a  straight  line  at  right  angles  to  a  given  straight 
line  from  a  given  point  tuithout  it. 

Let  AB  be  the  given  straight  line,  and  C  the  given 
point  without  it : 

it  is  required  to  draw  from  C  a  straight  line  at  right  angles 
to  AB. 

Construction.     Take  any  point  D  on  the  side  of  AB 
away  from  (7,  draw  CD, 

and  with  0  as  centre  and  CD  as  radius,  describe  the  circle 
DBF,  (Post.  6.) 

meeting  AB  (produced  if  necessary)  at  B  and  F. 

Draw  CF,  CF, 
and  bisect  the  angle  FCF  by  the  straight  line  CG  meeting 
ABatG:  (Prop.  9.) 

then  CG  is  a  straight  line  drawn  as  required. 


Proof.     Because  in  the  triangles  FCG,  FCG, 

FC  is  equal  to  FCy 

and  CG  to  CG, 

and  the  angle  FCG  is  equal  to  the  angle  FCG, 

the  triangles  are  equal  in  all  respects ;    (Prop.  4.) 
therefore  the  angle  CGF  is  equal  to  the  angle  CGF, 
and  they  are  adjacent  angles. 
Therefore  the  straight  lines  CG,  AB  are  at  right  angles 
to  each  other.  (Def.  11.) 

Wherefore,  CG  has  been  d/ravm.  at  right  angles   to  the 
given  straight  line  ABfrom  tJie  given  point  C  tuithout  it 


PROPOSITION  12.  41 

In  the  oonfitruction  for  this  proposition  it  is  said  that  the  point  D 
is  to  be  taken  on  the  side  of  AB  away  from  C.  This  restriction  is 
introduced  as  a  means  of  ensuring  the  intersection  of  the  circle  DEF 
with  the  straight  line  AB, 


EXERCISES. 

1.  Through  two  given  points  on  opposite  sides  of  a  given  straight 
line  draw  two  straight  lines,  which  shall  meet  in  the  given  line  and 
include  an  angle  bisected  by  that  line.  In  what  case  can  there  be 
more  than  one  solution  ? 

.  2.  From  two  given  points  on  the  same  side  of  a  given  straight 
line,  draw  two  straight  lines,  which  shall  meet  at  a  point  in  the  given 
line  and  make  equal  angles  with  it. 

3.  Prove  by  the  method  of  superposition  that,  if  the  perpendiculars 
on  a  given  straight  line  from  two  points  on  the  same  side  of  it  be 
equal,  the  straight  line  joining  the  points  is  parallel  to  the  given  line. 
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PROPOSITION  13. 

21ie  sum  of  the  angles^  which  one  straight  line  makes 
vnth  another  straight  line  on  one  side  of  it,  is  equal  to  two 
right  angles. 

Let  the  straight  line  AB  make  with  the  straight  line 
CD,  on  one  side  of  it,  the  angles  ABC,  ABB : 

it  is  required  to  prove  that  the  sum  of  these  angles  is  equal 
to  two  right  angles. 

If  the  angle  ABC  be  equal  to  the  angle  ABD, 

each  of  them  is  a  right  angle, 
and  their  sum  is  equal  to  two  right  angles. 

Construction.  If  the  angles  ABC,  ABD  be  not  equal, 
from  the  point  B  draw  BE  at  right  angles  to  CD ;  (Prop.  11.) 

BE  cannot  coincide  with  BA  \ 
let  it  lie  within  the  angle  ABD, 


Proof.     Now  the  angle  CBE  is  the  sum  of  the  angles 
CBA,  ABE\ 

to  each  of  these  equals  add  the  angle  EBD ; 
then  the  sum  of  the  angles  CBE,  EBD  is  equal  to  the  sum 
of  the  angles  CBA,  ABE,  EBD, 

Again,  the  angle  DBA  is  equal  to  the  sum  of  the  angles 

DBE,  EBA ; 

to  each  of  these  equals  add  the  angle  ABC ; 
then  the  sum  of  the  angles  DBA,  ABC  is  equal  to  the  sum 

of  the  angles  DBE,  EBA,  ABC, 

And  the  sum  of  the  angles  CBE,  EBD  has  been  proved  to 
be  equal  to  the  sum  of  the  same  three  angles. 


PROPOSITION  13.  43 

Therefore  the  sum  of  the  angles  CBE,  EBD  is  equal  to 
the  sum  of  the  angles  DBA,  ABC, 

But  CBEy  EBD  are  two  right  angles ;    (Constr.) 

therefore  the  sum  of  the  angles  DBA,  ABC  is  equal  to  two 
right  angles. 

Wherefore,  the  sum  of  tlie  angles  &c. 

Corollary.  The  sum  of  the  Jour  angles,  which  two 
intersecting  straight  lines  make  with  one  another,  is  equal  to 
fov/r  right  angles. 


EXERCISES. 

1.  Prove  in  the  manner  of  Proposition  13  that,  if  -4,  B,  C,  D  be 
four  points  in  order  on  a  straight  line,  the  sum  of  AB,  BD  is  equal  to 
the  sum  of  AC,  CD, 

2.  If  one  of  the  four  angles,  which  two  intersecting  straight 
lines  make  with  one  another,  be  a  right  angle,  all  the  others  are 
right  angles. 

3.  Prove  by  the  method  of  superposition  that  only  one  perpen- 
dicular can  be  drawn  to  a  given  straight  line  from  a  given  point 
without  it. 

4.  Prove  by  the  method  of  superposition  that,  if  two  right- 
angled  triangles  have  their  hypotenuses  equal  and  two  other  angles 
equal,  the  triangles  are  equal  in  all  respects. 

6.  A  given  angle  BAC  is  bisected;  if  GA  be  produced  to  G  and 
the  angle  BAG  bisected,  the  two  bisecting  lines  are  at  right  angles. 
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PROPOSITION  14. 

7/*,  at  a  point  in  a  straight  linSy  two  otiier  sPraight 
lines,  on  opposite  sides  of  it,  make  the  adjacent  angles  together 
equal  to  two  right  angles,  these  two  straight  lines  are  in  the 
same  straight  line. 

At  the  point  B  in  the  straight  line  AB,  let  the  two 
straight  lines  BC,  BD,  on  opposite  sides  of  AB,  make  the 
adjacent  angles  ABC,  ABD  together  equal  to  two  right 
angles : 

it  is  required  to  prove  that  BD  is  in  the  same  straight  line 
with  CB. 

Construction.     Produce  GB  to  E, 


Proof.     Because  the  straight  line  AB  makes  with  the 
straight  line  CBE,  on  one  side  of  it,  the  angles  ABC,  ABE, 
the  sum  of  these  angles  is  equal  to  two  right  angles. 

(Prop.  13.) 

But  the  sum  of  the  angles  ABC,  ABD  is  equal  to  two  right 
angles. 

Therefore  the  sum  of  the  angles  ABC,  ABD  is  equal  to  the 
sum  of  the  angles  ABC,  ABE, 

From  each  of  these  equals  take  away  the  angle  ABC ; 

then  the  angle  ABD  is  equal  to  the  angle  ABE  -, 

therefore  the  line  BD  coincides  in  direction  with  BE, 

and  is  in  the  same  straight  line  with  CB. 

Wherefore,  if  at  a  point  <fec. 


PROPOSITION  14.  45 

Definition,  l^wo  angles,  which  are  togetfier  equal  to 
two  right  angles,  are  called  gapplementaiy  angles,  and  each 
a/ngh  is  said  to  he  the  snpplement  of  the  other. 

Two  angles,  which  a/re  together  equal  to  one  rig/U  angle, 
are  called  complementary  angles,  a/nd  each  angle  is  said  to 
he  tlie  complement  of  the  other. 


EXEBCISES. 

1.  If  £  be  the  middle  point  of  the  diagonal  AG  ot  Sk  quadri- 
lateral ABCD,  whose  opposite  sides  are  equal,  B,  E,  D  lie  on  a  straight 
line. 

2.  If  OA,  OB,  00,  OD  be  four  straight  lines  drawn  in  order 
from  O,  such  that  tiie  angles  BOG,  DO  A  are  equal  and  also  the  angles 
AOB,  COD,  then  the  lines  OA,  OC  are  in  the  same  straight  line  and 
also  the  lines  OB,  OD. 

3.  If  it  be  possible  within  a  quadrilateral  ABCD,  whose  opposite 
Bides  are  equal,  to  find  a  point  E  such  that  EA,  EC  are  equal,  and 
EB,  ED  are  equal,  then  AEC,  BED  are  straight  lines. 

4.  If  it  be  possible  within  a  quadrilateral  ABCD,  whose  opposite 
sides  are  equal,  to  find  a  point  E,  such  that  EA,  EB,  EC,  ED  are 
equal,  then  the  quadrilateral  is  equiangular. 
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PROPOSITION  15. 

If  two  straight  lines  intersect^  vertically/  opposite  angles  are 

equal. 

Let  the  two  straight  lines  AB,  CD  intersect  at  JE : 

it  is  required  to  prove  that  the  angle  AUC  is  equal  to  the 
angle  DEB,  and  the  angle  CEB  to  the  angle  AED, 


Proof.  The  sum  of  the  angles  CEA,  AED^  which  AE 
makes  with  CD  on  one  side  of  it,  is  equal  to  two  right 
angles.  (Prop.  13.) 

Again,  the  sum  of  the  angles  AED,  DEB,  which  DE 
makes  with  -42?  on  one  side  of  it,  is  equal  to  two  right 
angles. 

Therefore  the  sum  of  the  angles  CEA,  AED  is  equal  to  the 
sum  of  the  angles  AED,  DEB, 

From  each  of  these  equals  take  away  the  common  angle 
AED) 

then  the  angle  CEA  is  equal  to  the  angle  DEB. 

Similarly  it  may  be  proved  that  the  angle  CEB  is  equal 
to  the  angle  AED, 

Wherefore,  if  two  straight  lines  <fec. 


PROPOSITION  15.  47 


EXERCISES. 

1.  If  the  diagonals  of  a  quadrilateral  bisect  one  another,  oppo- 
fflte  sides  are  equal. 

2.  In  a  given  straight  line  find  a  point  such  that  the  straight 
lines,  joining  it  to  each  of  two  given  points  on  the  same  side  of  the 
line,  make  equal  angles  with  it. 

3.  A^  B  are  two  given  points;  GD^  BE  two  given  straight 
lines :  find  points  P,  Q  in  CD,  BE,  such  that  AP,  PQ  are  equally 
inclined  to  CB,  and  PQ,  QB  equally  inclined  to  BE. 

4.  A  straight  line  is  drawn  terminated  by  one  of  the  sides  of  an 
isosceles  triangle,  and  by  the  other  side  produced,  and  bisected  by  the 
base:  prove  that  the  straight  lines  thus  intercepted  between  the 
vertex  of  the  isosceles  triangle,  and  this  straight  line,  are  together 
equal  to  the  two  equal  sides  of  the  triangle. 
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PROPOSITION  16. 

Avi  exterior  angle  of  a  triangle  is  greater  than  eitJier  of 
the  interior  opposite  a/ngles. 

Let  ABC  be  a  triangle,  and  let  ACD  be  the  exterior 
angle  made  by  producing  the  side  BC  to  D : 

it  is  required  to  prove  that  the  angle  ACD  is  greater  than 
either  of  the  interior  opposite  angles  CBA,  BAG. 

Construction.       Bisect  AC  &t  E,  (Prop.  10.) 

Draw  BE  and  produce  it  to  Fy 

making  EF  equal  to  EB,  (Prop.  3.) 

and  draw  FC. 


Proof.     Because  in  the  triangles  AEB,  CEF^ 

AE  is  equal  to  CE, 

and  EB  to  EF, 

and  the  angle  AEB  is  equal  to  the  angle  CEF, 

the  triangles  are  equal  in  all  respects ;   (Prop.  4^ 
therefore  the  angle  BAE  (or  BAG)  is  equal  to  the  angle  FCE, 

Now  the  angle  ECD  (or  ACD)  is  greater  than  the  angle 
ECF, 
Therefore  the  angle  ACD  is  greater  than  the  angle  BAC, 

Similarly  it  can  be  proved  that  the  angle  BCG^  which  is 
made  by  producing  AG  and  is  equal  to  the  angle  AGDy  is 
greater  than  the  angle  ABC. 

Wherefore,  an  exterior  angle  <fec. 
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EXERCISES. 

1.  Only  one  perpendicular  can  be  drawn  to  a  given  straight  line 
from  a  given  point  without  it. 

2.  Shew  by  joining  the  angular  point  ^  of  a  triangle  to  any  point 
in  the  opposite  side  BC  between  B  and  G  that  the  angles  ABC,  BGA 
are  together  less  than  two  right  angles. 

3.  Not  more  than  two  equal  straight  lines  can  be  drawn  from  a 
given  point  to  a  given  straight  line. 

4.  Prove  by  the  method  of  superposition  that,  if  a  quadrilateral  be 
equiangular,  its  opposite  sides  are  equal. 

5.  Prove  by  the  method  of  superposition  that  two  right-angled 
triangles,  which  have  their  hypotenuses  equal  and  one  side  equal  to 
one  side,  are  equal  in  all  respects.' 


T.  K 
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PROPOSITION  17. 

The  sum  of  any  two  angles  of  a  triangle  is  less  than  tvx> 
right  angles. 

Let  ABC  be  a  triangle : 
it  is  required  to  prove  that  the  sum  of  any  two  of  its  angles 
is  less  than  two  right  angles. 

Construction.     Produce  any  side  BC  to  D. 


Proof.     Because  ACD  is   an   exterior   angle   of    the 
triangle  ABC, 

it  is  greater  than  the  interior  opposite  angle  ABC* 

(Prop.  16.) 

To  each  of  these  unequals  add  the  angle  ACB: 

then  the  sum  of  the  angles  ACD,  ACB  is  greater  than  the 
sum  of  the  angles  ABC,  ACB, 

But  the  sum  of  the  angles  ACD,  ACB  is  equal  to  two  right 
angles.  (Prop.  13.) 

Therefore  the  sum  of  the  angles  ABC,  ACB  is  less  than  two 
right  angles. 

Similarly  it  can   be  proved  that  the  sum   of  the  angles 
BAC,  ACB  is  less  than  two  right  angles; 

and  also  the  sum  of  the  angles  CAB,  ABC, 

Wheref  ore^  the  au/m  of  any  two  angles  (fee. 


PROPOSITION  17.  51 

The  theorem  established  in  this  proposition  may  be  stated  thns : 
If  from  two  points  B,  C  in  the  straight  line  BG  two  straight  lines  be 
drawn  which  meet  at  any  point  A^  then  the  sum  of  the  angles  ABC^ 
ACB  is  less  than  two  right  angles. 


i>     Q 


B  C 

We  shall  assume  as  a  postulate  the  converse  of  this  theorem, 
which  may  be  stated  thus 

If  from  two  points  B,  G  in  the  straight  line  BG  two  straight  lines 
BP,  GQ  be  drawn  making  the  sum  of  the  angles  PBG,  QGB  on  the 
same  side  of  BG  less  than  two  right  angles,  the  two  lines  BP,  GQ  will 
meet  if  produced  far  enough. 

It  may  be  observed  that  the  theorem  established  in  Proposition  17 
proves  that  the  lines  P£,  QG  cannot  meet  when  produced  beyond  B 
and  G :  if  therefore  the  postulate  just  stated  be  allowed,  it  follows 
that  the  lines  BPi  GQ  must  meet  when  produced  beyond  P  and  Q. 

The  postulate  which  we  here  assume  may  be  stated  in  general 
terms  as  follows 

Postulate  9.  If  the  stmi  of  the  two  interior  ungUsy 
which  tioo  straight  lines  make  with  a  given  straight  line  on 
the  same  side  of  it,  he  not  eqtial  to  two  right  atigles,  the  two 
straight  lines  are  not  parallel. 


EXEBCISES. 

1.  A  triangle  must  have  at  least  two  acute  angles. 

2.  Assuming  Postulate  9,  prove  that  any  two  straight  lines 
drawn  at  right  angles  to  two  given  intersecting  straight  lines  must 
intersect. 

3.  Prove  that  a  straight  line  drawn  at  right  angles  to  a  given 
straight  line  must  intersect  all  straight  lines  which  are  not  at  right 
angles  to  the  given  straight  line. 

4—2 
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PROPOSITION  18. 

When  two  sides  of  a  triangle  are  unequal,  the  greater 
side  has  the  greater  angle  opposite  to  it. 

Let  ABC  be  a  triangle,  of  which  the  side  -4(7  is  greater 
than  the  side  AB: 

it  is  required  to  prove  that  the  angle  ABC  is  greater  than 
the  angle  A  CB, 

Construction.     From  AC  the  greater  of  the  two  sides 
cut  off  AD  equal  to  -4^  the  less.  (Prop.  3.) 

Draw  BD. 


Proof.     Because   ADB   is   an   exterior   angle  of  the 
triangle  BDC, 

it  is  greater  than  the  interior  opposite  angle  DCB, 

(Prop.  16.) 

And  because  -4^  is  equal  to  AD, 
the  Angle  ADB  is  equal  to  the  angle  ABD,    (Prop.  5.) 

Therefore  the  angle  ABD  is  greater  than  the  angle  ACB, 

But   the    angle   ABC   is   greater   than   the   angle   ABD; 
therefore  the  angle  ABC  is  greater  than  the  angle  ACB. 

"Wherefore,  when  tux>  sides  <fec. 
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ADDITIONAL  PROPOSITION. 

The  straight  lines  drawn  at  right  angles  to  the  sides  of  a  triangle 
at  their  middle  points  meet  in  a  point. 

Let  ABC  be  a  triangle  and  D,  E,  F  the  middle  points  of  the 
sides  BC,  CA,  AB. 

Draw  EO,  FO*  at  right  angles  to  CA,  AB. 
Draw  OA,  OB,  OC,  OB. 


Because  in  the  triangles  AEO,  GEO, 
AE  is  equal  to  GE,  EO  common,  and  the  angle  AEO  is  equal  to  the 
angle  GEO, 

the  triangles  are  equal  in  all  respects;  (Prop.  4.) 

therefore  ^0  is  equal  to  GO. 
Similarly  it  can  be  proved  that  AO  is  equal  to  J50 ; 

therefore  BO  is  equal  to  GO. 
Next  because  in  the  triangles  BOD,  GOB, 

BO  IB  equal  to  GO  and  BD  to  GD  and  OD  is  common, 

the  triangles  are  equal  in  all  respects;  (Prop.  8.) 

therefore  the  angle  BDO  is  equal  to  the  angle  GDO, 
and  OD  is  at  right  angles  to  BG. 

Wherefore  the  straight  line  drawn  at  right  angles  to  B  (7  at  its 
middle  point  D  passes  through  0,  the  intersection  of  the  straight  lines 
drawn  at  right  angles  to  the  other  two  sides  at  their  middle  points. 

EXERCISES. 

1.  ABG  is  a  triangle  and  the  angle  A  is  bisected  by  a  straight  line 
which  meets  BG  at  D;  shew  that  BA  is  greater  than  BD,  and  GA 
greater  than  GD. 

2.  Prove  that,  if  D  be  any  point  in  the  base  BG  between  B  and 
G  of  an  isosceles  triangle  ABG,  AD  is  less  than  AB. 

3.  Prove  that,  if  AB,  AG,  AD  be  equal  straight  lines,  and  AG 
fall  within  th6  angle  BAD,  BD  is  greater  than  either  BG  or  GD. 

4.  ABGD  is  a  quadrilateral  of  which  AD  is  the  longest  side  and 
BG  the  shortest ;  shew  that  the  angle  ABG  is  greater  than  the  angle 
ADG,  and  that  the  angle  BGD  is  greater  than  the  angle  BAD. 

5.  If  the  angle  C7  of  a  triangle  be  equal  to  the  sum  of  the  angles  A 
and  B,  ihe  side  AB  is  equal  to  twice  the  straight  line  joining  G  to  the 
middle  point  of  AB. 

*  We  assume  that  the  straight  lines  drawn  at  righf  angles  to  CA, 
AB  at  E  and  F  meet.     (See  Exercise  2,  page  51. ) 
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PROPOSITION   19. 

When  two  angles  of  a  triangle  are  uneqv^l^  tJie  greater 
angle  has  the  greater  side  opposite  to  it. 

Let  ABC  be  a  triangle,   of   which   the  angle  ABC  is 
greater  than  the  angle  ACB  : 

it  is  required  to  prove  that  the  side  AC  v&  greater  than  the 
side  AB. 


Pkoof.     AG  must   be   either  less    than,    equal  to,    or 
greater  than  AB, 

li  AC  were  less  than  AB^ 
the  angle  ABC  would  be  less  than  the  angle  ACB]  (Prop.  18.) 

but  it  is  not ; 
therefore  -4(7  is  not  less  than  AB. 

li  AC  were  equal  to  AB^ 
the  angle  ABC  would  be  equal  to  the  angle  ACB ;  (Prop.  6.) 

but  it  is  not ; 
therefore  -4(7  is  not  equal  to  AB, 

Therefore  AC  must  be  greater  than  AB, 

Wherefore,  wlien  two  angles  <fec. 


PROPOSITIOIi  19.  55 

We  leave  it  to  the  student  to  prove  that,  while  a  point  P  is 
moving  along  a  straight  line  XF,  the  distance  OP  of  the  point  P 
from  a  fixed  point  O  outside  the  line  is  decreasing  when  P  is  moving 
towards  H  the  foot  of  the  perpendicular  from  O  on  the  line,  and  that 
OP  is  increasing  when  P  is  moving  away  from  H.     Assuming  the 


/     '  *       ^^v 

\   \. 

_i _:i 

-X  P      PflP^  P    Y 

truth  of  this  proposition,  it  follows  that  OH  is  less  than  each  of 
the  two  straight  lines  OP-^^^  OP^  where  Pj,  Pj  are  two  positions  of  the 
point  P  close  to  H  on  either  side  of  it.  For  this  reason  we  say  that 
OH  is  a  wilnlnnim  value  of  OP, 

In  the  same  way,  if  a  geometrical  quantity  vary  continuously,  its 
magnitude  in  a  position,  where  it  is  greater  than  in  the  positions 
close  to  it  on  either  side,  is  called  a  maximimi  value. 

It  will  be  seen  that,  if  a  quantity  vary  continuously,  there  must 
be  between  any  two  equal  viJues  of  the  quantity  at  least  one  mairiimiTn 
or  minim nm  value. 


EXERCISES. 

1.  Prove  that  the  hypotenuse  of  a  right-angled  triangle  is  greater 
than  either  of  the  other  sides. 

2.  The  base  of  a  triangle  is  divided  into  two  parts  by  the  perpen- 
dicular from  the  opposite  vertex :  prove  that  each  part  of  the  base  is 
less  than  the  adjacent  side  of  the  triangle. 

3.  A  straight  line  drawn  from  the  vertex  of  an  isosceles  triangle 
to  any  point  in  the  base  produced  is  greater  than  either  of  the  equal 
sides. 

4.  If  2>  be  any  point  in  the  side  BG  of  a  triangle  ABd  then  the 
greater  of  the  sides  ABy  AG  iB  greater  than  AD, 

5.  The  perpendicular  is  the  shortest  straight  line  which  can  be 
drawn  from  a  given  point  to  a  given  straight  line ;  and,  of  any  two 
others,  that  which  makes  the  smaller  angle  with  the  perpendicular 
is  the  shorter. 

6.  The  base  of  a  triangle  whose  sides  are  unequal  is  divided  into 
two  parts  by  the  straight  Ime  bisecting  the  vertical  angle :  prove  that 
the  greater  part  is  adjacent  to  the  greater  side. 
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PROPOSITION  20. 

Tlie  sum  of  any  two  sides  of  a  triangle  is  greater  than 
the  third  side. 

Let  ABC  be  a  triangle : 
it  is  required  to  prove  that  the  sum  of  any  two  sides  of  it 
is  greater  than  the  third  side; 

namely,  the  sum  of  CA,  AB  greater  than  BG  ] 
the  sum  of  AB,  BC  greater  than  CA  ; 
the  sum  of  BCy  CA  greater  than  AB, 

Construction.     Produce  any  side  BA  to  i), 

making  AD  equal  to  AC.  (Prop.  3.) 

Draw  DC. 


Proof.     Because  -4(7  is  equal  to  AD, 
the  angle  ADC  is  equal  to  the  angle  A  CD,     (Prop.  5.) 

But  the  angle  BCD  is  greater  than  the  angle  ACD. 
Therefore  the  angle  BCD  is  greater  than  the  angle  BDC, 

And  because  in  the  triangle  BCD, 
the  angle  BCD  is  greater  than  the  angle  BDC ; 

BD  is  greater  than  BC,  (^^^op.  19.) 

Now  because  DA  is  equal  \>o  AC, 
BD,  which  is  the  sum  of  BA,  AD,  is  equal  to  the  sum  of 
CA,  AB, 
Therefore  the  sum  of  CA,  AB  is  greater  than  BC, 
Similarly  it  can  be  proved  that  the  sum  of  AB,  BC 
is  greater  than  CA ;  and  that  the  sum  of  BC,  CA  is  greater 
than  AB, 

Wherefore,  the  sum  of  any  two  sides  &c. 
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The  reenilt  of  this  proposition  enableB  us  to  soWo  a  groat  nuuib»r 
of  problems,  of  which  the  following  is  a  specimen— ^'o/in^/  in  a  yivi^n 
straight  line  XY  a  point  P  such  that  the  sum  of  its  distances  /M,  J' J I 
from  two  given  points  A^  B  is  a  iwiwiwinm 


If  the  points  ^,  I?  be  on  opposite  sides  of  XY^  tho  htraight  Him 
AB  intersects  ZF  in  the  point  reqnired. 

If  J,  -B  be  on  the  same  side  of  XY^  draw  All  pcri>fndioulttr  to 
XY;  produce  AH  to  C,  so  that  IIC  is  equal  to  11  A, 
Take  any  point  P  in  XY, 

Draw  BDC,  DA,  PA,  PB,  PC,    Then  it  is  easily  proved  that  AP 
is  equal  to  CP,  and  AD  to  CD, 

Therefore  the  sum  of  AP,  PB  is  equal  to  the  sum  of  67',  PJi, 
and  this  is  a  minimum  when  P  coincides  with  D.     (Prf;|).  20.) 
Therefore  D  is  the  point  requir(;rL 
From  the  diagram  it  is  seen  that  the  angle  BDY  is  ec^ual  to  tho 
angle  CDX,  which  is  equal  to  the  angle  ADX, 
It  appears  therefore  that  when  the  sum  of  PA,  PB  is  a  minimum, 
the  lines  PA,  PB  make  equal  angles  with  XY, 


EXERCISES, 

1.  Prove  that  any  three  sides  of  any  quadrilateral  are  greater  than 
the  fourth  side. 

2.  If  D  be  any  point  within  a  triangle  ABC,  the  sum  of  DA ,  DB, 
DC  is  greater  than  half  the  perimeter  of  the  triangle. 

3.  The  sum  of  the  four  sides  of  any  quadrilateral  is  greater  than 
the  sum  of  its  two  diagonals. 

4.  In  a  convex  quadrilateral  the  sum  of  the  diagonals  is  greater 
than  the  sum  of  either  pair  of  opposite  sides. 

5.  D  is  the  middle  point  of  BC  the  base  of  an  isosceles  triangle 
ABC,  and  E  any  point  in  ^C  Prove  that  ilie  difference  of  BD,  DE 
is  less  than  the  difference  of  AB,  AE. 

6.  The  two  sides  of  a  triangle  are  together  greater  than  twice  the 
straight  line  drawn  from  the  vertex  to  the  middle  point  of  the  base. 

7.  Find  in  a  given  straight  line  a  point  such  that  the  difference 
of  its  distances  from  two  fixed  points  is  a  maximum. 
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PROPOSITION  21. 

If  frovi  the  ends  of  the  side  of  a  triangle  tJiere  he  dra/wn 
two  straight  lines  to  a  point  within  the  triangle,  the  sum 
of  these  lines  is  less  titan  the  stmh  of  the  other  two  sides  of 
the  triangle,  but  they  contain  a  greater  angle. 

Let  ABC  be  a  triangle;  and  from  B,  C,  the  end^  of  the 
side  BC,  let  the  two  straight  lines  BD,  CD  be  drawn  to 
a  point  D  within  the  triangle  : 

it  is  required  to  prove  that  the  sum  of  BD,  DC  is  less  than 
the  sum  of  BA,  AC,  but  the  angle  BDC  is  greater  than 
the  angle  BAC, 

Construction.     Produce  BD  to  meet  AC  at  U. 


Proof.     The  sum  of  the  two  sides  BA,  AE  oi  the  tri- 
angle BAE  is  greater  than  the  third  side  BE,        (Prop.  20.) 

To  each  of  these  unequals  add  EC ; 
then  the  sum  of  BA,  ^C  is  greater  than  the  sum  of  BE,  EC. 
Again,  the  sum  of  the  two  sides  CE,  ED  of  the  triangle 
CED  is  greater  than  the  third  side  CD. 

To  each  of  these  unequals  add  DB', 
then  the  sum  of  CE,  EB  is  greater  than  the  sum  of  CD,  DB. 
And  it  has  been  proved  that  the  sum  of  BA,  AC  is  greater 

than  the  sum  of  BE,  EC ; 
therefore  the  sum  of  BA,  AC  i&  greater  than  the  sura  of 

BD,  DC. 
Again,  the  exterior  angle  BDC  of   the  triangle  CDE  is 
greater  than  the  interior  opposite  angle  CED.  (Prop.  16.) 
And  the  exterior  angle  CEB  of  the  triangle  ABE  is  greater 
than  the  interior  opposite  angle  BAE; 
therefore  the  angle  BDC  is  greater  than  the  angle  BAC. 
Wherefore,  if  from  the  ends  &c. 
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EXEBOISES. 

1.  If  D  be  any  point  within  a  triangle  ABC^  the  snm  of  DA^  DB, 
DC  is  less  than  the  perimeter  of  the  triangle  and  greater  than  half 
the  perimeter. 

2.  Prove  that  the  perimeter  of  a  triangle  is  less  than  the  peri- 
meter of  any  triangle  which  is  drawn  completely  sorronnding  it. 

3.  If  two  triangles  have  a  common  base  and  eqnal  vertical  angles, 
the  vertex  of  each  triangle  lies  outside  the  other  triangle. 

4.  If  from  the  angles  of  a  triangle  ABC,  straight  lines  AOD, 
BOEy  COF  be  drawn  through  a  point  O  within  the  triangle  to  meet 
the  opposite  sides,  the  perimeter  of  the  triangle  ABC  is  greater  than 
two-thirds  of  the  snm  of  AD,  BE,  CF. 

5.  ABD,  ACD  are  two  triangles  on  the  same  side  of  AD  in  which 
^C  is  greater  than  AB.  Prove  that,  if  the  angles  ABD,  ACD  be  both 
right  angles  or  be  eqnal  obtnse  angles,  then  BD  is  greater  than  DC, 
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PROPOSITION  22. 

To  construct  a  triangle  liaving  its  sides  equal  to  three 
given  straight  lines. 

Let  AB,  CD^  EF  be  the  three  given  lines ; 
it  is  required  to  construct  a  triangle  whose  sides  are  equal 
to  AB,  CD,  EF, 

Construction.    Produce  one  of  the  given  lines  CD  both 
ways, 

and  cut  ojQF  CG  equal  to  AB^  (Prop.  3.) 

and  DH  to  EF, 
With  C  as  centre  and  CG  as  radius  describe  the  circle  GKL, 
and  with  D  as  centre  and  DR  as  radius  describe  the  circle 
UKM, 

Let  these  circles  intersect  in  K : 

Draw  CK,  DK: 

then  CKD  is  a  triangle  drawn  as  required. 


Proof.     Because  G  is  the  centre  of  the  circle  GKL, 

GK  is  equal  to  CG ; 
and  CG  is  equal  to  AB,  (Constr.) 

Therefore  CK  is  equal  to  AB, 
Again,  because  D  is  the  centre  of  the  circle  HKM, 

DK  is  equal  to  DH; 
and  DH  is  equal  to  EF,  (Constr.) 

Therefore  DK  is  equal  to  EF, 
Therefore  the  three  lines  KG,  CD,  DK  are  equal  to  the 
three  AB,  CD,  EF  respectively. 

Wherefore,  the  triangle  KGD  Jias  been  constructed  having 
its  sides  equal  to  the  three  given  straight  lines  AB,  CD,  EF, 
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It  may  be  observed  that  it  is  not  possible  to  construct  a  triangle 
which  shall  have  its  sides  equal  to  any  three  given  straight  lines.  In 
Proposition  20  it  has  been  proved  that  any  two  sides  of  a  triangle  are 
together  greater  than  the  third  side.  It  follows  therefore  that  it  is 
impossible  to  construct  a  triangle  having  its  sides  equal  to  three 
given  straight  lines,  except  when  the  given  straight  lines  are  such 
that  any  two  of  them  are  greater  than  the  third  or  the  greatett 
line  is  less  than  the  sum  of  the  other  two. 

We  see  therefore  that  in  this  proposition  we  have  to  solve  a  pro- 
blem, which  admits  of  solution  only  when  the  given  lines  satisfy  a 
certain  condition. 

We  shall  meet  with  many  other  problems  in  which  the  geometrical 
quantities  given  in  the  problem  (for  that  reason  generally  called  the 
data),  must  satisfy  some  condition  in  order  that  the  problem  may 
admit  of  solution.  It  will  be  a  useful  exercise  for  the  student  to 
investigate  such  conditions  when  they  exist. 


EXEBCISES. 

1.  Prove  that  the  two  circles  drawn  in  the  construction  of  Pro- 
position 22  will  always  intersect,  provided  that  the  sum  of  any  two 
of  the  given  straight  lines  is  greater  than  the  third. 

2.  How  many  different  shaped  triangles  could  be  made  of  8  dif- 
ferent lines  whose  lengths  are  respectively  2,  2,  2,  3,  8,  4, 4,  5  inches? 

3.  Construct  a  right-angled  triangle,  having  given  the  hypotenuse 
and  one  side. 

4.  Construct  a  quadrilateral  equal  in  all  respects  to  a  given 
quadrilateral. 
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PROPOSITION  23. 

From  a  given  point  in  a  given  straight  line  to  draw  a 
straight  line  making  tuith  the  given  straight  line  an  angle 
equal  to  a  given  av^h. 

Let  ABC  be  the  given  straight  line,  B  the  given  point 
in  it,  and  DEF  the  given  angle : 

it  is  required  to  draw  from  B  a  straight  line  making  with 
ABC  an  angle  equal  to  the  angle  DEF, 

Construction.     In  ED^  EF  take  any  points  Gy  H^ 

and  draw  GH, 

From  BG  cut  off  BK  equal  to  EH,      (Prop.  3.) 

and  construct  the  triangle  LBK, 

having  the  side  BK  equal  to  EH^ 

BL  equal  to  EG, 

and  KL  equal  to  HG  :  (Prop.  22.) 

then  BL  is  a  straight  line  drawn  as  required. 


Proof.     Because  in  the  triangles  BLK,  EGH, 

KB  is  equal  to  HE, 

BL  to  EG, 

and  LK  to  GH, 

the  triangles  are  equal  in  all  respects;   (Prop.  8.) 

therefore  the  angle  KBL  (or  CBL)  is  equal  to  the  angle 

HEG  (or  FED). 

Wherefore,  from  the  given  point  B  in  the  given  straight 
line  ABC  a  straight  line  BL  has  been  drawn  making  with 
the  straight  line  ABC  an  angle  KBL  eqiial  to  the  given 
angle  FED. 


PROPOSITION  23.  63 


EXERCISES. 

1.  Gonstract  a  triangle,  having  given  the  base  and  each  of  the 
angles  at  the  base. 

2.  Make  an  angle  double  of  a  given  angle. 

3.  If  one  angle  of  a  triangle  be  eqnal  to  the  sum  of  the  other 
two,  the  triangle  can  be  divided  into  two  isosceles  triangles. 

4.  Construct  a  triangle,  having  given  the  base,  one  of  the  angles 
at  the  base,  and  the  sum  of  the  sides. 
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PROPOSITION  24. 

If  two  sides  of  one  tricmgle  he  eqrial  to  two  sides  of 
cmotlier  and  the  angle  contained  by  the  two  sides  of  the  one 
he  greater  than  the  angle  contained  by  the  two  sides  of  the 
other,  the  third  side  of  the  one  is  greater  than  the  third  side 
of  the  other. 

Let  ABC^  DEF  be  two  triangles,  in  which  AB  \&  equal 
to  DE  and  AG  to  DF,  and  the  angle  BAC  is  greater  than 
the  angle  EDF : 

it  is  required  to  prove  that  the  third  side  BG  is  greater 
than  the  third  side  EF, 
Construction.     Of  the  two  sides  DE,  DF  let  DF  be 
one  which  is  not  less  than  the  other.    From  the  point  D  in 
the  straight  line  DE,  draw  DG  making  with  DE 

the  angle  EDG  equal  to  the  angle  BAG,    (Prop.  23.) 
and  make  Z> 6^  equal  to  i>i^.  (Prop.  3.) 

Draw  EG  meeting  DF  in  II . 


Proof.     Because  DFis  not  less  than  DE, 

and  DG  is  equal  to  DF, 

DG  is  not  less  than  DE. 

And  because  in  the  triangle  DEG, 

DG  is  not  less  than  DE, 

the  angle  DEG  is  not  less  than  the  angle  DGE. 

(Props.  5  and  18.) 
Next,  because  Z>^(r  is  the  exterior  angle  of  the  triangle  J9-£^-£r, 
it  is  greater  than  the  interior  opposite  angle  DEG. 

(Prop.  16.) 
Therefore  the  angle  DUG  is  greater  than  the  angle  DGH. 
And  because  in  the  triangle  DHG, 
the  angle  DHG  is  greater  than  the  angle  DGH, 

DG  is  greater  than  DH.  (Prop.  19.)' 
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But  DG  is  equal  to  Dt\ 

Therefore  DF  is  greater  than  />//, 

or  the  point  F  lies  outside  the  trianglo  DKO, 

Next- because  the  sum  of  DH,  IIG^  two  sideMof  tfm  trliiM|(tn 

DHGy  is  greater  than  the  third  side  IH^t 

and  the  sum  of  FH,  UE,  two  sides  of  the  trianglo  KitF, 

is  greater  than  the  third  side  KF  \ 

the  sum  of  DH^  HG^  FH^  HE  is  greater  tjiiiii  th«  «um 

of  DG,  EF\ 
i.e.  the  sum  of  DF,  EG  is  greater  than  the  sum  of  DU^  KF, 

Take  away  the  equals  DF,  DG ; 

then  EG  is  greater  than  EF. 

Now  the  triangles  EDG,  BAG  are  equal  in  all  re«p«(it«, 

(Prop.  4.) 

Therefore  BC,  which  is  equal  to  EG,  is  greater  than  KF, 

Wherefore,  if  two  sides  <fec. 


EXEBOISES. 

A  point  P  moves  along  the  circumference  of  a  circle  from  one 
extremity  ^  of  a  diameter  AB  to  the  other  extremity  Ji ;  prove  that 
throughout  the  motion 

(a)  AP  is  increasing  and  BP  is  decreasing ; 

(&}   if  0  be  any  point  in  AB  nearer  A  than  B,  OP  is  increasing  ; 

(c)   if  0  be  any  point  in  BA  produced,  OP  is  increasing. 


T.  E. 
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PROPOSITION  25. 

If  two  sides  of  one  tricmgle  be  eqitcd  to  two  sides  of 
anoiheTy  and  the  third  side  of  the  one  he  greater  than  the 
third  side  of  the  other^  the  angle  opposite  to  the  third  side 
of  the  one  is  greater  than  the  a/rvgle  opposite  to  the  third  side 
of  the  other. 

Let  ABCy  DEF  be  two  triangles,  in  which  AB  is  equal 
to  BE,  and  AG  to  DF,  and  BC  is  greater  than  EF: 

it  is  required  to  prove  that  the  angle  BAC  is  greater  than 
the  angle  ^i)i?: 


Proof.     The  angle  BAO  must  be  either 
greater  than,  equal  to,  or  less  than  the  angle  EDF, 

If  the  angle  BAC  were  equal  to  the  angle  EBF, 

BO  would  be  equal  to  EF]  (Prop.  4.) 

but  it  is  not ; 
therefore  the  angle  BAC  is  not  equal  to  the  angle  EDF, 

Again,  if  the  angle  BAG  were  less  than  the  angle  EDF, 

BG  would  be  less  than  EF]         (Prop.  24.) 
but  it  is  not ; 
therefore  the  angle  BAC  is  not  less  than  the  angle  EDF, 

Therefore  the  angle  BAG  is  greater  than  the  angle  EDF, 

Wherefore,  if  two  sides  <fec. 
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EXEBGISES. 

1.  If  I)  be  the  middle  point  of  the  side  BC  of  a  triangle  ABC, 
in  which  AG\a  greater  than  AB,  the  angle  ADC  is  an  obtose  angle. 

2.  If  in  the  sides  AB,  AC  of  a  triangle  ABC,  in  which  AC  lA 
greater  than  AB,  points  D,  £  be  taken  sndi  that  BD,  CE  are  eqoal, 
CD  is  greater  than  BE. 

3.  If  in  the  sides  AB,  AC  produced  of  a  triangle  ABC,  in  which 
AC  \s  greater  than  AB,  points  D,  £  be  taken  such  that  BD,  CE 
are  equal,  BE  is  greater  than  CD. 

4.  If  in  the  side  AB  and  the  side  AC  produced  of  a  triangle  ABC 
points  D  and  E  be  taken,  sach  that  BD,  CE  are  equal,  BE  is  greater 
than  CD, 


5—2 
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PROPOSITION  26.     Part  1. 

If  two  triangles  have  two  angles  of  the  one  equal  to  two 
a/ngles  of  the  other,  a/nd  the  side  adjacent  to  the  angles  in  the 
one  eqtud  to  the  side  adjacent  to  the  angles  in  the  other^  the 
triangles  a/re  equal  in  all  respects. 

Let  ABC,  DEF  be  two  triangles,  in  which  the  angle 
ABC  is  equal  to  the  angle  DEF,  and  the  angle  BCA  is 
equal  to  the  angle  EFD,  and  the  side  BC  adjacent  to  the 
angles  ABC,  BCA  is  equal  to  the  side  EF  adjacent  to  the 
angles  DEF,  EFD : 

it  is  required  to  prove  that  the  triangles  ABC,  DEF  are 
equal  in  all  respects. 


Proof.     Because  the  sides  BC,  EF  are   equal,  it  is 
possible  to  shift  the  triangle  ABC, 
so  that  BC  coincides  with  EF,  B  with  E  and  C  with  F, 

(Test  of  Equality,  page  5.) 
and  the  triangles  are  on  the  same  side  of  EF, 

If  this  be  done, 

because  BC  coincides  with  EF, 

and  the  angle  ABC  is  equal  to  the  angle  DEF, 

BA  must  coincide  in  direction  with  ED, 

Similarly  it  may  be  proved   that   CA   must   coincide 
in  direction  with  FD, 

Therefore  the  point  A,  which  is  the  intersection  of  BA,  CA, 
must  coincide  with  D,  which  is  the  intersection  of  ED,  FD, 

Next,  because  A  coincides  with  D,  and  B  with  E, 

AB  must  coincide  with  DE,  (Post.  2.) 

Similarly  AC  must  coincide  with  DF, 
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Therefore  the  triangle  ABG  coincides  with  the  triangle  DBF, 
and  is  equal  to  it  in  all  respects. 

Wherefore,  if  two  triangles  <fec. 


EXEBGISES. 

1.  If  AD  be  the  bisector  of  the  angle  BAGy  and  BDC  be  drawn 
at  right  angles  to  AD,  AB  is  equal  to  AC' 

2.  AB,  AC  are  any  two  straight  lines  meeting  at  A :  through  any 
point  P  draw  a  straight  line  meeting  them  at  E  and  F,  such  that  AE 
may  be  equal  to  AF, 

3.  If  upon  the  same  base  AB  two  triangles  BAG,  ABD  be  con- 
structed, having  the  angle  BAG  equal  to  ABD,  and  ABG  equal  to 
BAD,  then  the  triaiLgles  BDC,  AGD  are  equal  in  all  respects. 

4.  If  the  opposite  sides  of  a  quadrilateral  be  equal,  the  diagonals 
bisect  each  other. 

5.  If  the  straight  line  bisecting  the  vertical  angle  of  a  triangle  be 
at  right  angles  to  the  base,  the  triangle  is  isosceles. 
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PROPOSITION  26.     Pabt  2. 

If  two  triangles  Juwe  tvoo  cmgles  of  the  one  eqtud  to  tux> 
angles  of  the  other,  and  the  sides  opposite  to  a  pair  of  equal 
amgles  equal,  the  triangles  are  eqv>al  in  all  respects. 

Let  ABC,  DEF  be  two  triangles,  in  which  the  angle 
ABC  is  equal  to  the  angle  DEF,  and  the  angle  BCA  equal 
to  the  angle  EFD,  and  BA  the  side  opposite  to  the  angle 
BCA  i&  equal  to  ED  the  side  opposite  to  the  angle  EFD : 

it  is  required  to  prove  that  the  triangles  ABC,  DEF  are 
equal  in  all  respects. 


Proof.     Because  the  sides   AB^  DE  are  equal,  it  is 
possible  to  shift  the  triangle  DEF, 
so  that  DE  coincides  with  AB^  D  with  A  and  E  with  B, 
and  the  triangles  are  on  the  same  side  of  AB, 
If  this  be  done, 

because  ED  coincides  with  BA , 

and  the  angle  DEF  is  equal  to  the  angle  ABC, 

EF  must  coincide  in  direction  with  BC, 

Now  F  cannot  coincide  with  any  point  G  in  BC, 
since  the  angle  AGB  the  exterior  angle  of  the  triangle  AGC 
is  greater  than  the  interior  and  opposite  angle  ACB, 

(Prop.  16.) 
which  is  equal  to  the  angle  DFE, 

Again  F  cannot  coincide  with  any  point  H  in  BC  produced, 
since  the  interior  and  opposite  angle  AHB  of  the  triangle 
ACH  is  less  than  the  exterior  angle  ACB,        (Prop.  16.) 
which  is  equal  to  the  angle  DFE, 


PROPOSITION  26.    PART  2.  71 

Therefore  i^  must  coincide  with  (7, 

-^^with  BG,  and  DJ^with  AG', 

therefore  the  triangle  2)jE'j^  coincides  with  the  triangle  ABG^ 

and  is  equal  to  it  in  all  respects. 
Wherefore,  if  tvx>  triangles  <fec. 

ADDITIONAL  PBOPOSITION. 

The  straight  lines,  which  bisect  the  angles  of  a  triangle,  meet  in  a 
point. 

Let  ABC  be  a  triangle. 

Bisect  the  angles  ABCy  EC  A  by  the  straight  lines  BJ,  CI*. 

Draw  ZL,  JM,  IN  perpendicular  to  the  sides. 


Because  in  the  triangles  IBN,  IBL 

the  angle  IBN  is  equal  to  the  angle  IBLy 

and  the  angle  INB  to  the  angle  ILB, 

and  BI  is  common, 

the  triangles  are  equal  in  all  respects :  (Prop.  26,  Fart  2.) 

therefore  IN  is  equal  to  IL, 

Similarly  it  can  be  proved  that  IM  is  equal  to  IL : 

therefore  IN  is  equal  to  IM, 

Next  because  in  the  right-angled  triangles  IAN,  lAM 

the  hypotenuse  I  A  is  common, 

and  IN  is  equal  to  IM, 

the  triangles  are  equal  in  all  respects ;  (Exercise  5,  page  49.) 

therefore  the  angle  IAN  is  equal  to  the  angle  lAM^ 

and  lA  is  the  bisector  of  the  angle  BAG, 

Therefore  the  bisector  of  the  angle  BAG  passes  through  the  intersection 

of  the  bisectors  of  the  angles  ABG,  BGA, 

EXEBCISES. 

1.  The  perpendiculars  let  fall  on  two  sides  of  a  triangle  from 
any  point  in  the  straight  line  bisecting  the  angle  between  them  are 
equal  to  each  other. 

2.  In  a  given  straight  line  find  a  point  such  that  the  perpendicu- 
lars drawn  from  it  to  two  given  straight  lines  which  intersect  are  equal. 

3.  Through  a  given  point  draw  a  straight  line  such  that  the  per- 
pendiculars on  it  from  two  given  points  may  be  on  opposite  sides  of 
it  and  equal  to  each  other. 

*  It  is  assumed  that  these  lines  intersect. 
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PROPOSITION  26  A. 

If  ttvo  triangles  have  two  sides  equal  to  two  sides,  and 
the  angles  opposite  to  one  pair  of  equal  sides  equal,  the  angles 
opposUe  to  the  other  pair  are  either  equal  or  supplementary. 

Let  ABOy  DBF  be  two  triangles,  in  which  AB  is  equal 
to  DE,  and  BC  to  EF,  and  the  angle  BAG  is  equal  to  the 
angle  EDF : 

it  is  required  to  prove   that  the  angles  ACB,  DEE  are 
either  equal  or  supplementary.  (Def.  page  45.) 

Of  the  two  sides  AC,  DF,  let  AG  he  not  greater  than  DF, 

^  E  B 

Fig.  1.   y\  A\  Fig,  2. 


Proof.     Because  the  sides  AB,  BE  are  equal,  it  is 
possible  to  shift  the  triangle  ABG, 

so  that  AB  coincides  with  BE, 
A  with  B  and  B  with  E,     (Test  of  Equality,  page  5.) 
and  so  that  the  two  triangles  ABG,  BEF  are  on  the  same 
side  of  BE. 

If  this  be  done, 

because  AB  coincides  with  BE, 

and  the  angle  BAG  is  equal  to  the  angle  EBF, 

AG  must  coincide  in  direction  with  BF. 

Because  -4(7  is  not  greater  than  BF, 

G  must  coincide  either  (1)  with  ^  or  (2)  with  G  some  point 

\D.BF. 

(Fig   1.)     If  (7  coincide  with  i^, 

then  BG  coincides  with  EF,  (Post.  2.) 

and  the  triangle  ABG  with  the  triangle  BEF, 
and  the  two  triangles  are  equal  in  all  respects ; 
therefore  the  angle  AGB  is  equal  to  the  angle  BFE, 

(Fig.  2.)     Again,  if  G  coincide  with  G, 
because  BG  is  equal  to  EG^  and  EF  is  equal  to  BG, 

EG  is  equal  to  EF. 
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And  because  in  the  triangle  EFG^ 

EG  is  equal  to  EF, 

the  angle  EFG  is  equal  to  the  angle  EGF,     (Prop.  5.) 

Now  the  angles  DGEy  EGF  are  together  equal  to  two  right 

angles,  i.e.  are  supplementary ;  (Prop.  13.) 

therefore  the  angles  DGE^  EFG  are  supplementary  j 

and  the  angle  DGE  is  equal  to  the  angle  ACB ; 
therefore  the  angles  ACJS,  DFE  are  supplementary. 

Wherefore,  if  two  triangles  (fee. 

Corollary.  When  two  triangles  have  two  aides  equal 
to  ttoo  sideSy  a/nd  the  angles  opposite  to  one  pair  of  equal  sides 
equal  to  one  another^  they  are  equal  in  all  respects^  provided 
that  of  the  angles  opposite  to  the  second  pair  of  equal  sides, 

(1)  each  be  less  than  a  right  angle, 

(2)  ea^h  be  greater  tha/n  a  right  a/ngle, 
or   (3)     one  of  them  be  a  right  angle. 


EXEBCISES. 

1.  If  the  straight  line  bisecting  the  vertical  angle  of  a  triangle 
also  bisect  the  base,  the  triangle  is  isosceles. 

2.  If  two  given  straight  lines  intersect,  and  a  point  be  taken 
equally  distant  from  each  of  them,  it  lies  on  one  or  other  of  the  two 
straight  lines  which  bisect  the  angles  between  the  given  straight 
lines. 

8.  Prove  that  two  right-angled  triangles  are  equal  in  all  respects, 
if  the  hypotenuse  and  a  side  of  the  one  be  respectively  equal  to  the 
hypotenuse  and  a  side  of  the  other. 

4.  If  two  exterior  angles  of  a  triangle  be  bisected,  and  from  the 
point  of  intersection  of  the  bisecting  lines  a  straight  line  be  drawn 
to  the  third  angle,  it  bisects  that  angle. 

5.  If  two  triangles  have  two  sides  equal  to  two  sides,  and  the 
angles  opposite  to  the  greater  sides  equal,  the  triangles  are  equal 
in  all  respects. 

6.  Construct  a  triangle  having  given  two  sides  and  the  angle 
opposite  to  one  of  them.    Is  this  always  possible  ? 
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On  Equal  Tbiangles. 

It  is  in  many  cases  convenient  to  denominate  the  sides 
J5(7,  CAy  AB  of  a  triangle  ABC  by  the  small  letters  a,  6,  c 
respectively.  Here  a,  6,  c  stand  for  the  sides  of  the  triangle 
opposite  to  the  angles  A,  By  C  respectively. 

Using  this  notation  we  may  sum  np  the  results  of 
Propositions  4,  8,  26  Part  I,  26  Part  2,  and  26  A  as  follows : 

Two  triangles  ABC,  A'BC  are  equal  in  all  respects, 

(I)  if  a  =  a',     6  =  h\  and  C  =  C",  (Prop,  4.) 

(II)  if  a  =  a',     ft  =  h\  and  o  =  c',   (Prop.  8.) 

(III)  if  ^=.1',  B^B\  and  c  =  c',  (Prop.  2^^,  Part  1.) 
(lY)  if  ul=il',  ^  =  ^,  anda  =  a',  (Prop.  26,  Part  2.) 
(V)    if  a  =  a',    6  =  6',  and  A  =  A',  and  if  in  addition 

(I)  B  and  B^  be  each  less  than  a  right  angle, 

or  (2)  B  and  ^  be  each  greater  than  a  right  angle, 

or  (3)  either  ^  or  J5'  be  a  right  angle.         (Prop.  26  A.) 

The  six  quantities,  the  angles  A,  B,  C,  and  the  sides 
a,  h,  c,  are  often  denominated  the  parts  of  the  triangle 
ABC. 

It  will  be  observed  that  the  equality  of  three  pairs  of 
parts  is  always  required  to  ensure  the  equality  in  all  respects 
of  two  triangles,  but  that  the  equality  of  three  pairs  of 
parts  is  not  always  sufficient. 

By  the  theorem  of  Proposition  32  it  can  be  shewn  that, 
if  any  two  of  the  equations  A=A\  B=  B',  G  ^C\  be  true, 
the  third  is  also  true :  from  this  we  conclude  that  the  set 
of  equations  A=A\  B^B',  C  =  C\  is  insufficient  to  deter- 
mine the  equality  of  the  triangles,  and  that  the  two  cases 
III.  and  IV.  are  virtually  the  same. 
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Ok  the  angles  mape  bt  one  straight  line  with  two 

OTHERS. 

When   a   straight    line  ABCD    intersects   two  other 
straight  lines  EBF,  QCH, 


the  angles  ABE,  ABF,  DCGy  DGH  outside  the  two  lines 

EFj  GR  are  called  exterior  angles ; 
the  angles  GBE,  CBF,  BCG,  BCH  mdde  the  two  lines 

EF,  GH  are  called  interior  angles ; 
a  pair  of  interior  angles  on  opposite  sides  of  ABCD  are 

called  alternate  angles. 

There  are  two  pairs  of  alternate  angles  in  the  diagram,  EBC^  BCH ; 
CBF,  BCG, 

A  pair  of  angles,  one  at  B  and  the  other  at  G,  one  exterior 
and  the  other  interior,  on  the  same  side  of  ABCD  are 
sometimes  called  corresponding  angles. 

There  are  fonr  pairs  of  corresponding  angles,  ABF^  BCH;  ABE^  BCO ; 
DCH,  CBF;  and  DCG,  CBE,  the  first  angle  in  each  pair  being 
an  exterior  angle,  and  the  second  the  interior. 
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PROPOSITION  27. 

If  a  straight  line,  meeting  two  other  straight  lines  in  the 
sa/me  plane,  make  two  alternate  a/ngles  equal,  the  two  straight 
lines  are  parallel. 

Let  the  straight  line  EF,  meeting  the  two  straight 
lines  AB,  CD  in  the  same  plane,  make  the  alternate  angles 
AUF,  EFD  equal  to  one  another ; 

it  is  required  to  prove  that  AB,  CD  are  parallel. 


Proof.  AB,  CD  cannot  meet  when  produced  beyond 
B  and  D ;  for  if  they  did,  the  exterior  angle  AEF  of  the 
triangle  formed  by  them  and  EF  would  be  greater  than 
the  interior  opposite  angle  EFD  (Prop.  16.); 

but  it  is  not. 

Similarly  it  can  be  proved  that  AB,  CD  cannot  meet 
when  produced  beyond  A  and  C. 

But  those  straight  lines  in  the  same  plane  which  do  not 
meet  however  far  they  may  be  produced  both  ways,  are 
parallel.  (Def.  9.) 

Therefore  AB,  CD  are  parallel. 

Wherefore,  if  a  straight  line  &c. 
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EXEKCISES. 

1.  No  two  straight  lines  drawn  from  two  angles  of  a  triangle 
and  terminated  by  the  opposite  sides  oan  bisect  one  another. 

2.  Two  straight  lines  at  right  angles  to  the  same  straight  line 
are  parallel. 

3.  Prove  Proposition  27  by  the  method  of  superposition. 
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PROPOSITION  28. 

If  a  straight  line  intersecting  two  other  straight  lines, 
make  an  exterior  angle  equal  to  the  interior  and  opposite 
angle  on  the  same  side  of  the  line ;  or  if  it  make  two  interior 
angles  on  the  same  side  together  equal  to  two  right  angles, 
the  two  straight  lines  a/re  parallel. 

Let  the  straight  line  EF,  intersecting  the  two  straight 
lines  AB,  CD, 

(1)  make  the  exterior  angle  EGB  equal  to  the  interior 
and  opposite  angle  on  the  same  side  GHD, 
or     (2)  make  the  interior  angles  on  the  same  side  BGH, 
GUD  together  equal  to  two  right  angles  : 
it  is  required  to  prove  that  AB,  CD  are  parallel. 


Proof.     (1)  Because  the  angle  EGB  is  equal  to  the 
angle  GHD, 

and  the  angle  EGB  is  equal  to  the  angle  AGE,    (Prop.  15.) 
the  angle  AGH  is  equal  to  the  angle  GHD ; 
and  they  are  alternate  angles ; 
therefore  AB,  CD  are  parallel.        (Prop.  27.) 

(2)  Because  the  angles  BGH,  GHD  are  together  equal 
to  two  right  angles, 

and  the  angles  AGH,  BGH  are  together  equal  to  two  right 
angles,  (Prop.  13.) 

the  angles  AGH,  BGH  are  together  equal  to  the  angles 
BGH,  GHD. 

Take  away  the  common  angle  BGH] 
then  the  angle  AGH  is  equal  to  the  angle  GHD  j 
and  they  are  alternate  angles ; 
therefore  AB,  CD  are  parallel.       (Prop.  27.) 

Wherefore,  if  a  straight  line  &c. 
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EXERCISES. 

1.  If  a  straight  line  intersecting  two  other  straight  lines  make 
two  external  angles  on  the  same  side  of  the  line  together  equal  to 
two  right  angles,  the  two  straight  lines  are  parallel. 

2.  If  a  straight  line  intersecting  two  other  straight  lines  make  two 
external  angles  on  opposite  sides  of  the  line  equal,  the  two  straight 
lines  are  parallel. 

3.  If  a  straight  line  intersecting  two  other  straight  lines  make 
two  corresponding  angles  equal,  the  two  straight  lines  are  parallel. 
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PROPOSITION  29. 

If  a  straight  line  intersect  two  parallel  straight  lines,  it 
makes  alternate  angles  equal,  it  makes  each  exterior  angle 
equal  to  the  interior  and  opposite  angle  on  the  same  side  of 
the  line,  and  it  also  makes  interior  angles  on  the  same  side 
together  equal  to  two  right  angles. 

Let  the   straight  line  BF  intersect  the  two  parallel 
straight  lines  AB,  CD  : 
it  is  required  to  prove  that 

'1)  the  alternate  angles  AGff,  GHD  are  equal, 
2)  the  exterior  angle  EGB  is  equal  to  the  interior 
and  opposite  angle  GHD  on  the  same  side  of  EF, 
and  (3)  the  two  interior  angles  BGH,  GHD  on  the  same 
side  of  EF  are  together  equal  to  two  right  angles: 


Si 


Proof.    (1)   Because  AGH,  BGH  are  the  angles  which 
EF  makes  with  AB  on  one  side  of  it, 

the  sum  of  the  angles  AGH,  BGH  is  equal  to  two  right 
angles.  *  (Prop.  13.) 

Therefore,  if  the  angles  AGH,  GHD  were  unequal, 
the  sum  of  the  angles  BGH,  GHD  w^ould  not  be  equal  to 

two  right  angles ; 
and  since  these  are  the  interior  angles  which  the  straight 
lines  AB,  CD  make  with  EF  on  one  side  of  it, 

AB,  CD  would  not  be  parallel.     (Post.  9,  page  51.) 
But  AB,  CD  are  parallel ; 
therefore  the  angle  AGHia  equal  to  the  angle  GHD, 

(2)  But  the  angle  AGH  is  equal  to  the  angle  EGB; 

(Prop.  15.) 
therefore  the  angle  EGB  is  equal  to  the  angle  GHD. 

(3)  Add  to  each  of  the  equal  angles  EGB,  GHD  the 
angle  BGH; 
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then  the  angles  EGB^   BGH  are  together   equal  to  the 
angles  BGH,  GHD, 

But  the  angles  EGB,  BGH  are  together  equal  to  two  right 

angles. 
Therefore  the  angles  BGH,  GHD  are  together  equal  to  two 

right  angles. 

Wherefore,  if  a  straight  line  &c. 

Corollary.     All  the   angles  of  a   rectangle  are   right 
angles,  (See  Def.  19.) 


EXEBCISES. 

1.  Any  straight  line  parallel  to  the  base  of  an  isosceles  triangle 
makes  equal  angles  with  the  sides. 

2.  If  through  any  point  equidistant  from  two  parallel  straight 
lines,  two  straight  lines  be  drawn  cutting  the  parallel  straight  lines, 
they  will  intercept  equal  portions  of  these  parallel  straight  lines. 

3.  If  the  straight  line  bisecting  an  exterior  angle  of  a  triangle 
be  parallel  to  a  side,  the  triangle  is  isosceles. 

4.  If  DE,  DF  drawn  from  D  any  point  in  the  base  B  (7  of  an 
isosceles  triangle  ABC,  to  meet  AB,  AG  in  E,  F  he  parallel  to  AC, 
AB,  the  perimeter  of  the  parallelogram  AEDF  is  constant. 


T.  E. 
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PROPOSITION  30. 

Straight   lines  parallel  to   the   same   straight   line   are 
parallel  to  each  other. 

Let  each  of  the  straight  lines  AB^  CD  be  parallel  to  EF ; 

it  is  required  to  prove  that  AB^  CD  are  parallel  to  one 
another. 

Construction.     Draw  a  straight  line  GHK  intersecting 
AB,  CD,  EF  in  G,  H,  K  respectively. 


Proof.     Because  GHK  intersects  the  parallels  ABy  EF^ 
the  angle  GKF  is  equal  to  the  angle  AGH,  (Prop.  29.) 

Again,  because  GK  intersects  the  parallels  CD,  EF, 
the  angle  GHD  is  equal  to  the  angle  GKF.   (Prop.  29.) 

Therefore  the  angle  AGH  is  equal  to  the  angle  GHD ; 
and  they  are  alternate  angles ; 
therefore  ^-5  is  parallel  to  CD,     (Prop.  27.) 

Wherefore,  straight  lines  <fec. 
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EXEBCISES. 

1.  Two  intersecting  straight  lines  cannot  both  be  parallel  to 
the  same  straight  line. 

2.  Only  one  straight  line  can  be  drawn  through  a  given  point 
parallel  to  a  given  straight  line. 

3.  If  two  straight  lines,  each  of  which  is  parallel  to  a  third 
straight  line,  meet,  the  two  lines  are  coincident  throughout  their 
leng&. 

4.  If  a  straight  line  intersect  one  of  two  parallel  straight  lines, 
it  must  intersect  the  other. 


6—2 
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PROPOSITION  31. 

To  draw  through  a  given  point  a  straight  line  parallel 
to  a  given  straight  line. 

Let  A  be  the  given  point,  and  BC  the  given  straight 
line: 

it  is  required  to  draw  through  A  a  straight  line  parallel 
to  BG. 

Construction.     In  BC  take  any  point  D,  and  draw 

AD ;  from  the  point  A  in  the  straight  line  AD  on  the  side 

oi  AD  remote  from  C  draw  AH  making  the  angle  DAE 

equal  to  the  angle  ADC ;  (Prop.  23.) 

and  produce  the  straight  line  BA  to  F : 

then  HF  is  the  straight  line  required. 


Proof.     Because  the  straight  line  AD  meets  the  two 
straight  lines  BCy  FF, 

and  makes  the  alternate  angles  FAD,  ADC  equal, 

FF  is  parallel  to  BC,  (Prop.  27.) 

Wherefore,  the  straight  line  FAF  has  been  drawn  through 
the  given  point  A,  parallel  to  the  given  straight  line  BC, 
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EXEBOISES. 

1.  Find  a  point  ^  in  a  given  straight  line  CD,  such  that,  if  AB 
be  drawn  to  B  from  a  given  point  A^  the  angle  ABC  will  be  equal 
to  a  given  angle. 

2.  Draw  throngh  a  given  point  between  two  intersecting  straight 
lines  a  straight  line  so  that  it  is  bisected  at  the  point. 

3.  ABCD  is  a  quadrilateral  having  BG  parallel  to  AD ;  shew  that 
its  area  is  the  same  as  that  of  the  parallelogram  which  can  be  formed 
by  drawing  through  the  middle  point  of  DC7  a  straight  line  parallel 
to  AB. 

4.  AG,  BG  are  two  given  straight  lines:  it  is  required  to  draw  a 
straight  line  from  a  given  point  P  to  ^C,  so  that  it  is  bisected  by  BG. 

5.  Construct  a  triangle  having  given  two  angles,  and  the  length 
of  the  perpendicular  from  the  third  angle  on  the  opposite  side. 

6.  Construct  a  right-angled  triangle,  having  given  one  side  and 
the  angle  opposite. 
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PROPOSITION  32. 

An  exterior  angle  of  a  triangle  is  equal  to  the  sum  of 
the  two  interior  opposite  angles ;  and  the  sum  of  the  three 
interior  angles  of  a  triangle  is  equal  to  two  right  angles. 

Let  ABC  be  a  triangle  : 

it  is  required  to  prove  that  (1)  the  exterior  angle  ACD 
made  by  producing  the  side  BC  is  equal  to  the  sum  of 
the  two  interior  opposite  angles  CAB,  ABC, 

and  (2)  the  sum  of  the  three  interior  angles  ABC,  BCA, 
CAB  is  equal  to  two  right  angles. 

Construction.  Through  the  point  C  draw  CB  parallel 
to  BA.  (Prop.  31.) 


Proof.     (1)     Because  AC  meets  the  parallels  BA,  CE, 
the  alternate  angles  BAC,  ACE  are  equal.    (Prop.  29.) 

Again,  because  BD  meets  the  parallels  BA,  CE, 
the  exterior  angle  BCD  is  equal  to  the  interior  opposite 
angle  ABC.  (Prop.  29.) 

And  the  angle  ACE  was  proved  to  be  equal  to  the  angle 

BAC'y 

therefore  the  whole  angle  ACD  is  equal  to  the  sum  of  the 
two  angles  CAB,  ABC. 

(2)     To  each  of  these  equals  add  the  angle  BCA  ; 
then  the  sum  of  the  angles  ACD,  ACB  is  equal  to  the  sum 
of  the  three  angles  ABC,  BCA,  CAB. 

But  the  sum  of  the  angles  ACD,  ACB  is  equal  to  two  right 
angles;  (Prop.  13.) 

therefore  also  the  sum  of  the  angles  ABC,  BCA,  CAB  is 
equal  to  two  right  angles. 

Wherefore,  An  exterior  angle  &c. 
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Corollary.  The  sum  of  the  interior  angles  of  any  con- 
vex rectilineal  Jigure  of  n  sides  is  less  hy  four  right  angles 
than  2n  right  angles. 

This  may  be  proved  in  either  of  the  following  ways : 

In  fig.  (1),  where  straight  lines  are  drawn  from  any  point  0  within 
the  figure  to  the  vertices,  the  angles  of  the  n  triangles  so  formed 
are  eqnal  to  the  angles  of  the  figure  together  with  the  angles  at  0, 
which  are  equal  to  four  right  angles. 

In  fig.  (2),  where  all  the  diagonals  from  one  vertex  E  are  drawn,  the 
angles  of  the  n-2  triangles  so  formed  are  together  equal  to  the 
angles  of  the  figure. 


EXERCISES. 

1.  Straight  lines  AD,  BE,  CF  are  drawn  within  the  triangle 
ABC  making  the  angles  DAB^  EBG^  FCA  all  equal  to  one  another. 
If  ADf  BEy  CF  do  not  meet  in  a  point,  the  angles  of  the  triangle 
formed  hy  them  are  equal  to  those  of  the  triangle  ABC. 

2.  Trisect  a  right  angle. 

3.  Trisect  a  quarter  of  a  right  angle. 

4.  U  A  he  the  vertex  of  an  isosceles  triangle  ABd  and  BA  be 
produced  to  D,  so  that  AD  is  equal  to  BA^  and  DC  he  drawn:  then 
BCD  is  a  right  angle. 

5.  A  straight  line  drawn  at  right  angles  to  BO  the  base  of  an 
isosceles  triangle  ABC  outs  AB  in  D  and  CA  produced  in  E:  prove 
that  AED  is  an  isosceles  triangle. 

6.  Construct  a  right-angled  triangle  having  given  the  hypotenuse 
and  the  sum  of  the  sides. 

7.  The  line  joining  the  right  angle  of  a  right-angled  triangle  to 
the  middle  point  of  the  hypotenuse  is  equal  to  half  the  hypotenuse. 

8.  The  locus  of  the  vertices  of  all  right-angled  triangles  which 
have  a  common  hypotenuse  is  a  circle. 
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PROPOSITION  33. 

If  two  aides  of  a  convex   quadrilateral  he   equal  and 
parallel^  the  other  aides  a/re  eqvxd  and  parallel. 

Let  ABDC  be  a  quadrilateral,  in  which  the  sides  AB^ 
CD  are  equal  and  parallel : 

it  is  required  to  prove  that  the  sides  -4(7,  BD  are  equal  and 
parallel. 

Construction.     Draw  one  of  the  diagonals  BG, 


Proof.     Because  AB\&  parallel  to  CD, 

and  BC  meets  them, 
the  alternate  angles  ABO,  BCD  are  equal.     (Prop.  29.) 

Because  in  the  triangles  ABC,  DCB, 

AB  is  equal  to  DC, 

and  BG  to  GB, 

and  the  angle  ABC  to  the  angle  DCB, 

the  triangles  are  equal  in  all  respects ;    (Prop.  4.) 

therefore  the  angle  ACB  is  equal  to  the  angle  DBG, 

and  CA  to  BD, 

And  because  the  straight  line  BG  meets  the  two  straight 
lines  AG,  BD,  and  makes  the  alternate  angles  ACB,  CBD 
equal  to  one  another, 

AC  is  parallel  to  BD,  (Prop.  27.) 

And  it  was  proved  to  be  equal  to  it. 

Wherefore,  if  two  sides  <fec. 
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EXERCISES. 

1.  Draw  a  straight  line  so  that  the  part  intercepted  between  two 
given  straight  lines  is  equal  to  one  given  straight  line  and  parallel  to 
another. 

2.  If  a  quadrilateral  have  two  of  its  opposite  sides  parallel,  and 
the  two  others  equal  but  not  parallel,  any  two  of  its  opposite  angles 
are  together  equal  to  two  right  angles. 

3.  If  a  straight  line  which  joins  the  extreniities  of  two  equal 
straight  lines,  not  parallel,  make  the  angles  on  the  same  side  of  it 
equal  to  each  other,  the  straight  line  which  joins  the  other  extremities 
will  be  parallel  to  the  first. 

4.  If  from  D  any  point  in  the  base  BC  of  an  isosceles  triangle 
ABCi  DEf  DF  be  drawn  perpendicular  to  the  sides,  then  the  sum  of 
DE,  DF  is  constant. 
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PROPOSITION  34. 

Opposite  sides  of  a  parallelogram  are  eqtial,  a/nd  opposite 
a/ngles  a/re  eqiud  ;  and  a  diagonal  of  a  pa/rallelogrwm  bisects 
its  area. 

Let  ACDB  be  a  parallelogram,  of  which  EG  is  a 
diagonal : 

it  is  required  to  prove  that  (1)  opposite  sides  are  equal,  AB 

to  CD.BXidi  AG  to  BD', 
(2)  opposite  angles  are  equal,  BA G  to  BDG  &nd  ABB  to  AGD ; 
and  (3)  the  diagonal  BG  bisects  the  area  of  the  parallelogram. 


Proof.     Because  AB  is  parallel  to  (7i>,  and  BG  meets 
them, 

the  alternate  angles  ABG,  BGD  are  equal.    (Prop.  29.) 

And  because  AG  ia  parallel  to  BD,  and  BG  meets  them, 
the  alternate  angles  AGB,  GBD  are  equal.    (Prop.  29.) 

Now  because  in  the  two  triangles  ABGy  DGB, 

the  angle  ABG  is  equal  to  the  angle  DGB, 

and  the  angle  BGA  to  the  angle  GBD, 

and  the  side  BG  adjacent  to  the  equal  angles  in  each  is 

common  to  both, 
the  triangles  are  equal  in  all  respects.     (Prop.  26,  Part  1.) 
Therefore  AB  is  equal  to  i>(7,  AG  equal  to  2>J5, 
and  the  angle  -5-4(7  equal  to  the  angle  GBB, 

And  because  the  angle  ABG  is  equal  to  the  angle  DGB^ 
and  the  angle  GBD  to  the  angle  BGA, 

the  whole  angle  ABD  is  equal  to  the  whole  angle  DGA, 
And  the  angle  BAG  has  been  proved  to  be  equal  to  the 

angle  GDB. 
Therefore  in  the  parallelogram  AD  (1)  opposite  sides  are 

equal  and  (2)  opposite  angles  are  equal. 
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Again,  it  has  been  proved 
that  the  triangles  ABC^  DCB  are  equal  in  all  respects: 

therefore  (3)  the  diagonal  BC  bisects  the  area  of  the  paral- 
lelogram AD, 

Wherefore,  opposite  sides  <kc. 

CoROLLABY  1.     AU  the  sides  of  a  square  are  eqiud. 

Corollary  2.  The  angles  made  by  a  pair  of  straight 
lines  are  eqiuil  to  the  angles  made  by  any  pair  of  straight 
lines  parallel  to  them,. 

A  parallelogram  ABCD  is  often  spoken  of  as  the  parallelogram  AC, 
or  the  parallelogram  BD,  or  more  simply  as  ^C  or  BD,  when  there  is 
no  danger  of  confusion  with  the  diagonal  AC  or  with  the  diagonal  BD, 


EXERCISES. 

1.  Prove  that,  if  the  diagonals  of  a  quadrilateral  bisect  one 
another,  the  quadrilateral  is  a  parallelogram.  Prove  also  the  converse. 

2.  If  two  sides  of  a  qaadrilateral  be  parallel  and  the  other  two 
eqaal  but  not  parallel,  the  diagonals  are  equal. 

3.  If  in  a  quadrilateral  the  diagonals  be  equal  and  two  sides 
be  parallel,  the  other  sides  are  equal. 

4.  Find  in  a  side  of  a  triangle  the  point  from  which  straight  lines 
drawn  parallel  to  the  other  sides  of  the  triangle  and  terminated  by 
them  are  equal. 

5.  Prove  that  every  straight  line  which  bisects  the  area  of  a 
parallelogram  must  pass  through  the  intersection  of  its  diagonals. 

6.  Construct  a  triangle  whose  angles  shall  be  equal  to  those  of  a 
given  triangle,  and  whose  area  shall  be  four  times  the  area  of  the 
given  triangle. 

7.  ABCD  is  a  parallelogram  having  the  side  AD  double  of  AB : 
the  side  AB  is  produced  both  ways  to  E  and  F  till  each  produced  part 
equals  AB,  and  straight  lines  are  drawn  from  C  and  D  to  £  and  F  so 
as  to  cross  within  the  figure:  shew  that  they  will  meet  at  right 
angles. 

8.  If  0  be  any  point  within  a  parallelogram  ABCD,  the  sum  of 
the  triangles  OAB,  OCD  is  half  the  parallelogram. 

9.  Divide  a  given  straight  line  into  n  equal  parts,  where  n  is 
a  whole  number. 
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PROPOSITION  35. 

Two  parallelograms,  which  have  one  aide  common  and 
the  sides  opposite  to  the  comm>on  side  in  a  straight  line,  are 
equal  in  area. 

Let  A  BCD,  EBCF  be  two  parallelograms,  which  have 
a  common  side  BC,  and  the  sides  AD,  EF  in  a  straight- 
line: 

it  is  required  to  prove  that  ABCD,  EBCF  are  equal  in  area. 
A     E      D      F  J.  2)     IB  FA  DS 


Proof.     Because  ABCD  is  a  parallelogram, 

AB  is  equal  to  DC,  (Prop.  34.) 

and  because  EBCF  is  a  parallelogram, 

^J?  is  equal  to  C^; 

and  because  AB  is  parallel  to  DC, 

and  BE  to  CF, 

the  angle  ABE  is  equal  to  the  angle  DCF, 

(Prop.  34,  Coroll.  2.) 
And  because  in  the  triangles  ABE,  DCF, 
AB  is  equal  to  DC, 
and  BE  to  CF, 
and  the  angle  ABE  to  the  angle  DCF, 
the  triangles  are  equal  in  all  respects.  (Prop.  4.) 
Take  from  the  area  ABCF,  the  equal  areas  FDC,  EAB ; 
then  the  remainders  are  equal, 
that  is,  the  parallelograms  ALBCD,  EBCF  are  equal  in  area. 

Wherefore,  two  paraHelograms  <&c. 


PROPOSITION  35.  n 

The  pn^meitiaiis  in  the  remaining  part  of  tliH  V\vw\\ 
Book  of  Enclid  and  those  in  the  Second  iiook  i^tihitd  ohlotl^ 
to  cases  of  eqoalitj  of  the  areas  of  two  figunm. 

The  test  of  equality  to  whioh  we  have  hitherto  aIwa^m  i4pi>(*Hlt»i1 
haa  been  that  of  the  possibility  of  shifting  one  flgurtf  mi  Omii  id 
exactly  eoinddes  with  the  other.  In  this  case  the  UKUruM  m^  ttfjuivl 
in  an  respects,  bat  we  say  that  two  flgurei  are  eniml  in  tirptt  i^Imii, 
when  it  is  possible  to  shift  all  the  parts  of  the  ArMk  of  ono  t\yi\\\'u^ 
so  that  they  together  exactly  fit  the  area  of  the  Meoond  iltftu'tii 

It  win  be  observed  that  this  is  the  teit  mado  umo  of  In  IHii 
position  35. 

For  the  future  we  shall  often,  when  thare  in  no  dw-ngtM' 
of  ambiguity,  speak  of  the  equality  of  two  flgurt^M  whau  W» 
mean  only  equality  of  area,  and  we  shall  of  tan  H\mhk  of 
a  figure  when  we  mean  only  the  area  of  the  flgura, 


EXEBOISEB. 

1.  Gonstruet  a  rectangle  equal  to  a  given  puraUelogram. 

2.  Constmot  a  rhombus  equal  to  a  given  parallelogrami 

3.  Construct  a  parallelogram  to  be  equal  to  a  given  parallelogram 
in  area  and  to  have  its  sides  equal  to  two  given  straight  lines,  Is 
this  always  possible  t 
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PROPOSITION  36. 

Two  parallelogramSy  which  ha/oe  ttvo  sides  eqtial  and  in 
a  straight  line  a/nd  also  have  the  sides  opposite  to  the  equal 
sides  in  a  straight  line,  a/re  equal. 

Let  A  BCD,  EFGH  be  two  parallelograms,  which  have 
their  sides  BG,  FG  equal  and  in  a  straight  line,  and  also 
their  sides  AD,  £H  in  a  straight  line : 

it  is  required  to  prove  that  ABCD,  EFGH  are  equal. 

Construction.     Draw  BE,  OH. 


Proof.     Because  BG  is  equal  to  FG, 

and  FG  to  EH,  (Prop.  34.) 

BG  is  equal  to  EH-, 
and  they  are  parallel. 

Because  the  two  sides  BC,  EH  at  the  convex  quadrilateral 
EBCH  are  equal  and  parallel, 

the  other  sides  BE,  CH  are  equal  and  parallel ; 

(Prop.  33.) 
therefore  EBCH  is  a  parallelogram. 

Now   because   EBCH  and   ABCD   have  the  side  BG 
common,  and  the  sides  AD,  EH  in  a  straight  line, 

EBCH  is  equal  to  ABCD.  (Prop.  35.) 

Similarly  it  can  be  proved  that  EBCH  is  equal  to  EFGH. 

Therefore  the  parallelograms  ABCD,  EFGH  are  equal. 

Wherefore,  two  parallelograms  &c. 


PBOPOSITIOX  36.  95 

ADDinOXAL  PBOFOSrnON. 

The  strtdghl  Uma^  drmcn  from  the  vertieet  of  a  triangle  per- 
pendieuUtr  to  the  appotiu  sidet^  wuet  tn  a  jnniU*. 

Iiet  ABC  be  a  truuo^e,  and  AL,  BM,  CN  be  drawn  peipoidioiilar 
to  BC,  CA,  AB  lespectxveij. 

Draw  the  stzaie^t  lines  FAE,  DBF,  ECD  parallel  to  £(7,  CA,  AB 
re^ectiTely. 


Beoanae  BE  is  a  parallelogram, 

AE  is  equal  to  BC ;  (Prop.  84.) 

and  beoause  CF  is  a  parallelogram, 
FiiiseqaaltoBC; 
therefore  FA  is  equal  to  AE. 
Again,  because  AL  meets  the  parallels  FAE,  BLG, 

the  angle  FAL  is  equal  to  the  angle  ALC,      (Prop.  29.) 

But  the  angle  ^LC  is  a  right  angle; 
therefore  the  angle  FAL  is  a  right  angle. 
Therefore  AL  is  the  straight  line  drawn  at  right  angles  to  FE  at  its 
middle  point. 

Similarly  it  can  be  proved  that  BM,  ON  are  the  straight  lines 
drawn  at  right  angles  to  FD^  DE  at  their  middle  points. 

Now  AL,  BM,  ON  the  straight  lines  drawn  at  right  angles  to  the 
sides  of  the  triangle  DEF  at  their  middle  points  meet  in  a  point. 

(Add.  Prop.,  page  68.) 

Therefore  AL,  BM,  CN  the  straight  lines  drawn  from  the  vertices 
of  the  triangle  ABC  perpendicular  to  the  opposite  sides  meet  in  a 
point. 

EXERCISES. 

1.  Construct  a  parallelogram  to  be  equal  to  a  given  parallelogram 
and  to  have  one  of  its  sides  in  a  given  straight  line. 

2.  Construct  a  parallelogram  to  be  equal  to  a  given  parallelogram 
and  to  have  two  of  its  sides  in  two  given  straight  lines. 

*  This  point  is  often  called  the  orthooentre  of  the  triangle. 
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PROPOSITION  37. 

Two  PriangUs^  which  have  one  side  common  and  the 
angular  poi/rUa  opposite  to  the  common  side  on  a  straight 
line  pa/raUel  to  it,  a/re  equal. 

Let  ABC,  DBG  be  two  triangles,  which  have  a  common 
side  BC,  and  their  angular  points  k,  i>  on  a  straight  line 
AD  parallel  \xy  BG  \ 

it  is  required  to  prove  that  the  triangles  ABGj^  DBG  are 
equal. 

Construction.     Through  B  draw  BE  parallel  to  GA, 
and  through  G  draw  (7/^  parallel  to  BD,    (Prop.  31.) 
meeting  AD  (produced  if  necessary)  in  E  and  F. 


Proof.  Because  the  parallelograms  EBGA,  DBGF 
have  a  common  side  BG  and  the  sides  EA,  DF  in  a 
straight  line, 

EBGA  is  equal  to  DBGF,         (Prop.  35.) 

And  because  the  diagonal  AB  bisects  the  parallelogram 
EBGA, 

the  triangle  ABG  is  half  of  EBGA  ;     (Prop.  34.) 

and  because  the  diagonal  DG   bisects  the  parallelogram 
DBGF, 

the  triangle  DBG  is  half  of  DBGF. 

Now  the  halves  of  equals  are  equal. 

Therefore  the  triangles  ABG,  DBG  are  equal. 

Wherefore,  two  triangles  kc 


PROPOSITION  37.  97 


EXERCISES. 

1.  If  P  be  a  point  within  a  parallelogram  ABCD^  the  difference 
of  the  triangles  PAB,  PAD  is  equal  to  the  triangle  PAC, 

2.  If  P  be  a  point  outside  a  parallelogram  ABGDf  the  sum  of 
the  triangles  PAB^  PAD  is  equal  to  the  triangle  PAC, 

3.  AB  and  ECD  are  two  parallel  straight  lines:  BF,  DF  are 
drawn  parallel  to  AD^  AE  respeotively :  prove  that  the  triangles  ^B (7, 
DBF  are  equal  to  one  another. 

4.  ABC  is  a  given  triangle :  construct  a  triangle  of  equal  area, 
having  AB  for  base  and  its  vertex  in  a  given  straight  Une. 

5.  Points  A,  Bj  C  are  taken,  one  on  each  of  three  parallel 
straight  lines:  BCy  GAy  AB  meet  the  lines  through  A,  B,  C  respec- 
tively in  a,  h,  c:  prove  that  each  of  the  triangles  ABC,  Abe,  Bea, 
Cab,  is  equal  to  haif  the  triangle  abc. 


T.  E. 
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PROPOSITION  38. 

Two  triangles,  which  have  two  sides  eqtial  wnd  in  a 
straight  line  and  also  have  the  angula/r  points  opposite  to 
the  equal  sides  on  a  straight  line  pa/rallel  to  it,  a/re  equal. 

Let  ABCy  DBF  be  two  triangles,  which  have  their 
sides  BC,  EF  equal  and  in  a  straight  line,  and  their 
angular  points  A,  2),  on  a  straight  line  AD  parallel  to  BF: 

it  is  required  to  prove  that  the  triangles  ABC,  DBF  are 
equal. 

Construction.     Through  B  draw  BG  parallel  to  CA, 
and  through  F  draw  FH  parallel  to  ED, 
meeting  AD  (produced  if  necessary)  in  G  and,  H. 

O  A  D  H 


B  C 


Proof.     Because   the    parallelograms   GBCA,   DEFH 
have  their  sides  BG,  EF  equal  and  in  a  straight  line, 
and  also  their  sides  GA,  DH  in  a  straight  line, 

they  are  equal  to  one  another.        (Prop.  36.) 

Because  the  diagonal  AB  bisects  the  parallelogram  GBGA, 
the  triangle  ABC  is  half  of  GBGA  \     (Prop.  34.) 
and  because  the  diagonal  DF  bisects  the  parallelogram 
DEFH, 

the  triangle  DEF  is  half  of  DEFH. 

Now  the  halves  of  equals  are  equal ; 

therefore  the  triangles  ABC,  DEF  are  equal. 

Wherefore,  two  triangles  <fec. 

Corollary.  Tux>  triangles,  which  have  two  sides  equ^al 
a/nd  in  a  straight  line  and  also  have  the  anguUx/r  points 
opposite  to  the  equal  sides  coincident,  a/re  equal. 


PROPOSITION  38.  99 


EXEBGISES. 

1.  ABCD  18  a  parallelogram ;  from  any  point  P  in  the  diagonal 
BD  the  straight  lines  PA,  PC  are  drawn.  Shew  that  the  triangles 
PAB  and  PCB  are  equal  in  area. 

2.  The  three  sides  of  a  triangle  are  bisected,  and  the  points 
of  bisection  are  joined;  prove  that  the  triangle  is  divided  into  four 
triangles,  which  are  all  equal  to  one  another. 

3.  If  the  sides  BC,  CA,  AB  of  a  triangle  ABC  be  produced  to 
A\  B\  C  respectively,  so  that  CA'=BC,  AB'=CA,  AB=BC\  prove 
that  the  area  of  the  triangle  A'B'C  is  seven  times  that  of  the  triangle 
ABC. 

4.  Make  a  triangle  such  as  to  be  eqnal  to  a  given  parallelogram, 
and  to  have  one  of  its  angles  equal  to  a  given  angle. 

5.  If  the  sides  AB^  BCt  CA  of  a  triangle  ABC  be  respectively 
bisected  in  e,  a,  h,  and  j(a,  Ce  intersect  in  P:  then  BPh  is  a  straight 
line. 

6.  The  sides  AB,  AC  of  tk  triangle  are  bisected  m  D,  E:  CD^ 
BE  intersect  in  F,  Prove  that  the  triangle  BFC  is  equal  to  the 
quadrilateral  ADFE. 

7.  If  AB,  PQR8,  CD  be  three  parallel  straight  lines  and 
P,  Q,  12,  iSf  be  situate  on  AC,  AD,  BC,  BD  respectively,  then  PQ 
is  equal  to  RS,  and  PR  to  QS, 

8.  A',  B',  C  are  the  middle  points  of  the  sides  of  the  triangle 
ABC,  and  through  A,  B,  C  are  drawn  three  parallel  straight  lines 
meeting  B'C,  CA',  A'B'  in  a,  &,  c  respectively;  prove  that  the  tri- 
angle ahc  is  half  the  triangle  ABC  and  that  he  passes  through  A,  ca 
through  B,  ah  through  C 


7—2 
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PROPOSITION  39. 

Jf  tvDO  equal  tricmgles  have  a  common  side  and  lie  on 
the  sams  side  ofU,  tfve  angular  points  opposite  to  the  common 
side  lie  on  a  straight  line  paraUel  to  it. 

Let  ABCf  DBC  be  two  equal  triangles,  which  have  a 
common  side  BO,  and  lie  on  the  same  side  of  BO : 

it  is  required  to  prove  that  the  angular  points  A,  D  oppo- 
site to  the  side  BO  lie  on  a  straight  line  parallel  to  BO, 

Construction.  Draw  AD,  and  in  BL  or  BD  produced 
take  any  point  E  other  than  D,  and  draw  AE,  EO, 


Proof.    Because  the  triangle  DBO  is  not  equal  to  the 
triangle  EBO, 

•^  ^    *'and  the  triangle  ABO  is  equal  to  the  triangle  JDBO, 
the  triangle  ABO  is  not  equal  to  the  triangle  EBO, 

If  AE  were  parallel  to  BO, 
the  triangle  ABO  would  be  equal  to  the  triangle  EBO  \ 

(Prop.  37.) 

but  they  are  not  equal ; 

therefore  AE  v&  not  parallel  to  BO, 

But  it  is  possible  to  draw  a  straight  line  through  A  parallel 

\xiBO\  (Prop.  31.) 

therefore  AD\&  parallel  to  BO, 

Wherefore,  ifl/wo  equal  triangles  .&c. 


• 
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Additional  Proposition. 

EMh  side  of  a  triangle  is  double  of  the  straight  line  joining  the 
middle  points  of  the  other  sides  and  is  parallel  to  it. 

Let  ABC  be  a  triangle,  D,  E,  F  the  middle  points  of  the  sides 
BC,  GA,  AB, 

Draw  BE,  OF,  EF,  FB,  BE, 


Because  the  two  triangles  BFC,  AFC  have  their  sides  BF,  AF 
equal  and  in  a  straight  line,  and  the  point  C  common, 

the  triangles  are  equal ;         (Prop.  38,  Goroll.) 
therefore  the  triangle  BFC  is  half  of  the  triangle  ABC* 

Similarly  it  can  be  proved  that  the  triangle  BEC  is  half  of  the 
triangle  ABC, 

Therefore  the  triangle  BFC  is  equal  to  the  triangle  BEC. 

Next  because  the  triangles  BFC,  BEC  are  equal  and  have  a 
common  side  BC,  the  straight  line  FE  joining  their  vertices  is 
parallel  to  BC.  (Prop.  39.) 

Similarly  it  can  be  proved  that  BF  is  parallel  to  CA  and  EB 
io  AB. 

Again  because  BFEB  is  a  parallelogram, 

BB  is  equal  to  FE.  (Prop.  34.) 

And  because  BFEC  is  a  parallelogram, 

DCisequalto  jPiJ: 

therefore  BC  is  double  of  FE, 

EXEBGISES. 

1.  The  middle  points  of  the  sides  of  any  quadrilateral  are  the 
angular  points  of  a  parallelogram. 

2.  Of  equal  triangles  on  the  same  base,  the  isosceles  triangle  has 
the  least  perimeter. 

3.  Two  triangles  of  equal  area  stand  on  the  same  base  and  on 
opposite  sides:  shew  that  the  straight  line  joining  their  vertices  is 
bisected  by  the  base  or  the  base  produced. 

4.  The  triangle  ABC  is  double  of  the  triangle  EBCi  shew  that, 
if  AEf  BC  produced  if  necessary  meet  in  D,  then  AE  is  equal  to  EB. 

5.  If  the  straight  lines  joining  the  middle  points  of  two  of  the 
sides  of  a  triangle  to  the  opposite  vertices  be  equal,  the  triangle  is 
isosceles. 
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PROPOSITION  40. 

If  two  eqUfOl  triangles  h<we  two  sides  equal  amd  in  a 
straight  line,  and  if  the  triangles  lie  on  the  sa/me  side  of 
this  lii^e,  the  angtdar  points  opposite  to  the  equal  sides  lie 
on  a  straight  line  parallel  to  the  first  straight  Une. 

Let  ABC,  DEF  be  two  equal  triangles,  which  have 
equal  sides  BC,  EF  in  a  straight  line  and  lie  on  the  same 
side  of  BF : 

it  is  required  to  prove  that  the  angular  points  A,  D  oppo- 
site to  BG,  EF  lie  on  a  straight  line  parallel  to  BF, 

Construction.  Draw  AL,  and  in  ED  or  ED  produced 
take  any  point  G  other  than  D,  and  draw  AG,  GF, 


Proof.     Because  the  triangle  DEF  is  not  equal  to  the 
triangle  GEF, 

and  the  triangle  ABC  is  equal  to  the  triangle  DEF, 
the  triangle  ABC  is  not  equal  to  the  triangle  GEF, 

HAG  were  parallel  to  BF, 
the  triangle  ABC  would  be  equal  to  the  triangle  GEF; 

(Prop.  38.) 

but  they  are  not  equal ; 

therefore  AG  is  not  parallel  to  BF, 

But  it  is  possible  to  draw  a  straight  line  through  A  parallel 

to  BF;  (Prop.  31.) 

therefore  AD  is  parallel  to  BF, 

Wherefore,  if  two  equal  triangles  <fec. 


PROPOSITION  40.  103 


Additional  Proposition. 

The  straight  lines  joining  the  vertices  of  a  triangle  to  the  middle 
points  of  the  opposite  sides  meet  in  a  point*  which  is  for  each  line  the 
point  of  triseetion  further  from  the  vertex. 

Let  ABC  be  a  triangle,  and  D,  E,  F  he  the  middle  points  of  the 
sides  BC,  CA,  AB, 

Draw  BE^  CF  and  let  them  intenseot  in  O. 
Bisect  BG,  CG  in  M,  N,  and  draw  FM,  MN,  NE. 


In  the  triangle  ABC, 

BC  is  doable  of  FE  and  is  parallel  to  it.   (Add.  Prop.,  page  101.) 
In  the  triangle  GBC, 

BCw  double  of  MN  and  is  parallel  to  it. 
Therefore  FE  is  equal  and  parallel  to  MN.      (Prop.  80.) 
Therefore  FMNE  is  a  parallelogram.  (Prop.  33.) 

Now  the  diagonals  of  a  paralldogram  bisect  each  other. 

(Exercise  1,  page  91.) 
Therefore  GE  is  equal  to  GM,  which  is  equal  to  MB^ 
Therefore  BG  is  double  of  GE. 
Similarly  CG  is  double  of  GF. 
Similarly  it  can  be  proyed  that  AD  passes  through  G,  and  that 
AO  is  double  of  GD. 


EXERCISES. 

1.  A  point  P  is  taken  within  a  quadrilateral  ABCD:  prove  that, 
if  the  sum  of  the  areas  of  the  triangles  PAB^  PCD  be  independent 
of  the  position  of  P,  ABCD  is  a  parallelogram. 

2.  The  locus  of  a  point  P  such  that  the  sum  of  the  areas  of  the 
two  triangles  PAB^  PBC  is  constant,  is  a  strai^t  line  parallel  to  AC, 

3.  AB,  CD  are  two  given  straight  lines:  the  locus  of  a  point  P 
such  that  the  sum  of  the  two  triangles  FAB,  PCD  is  constant,  is  a 
straight  Hne. 

4.  Trisect  a  given  straight  line. 

*  This  point  is  often  called  the  centre  of  gravity  or  the  centroid 
of  the  triangle. 
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PROPOSITION  41. 

If  a  pa/ralldogram  and  a  tricmgle  have  a  common  side, 
and  the  angular  'point  of  the  triangle  opposite  to  the  common 
side  lie  on  the  8CM7ie  straight  line  as  the  opposite  side  of  the 
pa/raUdogra/mf  the  pa/rallelogrami  is  dovhle  of  the  triangle. 

Let  A  BCD  be  a  parallelogram  and  EBG  be  a  triangle 
which  have  a  common  side  BC\  and  let  the  angular  point  ^ 
of  the  triangle  lie  in  the  same  straight  line  as  the  side  A  J) 
of  the  parallelogram  : 

it  is  required  to  prove  that  the  parallelogram  A  BCD  is 
double  of  the  triangle  HBO. 

Construction.  Draw  AC. 


Proof.      Because   the   triangles  ABC,   EBC,   have    a 
common  side  BCy  and  ^^  is  parallel  to  BC, 

the  triangles  ABC,  EBC  are  equal.   (Prop.  37.) 

And  because  the  diagonal  AC  bisects  the  parallelogram 
ABCD, 

the  parallelogram  ABCD  is  double  of  the  triangle  ABC, 

(Prop.  34.) 

Therefore  the  parallelogram  ABCD  is  double  of  the  triangle 
EBC, 

Wherefore,  if  a  pa/rallelogram  &c. 
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EXEBCISES. 

1.  ABGD  is  a  parallelogram ;  from  D  draw  any  straight  line  DFG 
meeting  BG  at  F  and  AB  produced  at  G ;  draw  AF  and  CG :  shew 
that  the  triangles  ABF,  CFG  are  eqnal. 

2.  If  P  he  a  point  in  the  side  AB^  and  Q  a  point  in  the  side  DC 
of  a  parallelogram  ABGD,  then  the  triangles  PCD,  QAB  are  equal  in 
area. 

8.  The  area  of  any  conyex  quadrilateral  is  douhle  that  of  the 
parallelogram  whose  vertices  are  the  middle  points  of  the  sides  of 
the  quadrilateral. 

4.  The  sides  BG,  GA,  AB  of  a  triangle  ABC  are  trisected  in  the 
points  D,  d;  E,  e;  F,  f  respectively:  prove  that  the  area  of  the 
hexagon  DdEeFf  is  two-thirds  that  of  the  triangle  ABC, 
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PROPOSITION  41  A. 

To  construct   a   triangle   equal  to   a  given  rectilineal, 
figwre. 

Let  ABCDEFG  be  the  given  rectilineal  figure : 
it  is  required  to  construct  a  triangle  equal  to  ABCDEFG, 

Construction.  Draw  one  of  the  diagonals  AC  such 
that  with  two  adjacent  sides  of  the  figure  AB^  BG  it  forms 
a  triangle  ABC, 

Through  the  vertex  B  draw  BP  parallel  to  (7-4,  to  meet 
GA  produced  in  P,     Draw  PC, 


Proof.  Because  the  triangles  PAG^  BAG  have  a 
common  side  AC^  and  their  angular  points  P,  B  on  a. 
straight  line  parallel  to  AC : 

the  two  triangles  PAG,  BAG  are  equal   (Prop.  37.) 

Add  to  each  the  figure  ACDEFG ; 
then  the  figure  PCDEFG  is  equal  to  the  figure  ABCDEFG. 

Now  the  sides  of  the  figure  PCDEFG  are  fewer  by  one 
than  the  sides  of  the  figure  ABCDEFG ;  therefore  by  con- 
tinued application  of  this  process  we  can  construct  a  series 
of  figures  all  equal  to  the  given  figure,  the  sides  of  each 
figure  being  fewer  by  one  than  the  sides  of  the  figure  last 
preceding. 

We  shall  thus  ultimately  obtain  a  triangle  equal  to  the 
given  rectilineal  figure. 


PROPOSITION  41  A.  107 

It  will  be  seen  that  by  the  method  adopted  in  Proposition  41 A 
a  triangle  can  be  constmoted  equal  to  a  given  rectilineal  figure  of 
4  sides  by  nsing  the  process  once,  to  a  figure  of  5  sides  by  using  it 
t¥doe,  and  to  a  figure  of  n  sides  by  using  it  n— 3  times. 


EXEBGISES. 

1.  On  one  side  of  a  given  triangle  construct  an  isosceles  triangle 
equal  to  the  given  triangle. 

2.  On  one  side  of  a  given  quadrilateral  construct  a  rectangle 
equal  to  the  quadrilateral. 

8.  Construct  a  triangle  equal  in  area  to  a  given  convex  five-sided 
figure  ABODE :  AB  is  to  be  one  side  of  the  triangle  and  AE  the 
direction  of  one  of  the  other  sides. 

4.  Bisect  a  given  (1)  parallelogram,  (2)  triangle,  (8)  quadri- 
lateral by  a  straight  line  drawn  through  a  given  point  in  one  side  of 
the  figure. 

5.  ABCD  is  a  given  quadrilateral:  construct  a  quadrilateral  of 
equal  area,  having  AB  for  one  side,  and  another  side  on  a  given 
straight  line  parallel  to  AB. 

6.  ABCD  is  a  given  quadrilateral :  construct  a  triangle,  whose 
base  shall  be  in  the  same  straight  line  as  AB^  its  vertex  at  a  given 
point  P  in  CD^  and  its  area  equal  to  that  of  the  given  quadrilateral. 
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PROPOSITION  42. 

To  construct  a  parallelogram  equal  to  a  given  triangle^ 
and  having  an  a/ngle  eqv^l  to  a  given  angle. 

Let  ABC  be  the  given  triangle,  and  D  the  given  angle : 
it  is  required  to  construct  a  parallelogram  equal  to  ABC, 
and  having  an  angle  equal  to  D, 

CoNSTRUCJTiON.       Bisect  BC  at  E : 

draw  AE^ 
and  from  the  point  E,  in  the  straight  line  EC,  draw  EF 
making  the  angle  (7jfe'^  equal  to  the  angle  2>;      (Prop.  23.) 

through  A  draw  AFG  parallel  to  EC  meeting  EF  in  Fy 

and  through  C  draw  CG  parallel  to  -fi'/^ meeting  AFG  in  G\ 

then  FECG  is  a  parallelogram  constructed  as  required. 


Proof.  Because  the  opposite  sides  of  the  quadrilateral 
FECG  are  parallel, 

FECG  is  a  parallelogram. 
Because  the  triangles  ABE,  A  EC  have  the  sides  BE,  EC  equal 
and  in  a  straight  line,  and  the  angular  point  A  common, 
the  triangle  ABE  is  equal  to  the  triangle  A  EC ; 

(Prop.  38,  Coroll.) 
therefore  the  triangle  ABC  is  double  of  the  triangle  A  EC. 

Because  the  parallelogram  FECG  and  the  triangle  A  EC 
have  a  common  side  EC  and  the  point  A  lies  on  the 
same  straight  line  as  the  side  FG,  (Prop.  41.) 

the  parallelogram  FECG  is  double  of  the  triangle  A  EC. 

Therefore  the  parallelogram  FECG  is  equal  to  the  triangle 
ABC,  and  it  has  an  angle  CEFec^dX  to  the  given  angle  D. 

Wherefore  a  pa/raUelogram  FECG  has  been  constructed 
equal  to  the  given  triangle  ABC,  and  having  an  angle  CEF 
equal  to  the  given  angle  D. 
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EXERCISES. 

1.  On  one  side  of  a  given  triangle  oonstruot  a  rectangle  equal  to 
the  triangle. 

2.  On  one  side  of  a  given  triangle  construct  a  rhombus  equal  to 
the  triangle.    Is  this  always  possible  ? 

3.  On  one  side  of  a  given  triangle  as  diagonal  construct  a  rhom- 
bus equal  to  the  triangle. 
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PROPOSITION  43. 


GomplemerUa  of  pa/raUelogra/ma  about  a  diagonal  of  a 
paraUelogra/m,y  a/re  equal. 

Let  ABCD  be  a  parallelogram,  of  which  AG  is  a  dia- 
gonal; and  EH^  GF  are  parallelograms  about  AG',  and 
KB,  KB  the  complements :  (See  note  on  page  111.) 

it  is  required  to  prove  that  KB  is  equal  to  KD. 


Proof.     Because  BD  is   a  parallelogram,  and  AG  a 
diagonal, 

the  triangle  ABG  is  equal  to  the  triangle  ABG,  (Prop.  34.) 

Now  the  triangle  ABG  is  equal  to  the  two  triangles  AEK, 
KGG  and  the  parallelogram  KB ; 

and  the  triangle  ADG  is  equal  to  the  two  triangles  AHK, 
KFG  and  the  parallelogram  KD. 

Therefore  the  two  triangles  AEK,  KGG  and  the  parallelo- 
gram KB  are  together  equal  to  the  two  triangles  AHK^ 
KFG  and  the  parallelogram  KD,  , 

Again,  because  EH  is  a  parallelogram  and  AK  a  diagonal, 
the  triangle  AEK  is  equal  to  the  triangle  AHK; 

(Prop.  34.) 
and  because  GF  is  a  parallelogram,  and  KG  a  diagonal, 

the  triangle  KGG  is  equal  to  the  triangle  KFG,   (Prop.  34.) 

Therefore  taking  away  equals  from  equals,  the  remainder, 
the  complement  KB,  is  equal  to  the  remainder,  the  com- 
plement KD. 

Wherefore,  complements  ofparaUelogramM  <fec. 


PROPOSITION  43.  Ill 

If  through  a  point  IT  on  a  diagonal  AC  ot  2k  parallelogram  ABCD, 
straight  lines  HKQ,  EKF  be  drawn  parallel  to  the  sides  AB,  BG 
respectively  to  meet  the  sides  AD,  BG,  AB,  DG  in  H,  G,  E,  F  respec- 
tively ;  then  EH,  OF  are  called  paxalltiograms  about  the  diagonal 
AC,  and  the  parallelograms  EG,  FH  are  caUed  complements  of  these 
parallelograms. 


EXEBOISES. 

1.  Prove  that  in  the  diagram  of  Proposition  43,  the  following 
are  pairs  of  equal  triangles:  ABK  and  ADK;  AEG  and  AHG;  AKQ 
and  AKF. 

2.  The  diagonals  of  parallelograms  abont  a  diagonal  of  a  -paral- 
lelogram are  parallel. 

S..   Parallelograms  abont  a  diagonal  of  a  square  are  squares. 

4.  If  ABCD,  AEFG  be  two  squares  so  placed  that  the  angles- 
at  A  coincide,  then  A,  F,  C  lie  on  a  straight  line. 

5.  If  through  E  a  point  within  a  parallelogram  ABCD  straight 
lines  be  drawn  parallel  to  AB,  BG,  and  the  parallelograms  AE,  EC 
be  equal,  the  point  £  lies  in  the  diagonal  BD, 
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PROPOSITION   44. 

To  const/met  a  pa/raUelogrcum  equal  to  a  given  paraUelo- 
gra/m^  having  a/n  am^le  eqtial  to  am,  a/ngle  of  the  given  paa'al- 
lelogra/m,  and  having  a  side  eqtud  to  a  given  straight  line. 

Let  ABOD  be  the  given  parallelogram,  and  EF  the 
given  straight  line : 

it  is  required  to  construct  a  parallelogram  equal  to  ABCD^ 
having  an  angle  equal  to  the  angle  BAD^  and  having  a 
side  equal  tp  EF, 

CoNSTRUOTiON.  Produce  DA  to  G^  and  make  AG  equal 
to  EF.  (Prop.  3.) 

Through  G  draw  HGK  parallel  to  AB  meeting  GB  pro- 
duced in  K.  (Prop.  31.) 

Draw  KA  and  produce  it  to  meet  CD  produced  in  Z, 
and  through  L  draw  LMH  parallel  to  DAG  to  meet  BA 
produced  in  M  and  HGK  in  H : 

then  MAGH  is  a  parallelogram  constructed  as  required. 


Proof.  Because  LGKH  is  a  parallelogram,  KL  a  dia- 
gonal, and  MG^  BD  complements  of  parallelograms  about 
the  diagonal  KL, 

MG  is  equal  to  BD,  (Prop.  43.) 

Again,  because  the  straight  lines  BAM^  DAG  intersect  at  A^ 

the  angle  MAG  is  equal  to  the  vertically  opposite  angle 

BAD,  (Prop.  15.) 

And  AGS&  equal  to  EF,  (Constr.) 

Wherefore,  a  parallelogram  MAGH  has  been  constructed 
eqwd  to  the  given  parallelogram  ABCD,  having  an  angle 
MAO  fq%ial  to  the  angle  BAD  and  having  a  side  AG  equal 
to  the  given  straight  line  EF, 
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EXERCISES. 

1.  On  a  given  straight  line  construct  a  rectangle  equal  to  a  given 
rectangle. 

2.  On  a  given  straight  line  construct  a  rhombus  equal  to  a  given 
triangle.    Is  this  always  possible  ? 

3.  Construct  a  rectangle  equal  to  the  sum  of  two  given  rect- 
angles. 

4.  Construct  a  rectangle  equal  to  the  difference  of  two  given 
rectangles. 


T.  £.  g 
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PROPOSITION   45. 
To  construct  a  pa/raUelograin  equal  to  a  given  rectilineal 
figure,  having  a  side  eqvxd  to  a  given  straight  line,  a/nd 
having  an  angle  equal  to  a  given  angle. 

Let  A  be  the  given  rectilineal  figure,  B  the  given  angle, 
and  G  the  given  straight  line : 

it  is  required  to  construct  a  parallelogram  equal  to  the 

figure  A,  having  an  angle  equal  to  the  angle  -6,   and 

having  a  side  equal  to  C, 

Construction.     Construct  the  triangle  DEF  equal  to 

the  figure  A,  (Prop.  41  A.) 

Construct  the  parallelogram  GUKL  equal  to  the  triangle 

DEFy  having  the  angle  GHK  equal  to  the  angle  B, 

(Prop.  42.) 
Construct  the  parallelogram  MNPQ  equal  to  the  parallelo- 
gram GUKL,  having  an  angle  MNP  equal  to  the  angle 
GHK,  and  having  the  side  MN  equal  to  (7.      (Prop.  43.) 


Proof.     Because  the   triangle   DEF  is  equal  to   the 
figure  A,  (Constr.) 

and  the  parallelogram  GK  is  equal  to  the  triangle  DEF, 

(Constr.) 
and  the  parallelogram  MP  is  equal  to  the  parallelogram  GK, 

(Constr.) 

the  parallelogram  MP  is  equal  to  the  figure  A, 

Because  the  angle  GHK  is  equal  to  the  angle  B,     (Constr.) 

and  the  angle  MNP  is  equal  to  the  angle  GHK,     (Constr.) 

the  angle  MNP  is  equal  to  the  angle  B, 

And  MN  is  equal  to  C7.  (Constr.) 

Wherefore  a  pa/raMelogram^  MNPQ  has  been  constrvxited 

eqv^  to  the  given  rectilineal  figure  A,  having  the  side  MN 

equal  to  the  given  straight   line  G,  and  having  the  angle 

MNP  equal  to  the  given  angle  B. 
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EXERCISES. 

1.  On  a  given  straight  line  as  diagonal,  construct  a  rhombus 
equal  to  a  given  triangle. 

2.  Construct  a  right-angled  triangle,  having  given  the  hypotenuse 
and  the  perpendicular  from  the  right  angle  on  it.  (See  Exercise  8, 
page  87.) 

3.  Construct  a  rectangle  equal  to  a  given  rectangle,  and  having 
a  diagonal  equal  to  a  given  straight  line. 

4.  Construct  a  rectangle  equal  to  the  sum  of  two  given  triangles. 


8—2 
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PROPOSITION  46. 


On  a  given  straight  line  to  construct  a  sqiw/re. 


Let  ^^  be  the  given  straight  line : 
it  is  required  to  construct  a  square  on  AB, 

Construction.     From  the  point  A  draw  AC  a.t  right 
angles  to  AB ;  (Prop.  11.) 

and  make  AC  equal"  to  AB ;  (Prop.  3.) 

through  B  draw  BD  parallel  to  AC,     (Prop.  31.) 
and  through  C  draw  CJD  parallel  to  AB  meeting  BD  in  D : 
then  ABDC  is  a  square  constructed  as  required. 


B 


D 


Pboof.     Because  CD  is  parallel  to  AB, 

and  BJD  to  AQ 
the  figure  ABDC  is  a  parallelogram.    (Def.  18.) 

Again  the  angle  CAB  is  a  right  angle ; 
therefore  the  parallelogram  ABDC  is  a  rectangle.    (Def.  19.) 

Again,  the  adjacent  sides  ACy  AB  are  equal ;     (Constr.) 
therefore  the  rectangle  ABDC  is  a  square.     (Def.  20.) 

Wherefore,  ABDC  is  a  sqtiare  constrticted  on  the  given 
straight  line  AB. 
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EXERCISES. 

1.  If  two  squares  be  equal  in  area,  their  sides  are  equal. 

2.  The  squares  on  two  equal  straight  lines  are  equal  in  all 
respects. 

8.  If  in  the  sides  AB,  BG,  CD,  DA  of  a  square  points  E,  F,  G, 
H  be  taken  so  that  AE,  BF,  CG,  DH  are  equal :  then  EFQH  is  a 
square. 

4.  If  the  diagonals  of  a  quadrilateral  be  equal  and  bisect  each 
other  at  right  angles,  the  quadrilateral  is  a  square. 

5.  On  the  sides  AC,  BC  of  a  triangle  ABC,  squares  ACDE, 
BCFG  are  constructed :  shew  that  the  straight  lines  AF  and  BD  are 
equal. 

6.  Construct  a  square  so  that  one  side  shall  be  in  a  given  straight 
line  and  two  other  sides  shall  pass  through  two  given  points. 

7.  Construct  a  square  so  that  two  opposite  sides  shall  pass 
through  two  given  points,  and  its  diagonals  intersect  at  a  third  given 
point. 

8.  Prove  that  the  straight  line,  bisecting  the  right  angle  of  a 
right-angled  triangle,  passes  through  the  intersection  of  the  diagonals 
of  the  square  constructed  on  the  outer  side  of  the  hypotenuse. 
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PROPOSITION  47. 

In  a  right-angled  triangle,  the  square  on  the  hypotenuse 
is  equal  to  the  sum  of  the  squares  on  the  other  sides. 

Let  ABC  be  a  right-angled  triangle,  having  the  right 
angle  BAG  \ 

it  is  required  to  prove  that  the  square  on  BC  is  equal  to 
the  sum  of  the  squares  on  BA,  AG. 

Construction.  On  BG  on  the  side  away  from  A  con- 
struct the  square  BDEG,  (Prop.  46.) 
and  similarly  on  BA,  AG  construct  the  squares  BAGF, 
AGKH; 

through  A  draw  AL  parallel  to  BD  meeting  DB  in  L ; 

(Prop.  31.) 
and  draw  AD,  FC. 


Proof.  Because  each  of  the  angles  BAG,  BAG  is  a 
right  angle,  the  two  straight  lines  AG,  AG,  on  opposite 
sides  of  AB,  make  with  it  at  A  the  adjacent  angles 
together  equal  to  two  right  angles; 

therefore  GA  is  in  the  same  straight  line  with  AG, 

(Prop.  14.) 

The  angle  LBC  is  equal  to  the  angle  FBA, 

for  each  of  them  is  a  right  angle.    (Prop.  10  A.) 
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Add  to  each  of  these  equals  the  angle  ABC ; 
then  the  angle  DBA  is  equal  to  the  angle  FBC. 

And  because  in  the  triangles  ABD^  FBC^ 

AB  is  equal  to  FB  and  BD  to  BC ; 

and  the  angle  ABB  is  equal  to  the  angle  FBC; 

the  triangles  ABD,  FBC  are  equal  in  all  respects.    (Prop.  4.) 

Because  the  parallelogram  BL  and  the  triangle  ABB  have 
a  common  side  BB  and  -4  is  in  the  same  straight  line 
as  the  side  of  BL  opposite  to  J5Z>,  (Prop.  41.) 

the  parallelogram  BL  is  double  of  the  triangle  ABB, 

And  because  the  square  GB  and  the  triangle  FBC  have  a 

common  side  FB,  and  (7  is  in  the  same  straight  line  as 

the  side  of  GB  opposite  to  FB,  (Prop.  41.) 

the  square  GB  is  double  of  the  triangle  FBC, 

Now  the  doubles  of  equals  are  equal. 

Therefore  the  parallelogram  BL  is  equal  to  the  square  GB, 

Similarly  it  can  be  proved  that  the  parallelogram  CL  is 

equal  to  the  square  SC, 
Therefore  the  whole  square  BBFC,  which  is  the  sum  of  the 

rectangles  BL,  CL,  is  equal  to  the  sum  of  the  two  squares 

GB,  EC, 
And  the  square  BBEC  is  constructed  on  BC,  and  the  squares 

GB,  EC  on  BA,  AC,  • 
Therefore  the  square  on  the  side  BC  is  equal  to  the  sum  of 

the  squares  on  the  sides  BA,  AC, 

Wherefore,  in  a  right-angled  triangle  &c. 

EXEBOISES. 

1.  Constmot  a  square  equal  to  the  difference  of  two  given  squares. 

2.  The  diagonals  of  a  quadrilateral  intersect  at  right  angles. 
Proye  that  the  sum  of  the  squares  on  one  pair  of  opposite  sides  is 
equal  to  the  sum  of  the  squares  on  the  other  pair. 

3.  If  0  be  the  point  of  intersection  of  the  perpendiculars  drawn 
from  the  angles  of  a  triangle  upon  the  opposite  sides,  the  squares  on 
OA  and  BG  are  together  equal  to  the  squares  on  OB  and  CA,  and 
also  to  the  squares  on  OC  and  AB, 

4.  Divide  a  given  straight  line  into  two  parts  so  that  the  sum 
of  the  squares  on  the  parts  may  be  equal  to  a  given  square. 

5.  Divide  a  given  straight  line  so  that  the  difference  of  the 
squares  on  the  parts  is  equal  to  a  given  square. 


120 


BOOK  I. 


The  proof  of  the  theorem  "the  square  on  the  hypotenuse 
of  a  right-angled  triangle  is  equal  to  the  sum  of  the  squares 
on  the  other  sides,"  which  we  have  given  in  the  text  of  the 
47th  proposition,  is  attributed  to  Euclid. 

Tradition  however  says  that  the  first  person  to  dis- 
cover a  proof  of  the  truth  of  the  theorem  was  Pythagoras, 
a  Greek  philosopher  who  lived  between  570  and  500  B.c. 
The  theorem  is  in  consequence  often  quoted  as  the  Theorem 
of  Pythagoras.  What  was  the  nature  of  Pythagoras'  proof 
is  not  known. 

The  theorem  is  one  of  great  importance  and  a  large 
number  of  proofs  of  its  truth  have  been  discovered.  It 
is  advisable  that  the  student  should  be  made  acquainted 
with  some  proofs  besides  the  one  given  in  the  text. 

We  have  made  a  selection  of  &ve  proofs  of  the  theorem : 
in  each  case  not  attempting  to  give  the  complete  proof, 
but  merely  giving  hints  of  the  line  of  argument  to  be 
used,  and  leaving  the  student  to  develope  it  more  fully. 

Pboof  I.  Take  a  right-angled  triangle  ABC^  and  on  the  side 
AB  away  from  C  oonstruct  the  square  ABDE,  and  on  the  hypotenuse 
AC  on  the  same  side  as  B  construct  the  square  ACFG,  From  F 
draw  FH  perpendicular  to  B2),  and  FK  perpendicular  to  ED  pro- 
dnced. 


K 

\; 

\ 

^ 

E      O 


D     K 


It  may  be  proved  that 

(1)  GBD  is  a  straight  line, 

(2)  GliesinDE, 

(3)  the  triangles  ABC,  AEG,  GHF,  GKF  are  all  equal, 

(4)  HK  is  a  square  and  equal  to  the  square  on  BG. 
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Pboof  II.  Take  a  right-angled  triangle  ABC  and  on  the  sides 
ABy  BG,  CA  away  from  O,  A,  B  construct  the  squares  BADEy  CBFG, 
ACHK. 

Through  L  the  intersection  of  the  diagonals  AE^  BD  of  the  square 
on  the  larger  side  ABy  draw  MLN  perpendicular  to  CA  and  OLP 
parallel  to  CA, 

Take  <?,  R,  S,  T  the  middle  points  of  the  sides  AG,  CH,  HK,  KA 
of  the  square  on  the  hypotenuse. 

Through  g,  S  draw  QXJV,  SWX  parallel  to  J5C,  and  through  R,  T 
draw  RVW,  TXU  parallel  to  AB. 


It  may  be  proved  that 

(1)  all    the   quadrilaterals   LMEO,   LOBN,  LNAP,   LPDM, 
AQUT,  GRVQ,  HSWRj  KTXS  are  equal  to  one  another, 

(2)  the  quadrilateral  UVWX  is  a  square, 

(3)  the  squares  GF,  UW  Bjce  equal. 
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Proof  in.     Take  two  equal  squares  ABCD,  EFGH. 

Take  any  point  I  in  AD,  and  measure  off  BK,  CL,  DM,  EN,  EO 
each  equal  to  AI. 

Draw  IK,  KL,  LM,  MI ;  through  N  draw  NQP  parallel  to  EF, 
and  through  0  draw  OQR  parallel  to  EH.    Draw  QF,  QH. 


E    N 


M     0 


It  may  be  proved  that 

(1)  the  square  ABCD  is  divided  into  one  square  IKLM  and 
four  equal  right-angled  triangles, 

(2)  the  square  EFQH  is  divided  into  two  squares  EOQN, 
QPGR  and  four  equal  triangles, 

(3)  all  the  triangles  are  equal  to  each  other, 

(4)  the  square  IL  is  equal  to  the  sum  of  the  squares  ON,  PR, 

(5)  the  three  squares  IL,  ON,  PR  are  squares  on  the  hypotenuse 
and  on  the  sides  of  one  or  other  of  the  equal  triangles. 

Pboof  IV.  Take  a  right-angled  triangle  ABC  and  on  the  hypo- 
tenuse BG  on  the  same  side  as  A  construct  the  square  BCED,  and 
on  the  sides  CA,  AB  away  from  B,  G  construct  the  squares  CAUK, 
ABFG. 

Through  A  draw  ML  AN  perpendicular  to  BG,  and  produce  FG, 
KH  to  meet  MLAN, 


G    N 
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It  may  be  proved  that 

(1)  D  Ues  in  FG, 

(2)  E  lies  in  KH  produced, 

(3)  the  rectangle  BL^  and   the   square  AF  are  each  equal 

to  the  parallelogram  AB, 

(4)  the  rectangle   GL  and  the  square   AK  are  each  equal 

to  the  parallelogram  AE. 

Pboof  "V.  Take  a  right-angled  triangle  ABG :  on  the  sides  ABj 
BC,  GA  away  from  C,  A,  B  construct  the  squares  BADE,  GBFG, 
ACHK. 

On  HK  construct  a  triangle  HLK  equal  in  all  respects  to  the 
triangle  ABG  having  HL  parallel  to  AB,  and  KL  to  GB. 
Draw  FEy  GB,  BD,  BL. 


li  may  be  proved  that 

(1)  GBD  is  a  straight  line. 

(2)  the  triangles  FBEy  GBA  are  equal, 

(3)  all  the  quadrilaterals  GFED,  GGAD,  BGHL,  LKAB  are 
equal  to  one  another. 
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PROPOSITION  48. 

If  the  square  on  one  side  of  a  triangle  be  eqiuzl  to  the 
sum  of  the  squa/res  on  the  other  sides,  the  angle  contained 
by  these  two  sides  is  a  right  angle. 

Let  the  square  on  BG,  one  of  the  sides  of  the  triangle 
ABC,  be  equal  to  the  sum  of  the  squares  on  the  other  sides 
BA,  AG: 
it  is  required  to  prove  that  the  angle  BAG  is  a  right  angle. 

Construction.     From  the  point  A  draw  AD  at  right 

angles  to  AG ,  (Prop .11.) 

and  make  AD  equal  to  BA  ;  (Prop.  3.) 
and  draw  DG, 


Proof.    Because  DA  is  equal  to  BA, 

the  square  on  DA  is  equal  to  the  square  on  BA, 
To  each  of  these  equals  add  the  square  on  -4(7; 
then  the  sum  of  the  squares  on  DA,  AG  is  equal  to  the 
sum  of  the  squares  on  BA,  AG, 

Now  because  the  angle  DAG  is  a  right  angle, 

the  square  on  DG  is  equal  to  the  sum  of  the  squares  on 

DA,  AG.  (Prop.  47.) 

And  the  square  on  BG  is  equal  to  the  sum  of  the  squares 

on  BA,  AG,  (Hypothesis.) 

Therefore  the  square  on  DG  is  equal  to  the  square  on  BG, 

and  DG  is  equal  to  BG. 

And  because  in  the  triangles  DAG,  BAG, 

DA  is  equal  to  BA, 

AG  to  AG, 

and  GD  to  GB, 

the  triangles  are  equal  in  all  respects ;    (Prop.  8.) 
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therefore  the  angle  DAC  is  equal  to  the  angle  BAG. 

Now  DAC  is  a  right  angle ;  (Constr.) 

therefore  BAG  is  a  right  angle. 

Wherefore,  if  the  square  <kc. 


EXEBCISES. 

1.  If  the  difFerence  of  the  sqoares  on  two  sides  of  a  triangle  be 
equal  to  the  square  on  the  third  side,  the  triangle  is  right  angled. 

2.  The  locus  of  a  point,  such  that  the  difFerence  of  the  squares 
on  its  distances  from  two  given  points  is  equal  to  a  given  square,  is 
a  straight  line. 

3.  Prove  by  means  of  Proposition  48  that  the  straight  lines, 
drawn  from  the  vertices  of  a  triangle  perpendicular  to  the  opposite 
sides,  meet  in  a  point. 

4.  If  the  smn  of  the  squares  on  two  opposite  sides  of  a  quadri- 
lateral be  equal  to  the  sum  of  the  squares  on  the  other  two  sides,  the 
diagonals  of  the  quadrilateral  intersect  at  right  angles. 

5.  ABCD  is  a  quadrilateral  such  that,  if  any  point  P  be  joined 
to  At  By  C,  D,  the  sum  of  the  squares  on  PJ,  PC  is  equal  to  the  sum 
of  the  squares  on  PB,  PD :  prove  that  ABCD  is  a  rectangle. 
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MISCELLANEOUS  EXERCISES. 

1.  How  many  diagonals  can  be  drawn  through  the  same  vertex 
in  (1)  a  quadrilateral,  (2)  a  hexagon,  (3)  a  polygon  of  n  sides  ? 

2.  How  many  different  diagonals  can  be  drawn  to  (1)  a  quadri- 
lateral, (2)  a  hexagon,  (3)  a  polygon  of  n  sides? 

3.  If  two  straight  lines  bisect  each  other  at  right  angles,  any 
point  in  either  of  them  is  equidistant  from  the  extremities  of  the 
other. 

4.  A  straight  line  drawn  bisecting  the  angle  contained  by  two 
equal  sides  of  a  triangle  bisects  the  third  side  at  right  angles. 

5.  Two  isosceles  triangles  GAB^  DAB  are  on  the  same  base  AB: 
shew  that  the  triangles  ACDy  BCD  are  equal  in  all  respects. 

6.  Prove  by  the  method  of  superposition  that,  if  two  isosceles 
triangles  have  the  same  vertical  angle,  their  bases  are  parallel. 

7.  It  ABC,  DBO  be  two  triangles  equal  in  all  respects  on  oppo- 
site sides  of  BG,  then  AD  ia  perpendicular  to  BG  and  is  bisected 
by  it. 

8.  The  angle  BAG  of  a  triangle  ABG  is  bisected  by  a  straight 
line  which  meets  BG  in  D,  and  from  AB  on  AB  produced  AE  is  cut 
off  equal  to  ^C :  prove  that  DE  is  equal  to  DG. 

9.  If  two  circles  whose  radii  are  equal  cut  in  A,  B  and  if  the  line 
joining  their  centres  when  produced  meet  the  circumference  in  C,  D, 
prove  that  AGBD  is  a  rhombus. 

10.  Prove  by  the  method  of  superposition  that,  if  the  opposite 
angles  of  a  quadrilateral  be  equal  and  one  pair  of  opposite  sides  be 
equal,  the  other  sides  are  equal. 

11.  Prove  by  the  method  of  superposition  that,  if  a  quadrilateral 
has  two  pairs  of  adjacent  angles  equal,  it  has  one  pair  of  opposite 
sides  equal. 

12.  Two  adjacent  sides  of  a  quadrilateral  are  equal,  and  the  two 
angles  which  they  form  with  the  other  sides  are  together  equal  to  the 
angle  between  the  other  sides.  Prove  that  one  diagonal  of  the  quadri- 
lateral is  equal  to  a  side. 

13.  In  a  triangle  BAG  ia  the  greatest  angle.  Prove  that,  if  a 
point  D  be  taken  in  AB^  and  a  point  E  in  AG ^  DE  is  less  than  BG, 

14.  If  AD  be  drawn  perpendicular  from  the  vertex  A  to  the 
opposite  side  BG  oi  2k  triangle  ABG  in  which  AG  ia  greater  than  AB, 
then  DC7  is  greater  than  BD^  and  the  angle  DAG  is  greater  than  the 
angle  BAD, 

15.  How  many  different  triangles  can  be  formed  by  taking  three 
lines  out  of  six  lines  whose  lengths  are  2,  3,  4,  5,  6,  7  inches  re- 
spectively ? 
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16.  Find  the  point  the  sum  of  whose  distances  from  the  four 
angular  points  of  a  convex  quadrilateral  is  a  minimum. 

17.  AB  is  a  given  finite  straight  line.  From  G  the  middle  point 
of  AB,  CD  is  drawn  in  any  direction  and  of  any  length.  Prove  that 
AD,  BD  together  are  greater  than  twice  CD. 

18.  From  a  given  point  draw  a  straight  line  making  equal  angles 
with  two  given  intersecting  straight  lines.  How  many  sudi  lines  can 
be  drawn? 

19.  In  a  given  straight  line  find  a  point  equally  distant  from  two 
given  straight  lines.    In  what  case  is  a  solution  impossible  ? 

20.  How  many  equalities  must  be  given  between  the  sides  and 
the  angles  i)f  (1)  two  quadrilaterals,  (2)  two  hexagons,  (3)  two 
polygons  of  n  sides,  before  the  conclusion  can  be  drawn  th&t  the 
figures  are  equal  in  all  respects  ? 

21.  In  the  triangle  ABC  the  angles  at  B  and  C  are  equal ;  m  and  2 
are  points  in  ^O  produced  and  on  AB  respectively,  and  Im  is  joined 
cutting  BC  in  0.  Prove  that,  if  the  sum  of  Al  and  Am  be  double  AB, 
then  BO  is  greater  than  CO, 

22.  The  side  BC  of  a  triangle  ABC  is  produced  to  a  point  D ; 
the  angle  ACB  is  bisected  by  the  straight  line  CE  which  meets  AB  at 
E,  A  straight  line  is  drawn  through  E  parallel  to  BC,  meeting  A  C 
at  F,  and  the  straight  line  bisecting  the  exterior  angle  ACD  at  G. 
Shew  that  EF  is  equal  to  FQ, 

23.  A  straight  line  drawn  at  right  angles  to  BC  the  base  of 
an  isosceles  triangle  ABC  cuts  the  side  AB  at  D  and  CA  produced 
a,iE  :  shew  that  AED  is  an  isosceles  triangle. 

24.  If  in  the  base  of  a  triangle  ABC,  there  be  taken  any  two 
points  P  and  Q  equidistant  from  the  extremities  of  the  base,  and 
if  through  each  of  the  points  P,  Q  two  straight  lines  be  drawn  parallel 
to  AB,  AC,  so  as  to  form  two  parallelograms  having  PA,  QA  for 
diagonals ;  these  two  parallelograms  are  equal  in  area. 

25.  Find  a  point  equidistant  from  each  of  three  straight  lines  in 
a  plane  which  do  not  coincide  in  direction  with  the  sides  of  any 
triangle  that  can  be  drawn  in  the  plane.  Is  the  construction  required 
in  this  last  problem  always  possible? 

26.  From  a  point  P  outside  an  angle  BAC  draw  a  straight  line 
cutting  the  straight  lines  AB,  AC  in  points  D  and  E  such  that  PD 
may  be  equal  to  DE, 

27.  If  one  acute  angle  of  a  triangle  be  double  of  another,  the 
triangle  can  be  divided  into  two  isosceles  triangles. 

28.  If  in  a  triangle  ABC,  ACB  be  a  right  angle,  and  the  angle 
CAB  be  double  the  angle  ABC,  then  AB  is  double  AC, 
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29.  P  is  a  point  in  the  side  CD  of  a  square  ABGD  such  that  AP 
is  equal  to  the  sum  of  PC  and  CB  and  Q  is  the  middle  point  of  CD, 
Prove  that  the  angle  BAP  is  twice  the  angle  QAD, 

80.  AOBf  COD  are  two  indefinite  straight  lines  intersecting  each 
other  in  the  point  0,  and  P  is  a  given  point  in  the  plane  of  these 
lines.  It  is  required  to  draw  through  the  point  P  a  straight  line 
PXY  cutting  AB  in  X  and  CD  in  T,  in  such  a  manner  that  OX  may 
be  equal  to  OY,    Can  this  problem  be  solved  in  more  than  one  way? 

81.  Construct  an  equilateral  triangle  one  of  whose  angular  points 
is  given  and  the  other  two  lie  one  on  each  of  two  given  straight  lines. 

82.  The  sides  AB^  AC  o{&  triangle  are  bisected  in  D,  E,  and  BE, 
CD  are  produced  to  P,  Oy  so  that  EF  is  equal  to  BE,  and  DG  to  CD : 
prove  that  FAG  is  a,  straight  line. 

38.  In  a  plane  triangle  an  angle  is  acute,  right  or  obtuse,  according 
as  the  straight  line  joining  the  angle  to  the  middle  point  of  the  opposite 
side  is  greater  than,  equal  to,  or  less  than  half  that  side. 

84.  The  difference  of  the  angles  at  the  base  of  a  triangle  is  double 
the  angle  between  the  perpendicular  to  the  base,  and  the  bisector  of 
the  vertical  angle. 

85.  AC  ia  the  longest  side  of  the  triangle  ABC.  Find  in  AC  a, 
point  D  such  that  the  angle  ADB  shall  be  equal  to  twice  the  angle 
ACB. 

86.  A  BOD  IB  a  quadrilateral:  the  bisectors  of  the  angles  ABD, 
ACD  meet  at  P:  prove  that  the  angle  BFC  is  half  the  sum  of  the  angles 
BAC^  BDO, 

87.  Prove  that»  if  points  L,  ikf,  JV  be  taken  in  the  sides  BC,  CA, 
AB  of  a  triangle  ABC,  such  that  the  triangles  ANM,  NBL,  MLC  are 
oquiangular  to  each  other,  they  are  equiangular  also  to  the  triangles 
ABC  and  LMN. 

88.  If  one  angle  at  the  base  of  a  triangle  be  double  the  other,  the 
lem  side  ia  equal  to  the  sum  or  the  difference  of  the  segments  of  the 
baso  made  by  the  perpendicular  from  the  vertex,  according  as  the  first 
angle  it  greater  or  less  than  a  right  angle. 

89.  Any  convex  i>entagon  ABCDE  has  each  of  its  angular  points 
ioinod  to  the  non-contiguous  points  and  a  star-shaped  figure  ACEBD 
is  formed :  prove  that  the  sum  of  the  angles  of  the  figure  ACEBD  is 
two  right  angles. 

40.  In  the  figure  of  Proposition  1,  if  AB  produced  both  ways  meet 
the  oirolea  again  in  D  and  E  and  CD,  CE  be  drawn,  CDE  will  be  an 
isoBoeles  triangle  having  one  angle  four  times  each  of  the  other  angles. 

41.  From  the  extremities  of  the  base  of  an  isosceles  triangle 
straight  lines  are  drawn  perpendicular  to  the  sides;  shew  that  the 
angles  made  by  them  with  the  base  are  eaoh  equal  to  half  the  vertical 
angle. 
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42.  The  sides  AB^  AC  ot  &  given  triangle  ABC  are  bisected  at 
the  points  E,  F;  a  perpendicular  is  drawn  from  A  to  the  opposite 
side,  meeting  it  at  D.  Shew  that  the  angle  FDE  is  equal  to  the 
angle  BAC, 

43.  AB,  AC  are  two  given  straight  lines,  and  P  is  a  given  point 
in  the  former :  it  is  required  to  draw  through  P  a  straight  line  to  meet 
AC  SktQ,  BO  that  the  angle  APQ  may  be  three  times  the  angle  AQP.   - 

44.  Construct  a  right-angled  triangle  having  given  the  hypotenuse 
and  the  difference  of  the  sides. 

45.  From  a  given  point  it  is  required  to  draw  to  two  parallel 
straight  lines,  two  equal  straight  lines  at  right  angles  to  each  other. 

46.  Construct  a  triangle  of  given  perimeter,  having  its  angles 
equal  to  those  of  a  given  triangle. 

47.  Given  one  angle,  and  the  opposite  side,  and  the  sum  of  the 
other  sides,  construct  the  triangle. 

48.  If  two  triangles  on  the  same  side  of  a  common  base  have^ 
their  sides  terminated  in  opposite  extremities  of  the  base  equal,  the 
line  joining  the  vertices  will  be  parallel  to  the  common  base. 

49.  If  an  exterior  angle  of  a  triangle  be  bisected,  and  also  one  of 
the  interior  and  opposite  angles,  the  angle  contained  by  the  bisecting 
lines  is  equal  to  hialf  the  other  interior  and  opposite  angle. 

50.  If  the  perpendicular  drawn  from  one  of  the  equal  angles  of 
an  isosceles  triangle  upon  the  opposite  side  divide  the  angle  into  two 
parts,  one  of  which  is  double  of  the  other,  the  vertical  angle  of  the 
triangle  is  either  one  half  or  four-fifths  of  a  right  angle; 

51.  The  sides  ABt  AC  of  Sk  triangle  ABC  are  produced  to  E,  F, 
and  the  angles  CBE^  BCF  are  bisected  by  the  straight  lines  5D,  CD : 
prove  that  the  angle  BDC  is  half  the  sum  of  the  angles  ABCy  ACB. 

52.  In  a  triangle  ABC  points  D,  E  are  taken  in  AC  such  that 
AB  is  equal  to  AB^  and  that  CE  is  equal  to  CB,  and  a  point  F  is 
taken  in  AB  such  that  BF  is  equal  to  BG:  prove  that  the  angle  EBD 
is  equal  to  the  angle  BCF. 

53.  ABC  is  a  triangle,  and  from  a  point  D  in  AB  the  straight 
line  DEF  is  drawn  meeting  BC  in  E  and  AC  produced  in  F;  shew 
that  the  angles  between  the  straight  lines  bisecting  the  angles  ABE, 
ADE  are  equal  to  the  angles  between  the  straight  lines  bisecting  the 
angles  ACE,  AFE, 

54.  Find  a  point  in  a  given  straight  line  such  that  its  distance 
from  a  given  point  is  double  of  its  distance  from  a  given  straight  line 
through  the  given  point.      - 

55.  Construct  an  equilateral  triangle,  having  given  its  altitude. 
T.  E.  9 
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56.  The  straight  line  bisecting  the  exterior  angle  at  the  vertex  A 
of  a  triangle  ABC  will  meet  the  base  BC  produced  beyond  B,  or 
beyond  C,  according  as  ^(7  is  greater  or  less  than  AB, 

57.  If  from  any  point  within  an  isosceles  triangle  perpendiculars 
be  let  fall  on  the  base  and  the  sides,  the  sum  of  these  perpendiculars 
is  less  than  the  altitude  of  the  triangle,  if  the  vertical  angle  be  less 
than  the  angle  of  an  equilateral  triangle. 

58.  ABC  is  a  triangle  right-angled  at  A,  and  on  AB,  AC  are 
described  two  equilateral  triangles  ABD,  ACE  (both  on  the  outside 
or  both  on  the  inside),  and  IXB  and  EC  or  those  produced  meet  in  F\ 
shew  that  A  is  the  ortho-centre  of  the  triangle  DEF. 

59.  If  the  angle  between  two  adjacent  sides  of  a  parallelogram  be 
increased,  while  their  lengths  do  not  alter,  the  diagonal  through  their 
point  of  intersection  will  diminish. 

60.  If  straight  lines  be  drawn  from  the  angles  of  any  parallelo- 
gram perpendicular  to  any  straight  line  which  is  outside  the  parallelo- 
gram, the  sum  of  those  &om  one  pair  of  opposite  angles  is  equal  to 
tJie  sum  of  those  from  the  other  pair  of  opposite  angles. 

61.  If  a  six-sided  plane  rectilineal  figure  have  its  opposite  sides 
equal  and  parallel,  the  three  straight  lines  joining  the  opposite  angles 
will  meet  at  a  point. 

62.  The  vertical  angle  CAB  of  a  triangle  ABC  is  bisected  by 
ADEy  and  BE^  CF  are  drawn  perpendicular  to  ADE:  prove  that  the 
middle  point  of  f  C  is  equidistant  from  E  and  jP. 

63.  Find  in  a  side  of  a  triangle  a  point  such  that  the  sum  of 
two  straight  lines  drawn  from  the  jpoint  parallel  to  the  other  sides  and 
terminated  by  them  is  equal  to  a  given  straight  line. 

64.  If  the  angular  points  of  one  parallelogram  lie  on  the  sides  of 
another  parallelogram,  the  diagonals  of  bo&  parallelograms  pass 
tibrough  the  same  point. 

65.  If  the  straight  line  joining  two  opposite  angles  of  a  parallelo- 
gram bisect  the  angles,  the  parallelogram  is  a  rhombus. 

66.  Draw  a  straight  line  through  a  given  point  such  that  the  part 
pf  it  intercepted  between  two  given  parallel  straight  lines  may  be  of 
given  length. 

67.  Bisect  a  parallelogram  by  a  straight  line  drawn  through  a 
given  point  within  it. 

~    68.    Shew  that  the  four  triangles  into  which  a  parallelogram  is 
divided  by  its  diagonals  are  equal  in  area. 

69.  Straight  lines  bisecting  two  adjacent  angles  of  a  parallelogram 
intersect  at  right  angles. 

70.  Straight  lines  bisecting  two  opposite  angles  of  a  parallelogram  * 
are  either  parallel  or  coincident. 
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71.  Find  a  point  snoh  that  the  perpendiculars  let  fall  from  it  on 
two  given  straight  lines  riiall  be  respectively  equal  to  two  given  straight 
lines.    How  many  such  points  are  there  ? 

72.  ABCD  is  a  quadrilateral  having  BG  parallel  to  AD,  E  is  the 
middle  point  oi  DG\  shew  that  the  triangle  AEB  is  half  the  quadri- 
lateral. 

73.  If  the  sides  of  a  triangle  be  trisected  and  straight  lines  be 
^rawn  through  the  points  of  section  adjacent  to  each  angle  so  as  to 
form  another  triangle,  this  is  equal  to  the  original  triangle  in  all 
respects.  .     . 

74.  If  two  opposite  sides  of  a  parallelogram  be  bisected  and  two 
straight  lines  be  drawn  from  the  points  of  bisection  to  two  opposite 
angles,  the  two  lines  trisect  the  diagonal  which  passes  through  the 
other  two  angular  points. 

75.  BAG  is  a  right-angled  triangle,  A  being  the  right  angle. 
AGDEf  BGFG  are  squares  on  AG  and  BC,  AG  produced  meets  DF 
in  K,    Prove  that  DF  is  bisected  in  K,  and  that  AB  is  double  of  GK, 

76.  In  a  triangle  ABG  on  AG^  BG  on  the  sides  of  them  away 
from  BfA,  squares  AGDEy  BGFG  are  constructed ;  prove  that,  if  ^C 
produced  bisect  DF,  BAG  is  a  right  angle. 

77.  A  straight  line  PQ  drawn  parallel  to  the  diagonal  ^C7  of  a 
pandlelogram  ABGD  meets  AB  in  P  and  BG  in  Q\  shew  that  the 
otiier  diagonal  BD  bisects  the  quadrilateral  BPDQ. 

78.  If  the  opposite  angles  of  a  quadrilateral  be  equal,  the.  oppo- 
site sides  are  equal.  .  .  .    . 

79.  If  in  two  parallelograms  ABGD,  EFGH,  AB  be  equal  to  EF\ 
BC  to  FOy  and  the  angle  ABG  to  the  angle  EFG,  then  the  parallelo- 
grams are  equal  in  all  respects. 

80.  If  the  straight  line  AB  be  bisected  in  C7,  and  AD  and  BE  be 
drawn  at  right  angles  to  AB^  sjidAI)  be  taken  equal  to  AG,  and  DE 
be  drawn  at  right  angles  to  DG,  DE  is  double  otDG, 

.  ...81.  ABG  is  a  given  triangle  .\  construct  a  triangle  of  equal  area, 
having  its  vertex  at  a  given  point  in  BG  and  its  base  in  the  same 
straight  line  as  AB^ 

.  82.  .In  the  right-angled  triangle  ABG,  the  sides  AB,  AG  which 
contain  the  right  angle  are  equal.  A  second  right-angled  triangle  is 
constructed  having  the  sides  containing  the  right  angle  together 
equal  to  AB,  AG,  but  not  equal  to  one  another.  Prove  that  this 
triangle  is  less  than  the  triaagle  ABG ^ 

83.  If  two  triangles  have  two  sides  of  the  one  equal  to  two  sides 
of  the  other,  and  the  sum  of  the  two  angles  contained  by  these  sides 
equal  to  two  right  angles,  the  triangles  are  equal  in  area. 

9-2 
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84.  If  a  triangle  be  described  having  two  of  its  sides  equal  to  the 
diagonals  of  any  quadrilateral,  and  the  included  angle  equal  to  either 
of  the  angles  between  these,  diagonals,  then  the  area  of  the  triangle 
is  equal  to  the  area  of  the  quadnlateraJ. 

85.  ABC  is  a  triangle ;  find  the  locus  of  a  point  0  such  that  the 
sum  of  the  areas  OAB,  OBC^  OCA  is  constant  and  greater  than  the 
area  of  ABC. 

86.  Any  point  P  is  joined  to  0  the  middle  point  of  AD.  On  AP^ 
DP  squares  APQQ\  DP  RE'  are  described  on  the  sides  remote  from 
D,  A  respectively.  Prove  that  QR  is  double  of  and  perpendicular 
to  OP. 

87.  ABCD  is  a  parallelogram;  E  the  point  of  bisection  of  AB\ 
prove  that  AC^  DE  being  joined  will  each  pass  through  a  point  of 
trisection  of  the  other. 

88.  In  every  quadrilateral  the  intersection  of  the  straight  lines 
which  join  the  middle  points  of  opposite  sides  is  the  middle  point  of 
the  straight  line  which  joins  the  middle  points  of  the  diagonals. . 

89.  The  line  joining  the  middle  points  of  the  diagonals  of  the 
quadrilateral  ABCD  meets  AD  and  BC  in  E  and  P.  Shew  that  the 
triangles  EBC^  FAD  are  each  half  the  quadrilateral. 

90.  PQB,  is  a  straight  line  parallel  and  equal  to  the  base  J3C  of  a 
triangle  meeting  the  sides  in  P  and  Q.  Shew  that  the  triangles  BPQ^ 
AQR  are  equal. 

91.  Two  straight  lines  AB  and  CD  intersect  at  Ey  and  the  tri- 
angle AEC  is  equal  to  the  triangle  BED\  shew  that  BC  is  parallel 
to^D. 

92.  Construct  the  smallest  triangle,  which  has  a  given  vertical 
angle,  and  whose  base  passes  through  a  given  point. 

93.  In  the  base  AC  of  a  triangle  take  any  point  D ;  bisect  AD, 
DC,  AB,  BC  at  the  points  E,  F,  Q,  H  respectively:  shew  that  EG  is 
equal  and  parallel  to  FH. 

94.  Given  the  middle  points  of  the  sides  of  a  triangle,  construct 
the  triangle. 

95.  ABC  is  a  triangle.  The  side  CA  is  bisected  in  D  and  E  is 
the  point  of  trisection  of  the  side  BC  which  is  nearer  to  B,  Shew 
that  the  line  joining  Ato  E  bisects  the  line  joining  B  to  D* 

96.  Shew  how  by  means  of  Prop.  40  to  produce  a  finite  straight 
line  beyond  an  obstacle  which  cannot  be  passed  through  directly. 

97.  BAC  is  a  fixed  anfi^e  of  a  triangle,  and  (i)  the  sum,  (ii)  the 
difference  of  the  sides  AB,  AC  ia  given;  shew  that  in  either  case 
tiie  locus  of  the  middle  point  of  BC  is  a  straight  line. 
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98.  Through  a  fixed  point  O  two  straight  lines  OPQ,  OP'Q'  are 
drawn  meeting  two  fixed  parallel  straight  Hnes.  Prove  that,  if  PQ' 
and  P'Q  meet  in  jR,  the  loons  of  JR  is  a  straight  line,  and  that  OR 
bisects  PP'  and  QQ'. 

99.  ABC  is  a  triangle  and  on  the  side  BG  &  parallelogram 
BDEC  is  described,  and  the  parallelogram  whose  adjacent  sides  are 
AD,  AB  is  completed  and  also  that  whose  adjacent  sides  are  AEy  AC; 
shew  that  the  sum  or  the  difference  of  the  two  latter  pariJlelograms 
is  equal  to  the  first. 

100.  ABC  is  a  triangle;  ADF,  CFE  are  the  perpendiculars  let 
fall  from  A  and  C,  one  on  the  internal  bisector  of  the  angle  B  and  the 
other  on  the  external  bisector:  the  area  of  the  rectangle  BDFE  is 
equal  to  that  of  the  triangle. 

101.  If  on  the  sides  AB,  BC,  CA  of  any  triangle,  squares  ABEF^ 
BCGH,  CAKL  be  constructed,  and  EH,  GL,  KF  be  drawn,  then 
all  the  triangles  ABC,  BEH,  CGL,  AKF  are  equal  to  one  another. 

102.  Construct  a  square,  which  shall  have  two  adjacent  sides 
passing  through  two  given  points,  and  the  intersection  of  diagonals 
at  a  third  given  point. 

103.  ABC  is  a  triangle  right-angled  at  A  and  K  is  the  comer 
of  the  square  on  AB  opposite  to  A  and  H  the  comer  of  tha  square. 
on  AC  opposite  to  A,    li  AB  be  produced  to  B,  so  that  AD  is  equal 
to  CK  and  ^C  be  produced  to  E,  so  that  AE  is  equal  to  BH,  t^en 
CD  is  equal  to  BE, 

104.  Upon  BC,  CA,  AB,  sides  of  the  triangle  ABC,  perpen- 
diculars are  drawn  from  a  point  D,  meeting  the  sides,  or  the  sides 
produced,  ixxE,F,Q  respectively.  Prove  that  the  sum  of  the  squares 
on  AG,  BE,  CF  is  equal  to  the  sum  of  the  squares  on  BG,  CE,  AF, 

105.  Divide  a  given  straight  line  into  two  parts  such  that  the 
square  on  one  of  them  may  be  double  the  square  on  the  other. 
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DEFINITIONS. 

Definition  1.  A  rectangle  is  said  to  he  contained  by 
the  two  sides  which  contain  any  one  of  its  angles. 

The  expression,  that  a  rectangle  is  contained  by  two  straight  lines 
ABt  BG  IB  of  course  a  faulty  one,  as  the  area  of  the  rectangle  is 
contained  hy  the  four  sides  of  the  figure.  The  expression  must  be 
considered  merely  as  an  abbreviated  form  of  the  statement  that  the 
rectangle  has^  for  two  of  its  adjacent  sides  the  two  straight  lines 
AB,  BC.  ^ 

It  can  easily  be  proved  that,  if  two  adjacent  sides  of 
one  rectangle  be  equal  to  two  adjacent  sides  of  another 
rectangle,  the  two  rectangles  are  equal  in  all  respects. 

(See  Exercise  79,  page  131.) 

A  rectangle,  two  of  whose  adjacent  sides  are  equal  to 
two  straight  lines  AB,  CD,  is  therefore  often  said  to  be  the 
rectangle  contained  by  AB,  CD\  such  a  rectangle  is  often 
denominated  simply  the  rectangle  AB,  OD. 

It  is  clear  that  the  rectangle  AB,  (72)  is  the  same  as 
the  rectangle  CD,  AB, 

Also  it  may  be  noticed  that,  if  -4^  be  equal  to  CD,  the 
rectangle  AB,  CD  is  equal  to  the  square  on  AB,  or  to  the 
square  on  CD. 
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In  Arithmetio  or  in  Algebra,  if  we  wish  to  represent  a  given 
length,  we  take  a  definite  length,  for  instance  an  inch,  as  a  unit  of 
length  and  we  express  the  given  length  by  the  number  of  units  of 
length  contained  in  it; 

.  In  the  same  way,  if  we  wish  to  represent  a  given  area,  we  take 
a  definite  area,  for  instance  a  square  inch,  as  a  unit  of  area^  and 
we  express  the  given  area  by  the  number  of  units  of  area  contained 
in  it. 

It  is  easily  seen  that,  if  a  rectangle  have  2  inches  in  one  side 
and  3  inches  in  an  adjacent  side,  its  area  consists  of  2  x  3  or  6  squares, 
each  square  having  one  inch  as  its  side,  and  similarly  that,  if  a 
rectangle  have  m  units  of  length  in  one  side  and  n  units  of  length 
in  an  adjacent  side,  its  area  consists  of  mn  squares,  each  square  having 
a  unit  of  length  as  its  side. 

Thus  in  Arithmetic  or  in  Algebra  the  area  of  a  rectangle  is  repre- 
sented by  the  prodttct  of  the  numbers,  which  represent  the  lengths 
of  two  adjacent  sides. 

If  the  rectangle  be  a  square,  its  area  is  represented  by  the  square 
of  the  number ,  which  represents  the  length  of  a  side. 

In  consequence  of  this  connection  between  Algebra  and  Geometry, 
there  is  a  certain  correspondence  between  the  theorems  and  problems 
of  the  Second  Book  of  Euclid,  and  theorems  and  problems  in  Algebra. 

A  short  statement  of  a  corresponding  proposition  in  Algebra  is 
given  as  a  note  to  each  Proposition,  in  which  statement  each  straight 
line  is  represented  by  a  corresponding  letter,  and  each  area  by  a 
corresponding  product. 
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But  GK  is  contained  by  AB,  CD, 
for  it  is  contained  by  CG,  GD,  and  GG  is  equal  to  AB, 

And  GH  is  contained  by  AB,  GE, 
for  it  is  contained  by  GG,  GE,  and  GG  is  equal  to  AB. 

And  EK  is  contained  by  AB,  ED, 
for  it  is  contained  by  EH,  ED,  and  EH  is  equal  to  GG, 
which  is  equal  to  AB, 
Therefore  the  rectangle  contained  by  AB,  GD  is  equal  to 
the  sum  of  the  rectangles  contained  by  AB,  GE,  And  by 
AB,  ED. 
Wherefore,  if  there  be  two  straight  lines  <kc. 

CoROMiARY  1.  If  there  he  tvx>  straight  lines,  one  of 
which  is  divided  into  any  number  of  parts,  the  rectangle 
contained  by  the  two  straight  lines  is  eqv,al  to  the  sum  of 
the  rectangles  contained  by  the  undivided  line  and  each  of 
the  pa/rts  of  the  divided  line. 

If  GD  be  divided  into  three  parts  at  the  points  E,  F: 
the  rectangle  AB,  GD  is  equal  to  the  sum  of  the  rectangles 

AB,  GE,  and  AB,  ED :  (Prop.  1.) 

and  the  rectangle  AB,  ED  is  equal  to  the  sum  of  the  rec1>- 

angles  AB,  EF  and  AB,  FD : 
therefore  the  rectangle  AB,  GD  is  equal  to  the  sum  of  the 

rectangles  AB,  GE\  AB,  EF  sjid  AB,  FD, 
And  so  on  for  any  number  of  points  of  division. 

Corollary  2.  Iftltere  be  two  straight  lines,  one  of  which 
is  divided  into  any  two  parts,  the  rectangle  contained  by  the 
undivided  line  and  one  of  the  parts  of  the  divided  line  is 
equal  to  the  difference  of  the  rectangles  contained  by  the  un- 
divided line  and  the  whole  of  the  divided  line  and  by  the 
undivided  line  and  the  remaining  part  of  the  divided  line, 

EXERCISES. 

1.  It  Ay  B,  C,  D  be  four  points  in  order  in  a  straight  line,  then 
the  sum  of  the  rectangles  AB,  CD,  and  AD,  BC  is  eqneJ  to  the  rect- 
angle AC,  BD. 

2.  If  there  be  two  straight  lines,  each  of  which  is  divided  into 
any  number  of  parts,  the  rectangle  contained  by  the  two  straight 
lines  is  equal  to  the  smn  of  the  rectangles  contained  by  each  of  the 
parts  of  the  first  line  and  each  of  the  parts  of  the  second  line. 
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PROPOSITION  2. 

If  a  straiglU  line  he.  divided  into  any  two,  parts,  the 
square  on  the  whole  line  is  equal  to  the  sum  of  the  rectangles 
contained  by  the  whole  and  each  of  the  parts*. 

Let  the  straight  line  AB  be  divided  into  any  two  parts 
at  the  point  C : 

it  is  required  to  prove  that  the  square  on  AB  is  equal  to 
the  sum  of  the  rectangles  contained  hj  AB,  AC  and  by 
AB,  CB. 

Construction.     Take  DB  a  straight  line  equal  to  AB, 


A G         B 


D  JS 


Proof.     The  rectangle  DE,  AB  is  equal  to  the   sum 
of  the  rectangles  DJS,  AC  and  DB,  OB,  (Prop.  1.) 

Because  DB  is  equal  to  AB, 
the  rectangle  DE,  AB  is  equal  to  the  square  on  AB, 

the  rectangle  DE,  AC  to  the  rectangle  AB,AG, 
and  the  rectangle  DE,  CB  to  the  rectangle  AB,  CB : 
therefore  the  square  on  -4^  is  equal  to  the  sum  of  the  rect- 
angles AB,  AC,  and  AB,  CB, 

Wherefore,  if  a  straight  line  <kc. 

*  The  algebraical  equivalent  of  this  theorem  is  the  equation 

(a  +  6)^=(a+6)a+(a+6)5. 
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Outline  of  AUerwxtive  Proof, 

On  AB  construct  the  square  AEDB, 

and  draw  Ci^  parallel  to  AE  to  meet  ED  in  F, 


It  may  be  proved  that 

(1)     AF  is  the  rectangle  AB,  AG, 

and  (2)     CD  is  the  rectangle  AB,  GB, 

and  hence  that  the  square  on  AB  is  equal  to  the  sum  of 
the  rectangles  AB,  AG  and  AB,  GB. 


EXEBCISES. 

1.  D  is  a  point  in  the  hypotenuse  j5(7  of  a  right-angled  triangle 
ABC :  prove  that,  if  the  rectangle  BD,  EG  be  equal  to  the  square  on 
AC,  then  the  rectangle  BC,  DC  is  equal  to  the  square  on  AB, 

2.  A  point  D  is  taken  in  the  side  BC  of  a  triangle  ABCi  prove 
that,  if  the  rectangles  BD,  BC  and  BC,  DC  be  equsJ  to  the  squares 
on  AB,  AC  respectively,  the  angle  BAC  is  a  right  angle. 
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PROPOSITION  3. 

If  a  straight  line  he  divided  into  any  two  parts,  the  rect- 
angle contained  by  the  whole  line  and  one  of  the  parts  is 
equal  to  the  swm  of  the  squa/re  on  that  part  a/nd  the  rect- 
angle contained  by  the  two  pa/rts*. 

Let  the  straight  line  AB  be  divided  into  any  two  parts 
at  the  point  C : 
it  is  required  to  prove  that  the  rectangle  AByACiA  equal  to 
the  sum  of  the  square  on  -4(7  and  the  rectangle  AC,  CB, 

Construction.     Take  DE  a  straight  line  equal  to  AC. 

AC  B 

H 


Proof.     The  rectangle  DE,  AB  is  equal  to  the  sum  of 
the  rectangles  DE,  AC,  and  DE,  CB.  (Prop.  1.) 

Because  DE  is  equal  to  -4C, 

the  rectangle  DE,  AB  is  equal  to  the  rectangle  AC,  AB, 

the  rectangle  DE,  AC  to  the  square  on  AC, 

and  the  rectangle  DE,  CB  to  the  rectangle  AC,  CB ; 

therefore  the  rectangle  AB,  AC  is  equal  to  the  sum  of  the 

square  qtl  AC  and  the  rectangle  AG,  CB. 

Wherefore,  if  a  straight  line  &c. 

*  The  algebraical  equivalent  of  this  theorem  is  the  equation 

{a+b)a=:a^+ab. 
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Outline  of  Altemative  Proof, 

On  AC  construct  the  square  ADEC^ 
and  draw  jB^  parallel  to  ilZ>  to  meet  DE  produced  in  F, 


E 

• 

It  may  be  proved  that 

(1)     AF  is  the  rectangle  AB,  AC, 
and  (2)     CF  is  the  rectangle  AC,  CB, 

and  hence  that  the  rectangle  AB,  AC  ia  equal  to  the  sum 
of  the  square  on  AC  and  the  rectangle  AC,  CB. 


EXEBGISES. 

1.  AD  is  drawn  perpendicular  to  the  hypotenuse  BG  of  a  right- 
angled  triangle  ABOi  prove  that  the  rectangle  jBD,  DC  is  equal  to 
the  square  on  AD, 

2.  In  the  triangle  ABC,  AD  is  the  perpendicular  from  AonBCi 
prove  that,  if  the  rectangle  BD,  DC  be  equal  to  the  square  on  AD, 
the  angle  ^  is  a  right  angle. 

8.  In  the  triangle  ABC,  AD  is  the  perpendicular  from  A  on  BC: 
prove  that,  if  the  rectangle  BD,  BC  he  equal  to  the  square  on  AB, 
the  angle  ^1  is  a  right  angle. 
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PROPOSITION  4. 

If  a  straight  line  he  divided  into  any  two  parts ^  the 
•squa/re  on  the  whole  line  is  equal  to  the  sum  of  the  sqv/vres 
on  the  parts  and  twice  the  rectangle  contained  by  the  parts*. 

Let  the  straight  line  ABhe  divided  into  any  two  parts 
at  the  point  G  : 

it  is  required  to  prove  that  the  square  on  -4^  is  equal  to 
the  sum  of  the  squares  on  AC  and  CB,  and  twice  the 
rectangle  contained  by  AC,  CB, 


Proof.     Because  ^^  is  divided  into  two  parts  at  (7, 
the  square  on  AB  is  equal  to  the  sum  of  the 

rectangles  AB,  AC  and  AB,  CB]         (Prop.  2.) 

and  the  rectangle  AB,  AC  i&  equal  to  the  sum  of  the  square 
on  AC  and. the  rectangle  AC,  CB,  (Prop.  3.) 

and  the  rectangle  AB,  CB  is  equal  to  the  sum  of  the  square 
on  CB  and  the  rectangle  AC,  CB.  (Prop.  3.) 

Therefore  the  square  on  AB  is  equal  to  the  sum  of  the 
squares  on  AC  and  CB,  and  twice  the  rectangle  AC,  CB, 

Wherefore,  if  a  straight  line  &c. 

*  The  algebraical  equivalent  of  this  theorem  is  the  equation 
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Outline  of  Alternative  Proof, 

On  AB  construct  the  square  ADEB : 

draw  C^i^ parallel  to  AD :  make  DU  equal  to  AC, 
and  draw  HGK  parallel  to  AB, 


H 


0 

It  may  be  proved  that 

(1)  BG  is  equal  to  the  square  on  AG, 

(2)  GB  is  the  square  on  CB, 

and     (3)     HGy  FK  are  each  equal  to  the  rectangle  AC,  CB, 

and  hence  that  the  square  on  AB  is  equal  to  the  sum  of 
the  squares  on  AC,  GB  and  twice  the  rectangle  AG,  CB, 


EXERCISES. 

1.  The  square  on  a  straight  line  is  four  times  the  square  on  half 
of  the  line. 

2.  If  the  sides  BGj  GA,  AB  of  &  right-angled  triangle  ABC  be 
bisected  in  the  points  D,  E,  F  respectively,  twice  the  squares  on  ADy 
BE  and  CF  are  together  eqaal  to  three  times  the  square  on  the 
hypotenuse. 

3.  If,  in  an  acute-angled  triangle  ABC,  AD  he  drawn  perpen- 
dicular U>  BCf  then  the  sum  of  the  squares  on  AB,  AC  and  twice 
the  rectangle  BD,  DC  is  equal  to  the  sum  of  the  square  on  BC  and 
twice  the  square  on  AD. 

4.  If  BAC  be  an  obtuse  angle  and  BD,  CE  be  drawn  at  right 
angles  to  CA,  BA  respectively,  then  the  rectangle  BA,  AE  is  equal 
to  the  rectangle  CA,  AD. 

5.  ABCD  is  a  square  and  Ey  F,G,H  are  points  on  the  sides 
ABt  BC,  CD,  DA  respectively:  prove  that,  if  EFGH  be  a  rectangle, 
it  is  eitiier  double  of  the  rectangle  AE,  EB,  or  equal  to  the  sum  of 
the  squares  on  AE,  EB.   . 
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PROPOSITION  6. 

If  a  $(ra%ghi  /«im  he  divid^i  into  two  equal  parts  and  also 
into  two  unequal  parts^  the  sum  of  ike  rectangle  contained 
b^  the  unequal  paris  and  tAe  square  on  the  line  between  the 
points  i^^  section  is  equal  to  the  square  on  half  the  line*. 

Let  the  strnight  line  ABhe  divided  into  two  equal  parts 
at  the  point  (\  and  into  two  unequal  parts  at  the  point  D : 
it  is  required  to  prove  that  the  sum  of  the  rectangle  AD,  DB 
and  the  sijuare  on  DC,  is  equal  to  the  square  on  AC. 

/ P      lO B 


Proof.     Jiecause  DB  is  divided  into  two  parts  at  C, 
tJio  iHH't^angle  A  /),  DB  is  equal  to  the  sum  of  the 

rtH>tangUva  ^/>,  DC  and  AD,  CB,         (Prop.  1.) 
Umt  IM  to  tJit»  8un\  i\f  the  rectangles  AD,  DC,  and  AD,  AC, 

cdnoe  AC  is  equal  to  CB        (Hypothesis.) 

And  iHH'aus^  AC  is  divided  into  two  parts  at  D, 
i\\^  r^''\A\\^\i^  AD^  AC  is  e<iual  to  the  sum  of  the  square  on 

A />  w\d  th^  nH>tai\^le  AD,  DC.  (Prop.  3.) 

TUt^ivt^uv  th<»  rtvtan^U^  AD,  DB  is  equal  to  the  sum  of  the 

«\^uaYt^  \m  A  />  a»\d  t  wivn*  the  r^^^tangle  AD,  DC. 

Add  t^>  eaoh  \4  th^^csae  equals  the  square  on  DC; 

then  the  »um  i^  the  $i|uare  oi\  /H'*aiid  the  rectangle  AD,  DB 
is  e^^ual  t\>  the  »un\  \4  the  squares  <mAD,  DC  and  twice 
the  rect4a\$)e  A  i\  DC,  which  sum  is  equal  to  the  square 
on  AC.  (Prop.  4.> 

Thcsr«^CMre  the  n^ctaixgle  A  l\  DR,  u>^her  with  the  square 
on  DC,  is  equal  to  the  squairt^  on  AC. 

Wherefore^  •/«!  jrfnwyiiU  tine  Jtw 
*  The  ■Iftilwiif  I  cquiTaleni  oflh^tW^Mwrn  Sa  lh«  equatna 
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The  theorems  of  Propositions  5  and  6  may  both  be 
inclu(Jed  in  one  enunciation,  thus,  The  difference  of  the 
sqtiares  on  two  given  straight  lines  is  eqtud  to  the  rectangle 
contained  hy  the  sum  and  tJie  difference  of  the  lines. 

The  straight  lines  in  both  propositions  are  ^Z>,  BD\  the  only 
difference  being  that  in  Prop.  5.  BD  is  the  greater  and  in  Prop.  6. 
AD  is  the  greater. 

For  an  outline  of  an  alternative  proof  of  Propositions  5  and  6, 
see  page  147. 


EXEEOISES. 

1.  A  straight  line  is  divided  into  two  parts ;  shew  that,  if  twice 
the  rectangle  of  the  parts  be  equal  to  the  sum  of  the  squares  on  the 
parts,  the  straight  line  is  bisected. 

2.  Divide  a  given  straight  line  into  two  parts  such  that  the 
rectangle  contained  by  them  shall  be  the  greatest  possible. 

3.  Divide  a  given  straight  line  into  two  parts  such  that  the  sum 
of  the  squares  on  the  two  parts  may  be  the  least  possible. 

4.  Divide  ft  given  straight  line  into  three  parts  so  that  the  sum 
of  the  squares  on  them  may  be  the  least  possible. 

5.  ABC  is  an  equilateral  triangle  and  D  is  any  point  in  the  side 
BG,  Prove  that  the  square  on  jBC  is  equal  to  the  rectangle  contained 
by  BD,  DC7,  together  with  the  square  on  AD, 

6.  A  point  D  is  taken  on  the  hypotenuse  BC  of  a  right-angled 
triangle  ABG\  prove  that,  if  the  rectangle  BD^  DC  be  equal  to  the 
square  on  AD^  D  is  either  the  middle  point  oi  BC  or  the  foot  of  the 
perpendicular  from  AonBC. 


T.  E. 


10 
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PROPOSITION  6. 

If  a  straight  line  he  bisected^  and  produced  to  any  pointy 
the  sum  of  the  recta/ngle  contained  hy  the  whole  line  thus 
produced  arid  the  part  of  it  produced^  and  the  square  on 
half  the  line  bisected,  is  equal  to  the  squa/re  on  the  straight 
line  which  is  made  up  of  the  half  and  the  part  produced  *. 

Let  the  straight  line  AB  he  bisected  at  the  point  C, 

and  produced  to  the  point  D : 

it  is  required  to  prove  that  the  sum  of  the  rect- 
angle ADy  BD,  and  the  square  on  CB  is  equal  to  the 
square  on  CD, 


Proof.     Because  AD  is  divided  into  two  parts  at  B, 

the    rectangle    ADy    BD    is    equal    to    the    sum    of    the 

rectangle  ABy  BD  and  the  square  on  BD,  (Prop.  3.) 

Because  AB  is  bisected  in  C, 

the  rectangle  ABy  BD  is  double  of  the  rectangle  CBy  BD ; 

(Prop.  1.) 
therefore  the  rectangle  ADy  BD  is  equal  to  the  sum  of  the 
square  on  BD  and  twice  the  rectangle  CBy  BD, 

Add  to  each  of  these  equals  the  square  on  CB ; 
then  the  sum  of  the  square  on  CB  and  the  rectangle  ADy  BD 
is  equal  to  the  sum  of  the  squares  on  CBy  BD  and  twice 
the  rectangle  CBy  BD, 

And  the  sum  of  the  squares  on  CBy  BD  and  twice  the 
rectangle  CBy  BD  is  equal  to  the  square  on  CD; 

(Prop.  4.) 

therefore  the  sum  of  the  rectangle  ADy  BD  and  the  square 
on  CB  is  equal  to  the  square  on  CD, 

Wherefore,  if  a  straight  line  &c. 

*  The  algebraical  equivalent  of  this  theorem  is  the  equation 

(a+6)(6-a)+a2=62, 
or  (2a+6)&+a2=(a  +  6)a. 
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OtUline  of  Alternative  Proof  of  Propositions  5  and  6. 

Let  A^  B,  C  he  a,nj  three  points  in  a  straight  line. 
Draw  AFB,  BGK,  CUD  at  right  angles  to  ABC. 


G 

H 


Take  AF  equal  to  AB  and  FF  to  BO,  and  draw  FKD,  FGH 
parallel  to  ABC. 

It  may  be  proved  that 

(1)  FB  is  the  square  on  ABy 

(2)  KH  is  equal  to  the  square  on  BCy 
(3).    EB  is  the  rectangle  AB,  AC, 

and     (4)     EH  is  the  rectangle  AC,  BC, 

and  hence  that  the  difference  of  the  squares  on  AB,  BC, 
which  is  equal  to  the  difference  of  the  rectangles  EB,  EU, 
is  equal  to  the  rectangle  contained  by  the  sum  and  the 
difference  of  AB  and  BC. 


EXEBGISES. 

1.  A  straight  line  is  divided  into  two  eqoal  and  also  into  two 
unequal  parts;  prove  that  the  difference  of  tiie  squares  on  the  two 
unequal  parts  is  equal  to  twice  the  rectangle  contained  by  the  whole 
line  and  the  part  between  the  points  of  section. 

2.  The  straight  line  AB  is  bisected  in  C  and  produced  to  D,  CE 
is  drawn  perpendicular  ioAB  and  equal  to  BD^  and  a  point  F  is  taken 
in  BD  so  that  EF  is  equal  to  CD ;  prove  that  the  rectangle  DF,  DA 
together  with  the  rectangle  DF,  FB  is  equal  to  the  square  on  BD. 


10—2 
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PROPOSITION  7. 

If  a  straight  line  be  divided  into  any  two  parts,  tlie 
sum  of  the  squares  on  the  whole  line  and  on  one  of  the  parts 
is  equal  to  the  sum  of  twice  the  rectangle  contained  by  the 
whole  line  and  thM  pa/rt  and  the  square  on  the  other  part*. 

Let  the  straight  line  ABhQ  divided  into  any  two  parts 
at  the  point  0  : 
it  is  required  to  prove  that  the  sum  of  the  squares  on  AB, 

GB  is  equal  to  the  sum  of  twice  the  rectangle  AB,  OB, 

and  the  square  on  AC, 

A  G  B 

I-  ■     ■  ■ 

Proof.     Because  AB  is  divided  into  two  points  at  C, 

the  square  on  AB  is  equal  to  the  sum  of  the  squares  on 

AC,  CB,  and  twice  the  rectangle  AC,  CB,  (Prop.  4.) 

Add  to  each  of  these  equals  the  square  on  CB ; 
then  the  sum  of  the  squares  on  AB,  CB  is  equal  to  the 
sum  of  the  square  on  AC,  twice  the  square  on  CB,  and 
twice  the  rectangle  AC,  CB, 

But  the  sum  of  the  square  on  CB  and  the  rectangle  AC,  CB 
is  equal  to  the  rectangle  AB,  CB.  (Prop.  3.) 

Therefore  the  sum  of  the  squares  on  AB,  CB,  is  equal  to 
the  sum  of  twice  the  rectangle  AB,  CB,  and  the  square 
on  AC, 

Wherefore,  if  a  straight  line  <fec. 

Corollary.  If  a  straight  line  be  divided  i/nto  any  two 
pa/rts,  the  squa/re  on  one  of  the  parts  is  less  than  the  sum  of 
the  sqv>a/res  on  the  whole  Une  and  the  other  pa/rt  by  twice  tlm 
rectcmgle  contained  by  the  whole  line  amd  the  second  part, 

*  The  algebraical  equivalent  of  this  theorem  is  the  equation 

(a  +  6)2  +  6»=2  (a  +  6)  6  +  a«. 
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Outline  of  Alternative  Proof, 

On  AB  construct  the  square  A  DEB 
and  draw  CGF  parallel  to  AD. 

Take  BK  equal  to  BC, 
and  draw  A'^r-ff' parallel  to  BOA. 


A 


H 


D 


C 


G 

K 
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It  may  be  proved  that 

(1)  AK,  CEare  each  equal  to  the  rectangle  AB,  CB, 

(2)  HF  is  equal  to  the  square  on  AC, 

and     (3)     CK  is  the  square  on  CB, 

and  hence  that  the  sum  of  the  squares  on  AB,  CB  is  equal 
to  the  sum  of  twice  the  rectangle  AB,  CB  and  tlie  square 
on  AC> 


EXERCISES. 

1.  AGDB  is  a  straight  line,  and  D  bisects  CB:  prove  that  the 
square  on  ^10  is  less  than  the  sum  of  the  squares  on  AD^  DB  by  twice 
the  rectangle^ D,  DB, 

2.  If  BAG  be  an  acute  angle  and  BD,  GE  be  drawn  perpendicular 
to  GA,  AB  respectively,  then  the  rectangle  BA,  AE  is  equal  to  the 
rectangle  GA,  AD. 

3.  Shew  how  to  divide  a  given  straight  line  into  two  parts  such 
that  the  difference  of  the  squares  described  on  them  may  be  equal 
to  a  given  rectangle.    Is  a  solution  always  possible  ? 
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PROPOSITION  8. 

If  a  straight  line  he  divided  into  any  two  parts,  the  sum 
of  the  squa/re  on  one  part  and  four  times  the  rectangle  con- 
tained by  the  whole  Ihie  and  the  other  part,  is  eqv^al  to  the 
square  on  the  straight  line  which  is  made  up  of  the  whole 
and  the  second  part  *. 

Let  the  straight  line  ABhQ  divided  into  any  two  parts 

at  the  point  C : 

it  is  required  to  prove  that  the  sum  of  four  times  the  rect- 
angle AB,  CBy  and  the  square  on  AC  is  equal  to  the 
square  on  the  straight  line  made  up  of  AB  and  CB 
together. 

Construction.     Produce  AB  to  i>, 

and  make  BD  equal  to  CB,        (I.  Prop.  3.) 

A  o         B        D 

1 1 


Proof.     Because  AD  is  divided  into  two  parts  at  B, 
the  sum  of  the  squares  on  AB,  BD  and  twice  the  rect- 
angle AB,  BD,  is  equal  to  the  square  on  -42) :    (Prop.  4.) 

and  because  AB  \&  divided  into  two  parts  at  C, 
the    sum    of    the    square   on    AC    and    twice    the    rect- 
angle AB,  CB, 
is  equal  to  the  sum  of  the  squares  on  AB,  CB,     (Prop.  7.) 

Add  these  equals  together ; 
then  the  sum  of  the  squares  on  AB,  BD,  AC  and  four  times 
the  rectangle  AB,  CB, 

is  equal  to  the  sum  of  the  squares  on  AB,  CB,  AD, 

Take  away  from  these  equals,  the  equals  the  sum  of  the 
squares  on  AB,  BD  and  the  sum  of  the  squares  on 
AB,  CB\ 

then  the  sum  of  the  square  on  AC  and  four  times  the 
rectangle  AB,  CB  is  equal  to  the  square  on  AD, 

Wherefore,  if  a  straight  line  <fec. 
*  The  algebraical  equivalent  of  this  theorem  is  the  equation 

or  aa+4(a  +  6)6  =  (a+26)«. 
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Outline  of  Alternative  Proof. 

Produce  AB  to  D  and  make  BD  equal  to  AC. 
On  AD  construct  the  square  AEFD. 

EH  r 


K 


N           P 

M 

L 
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Take  AGy  EH,  FK  each  equal  to  AG, 
and  draw  BLP,  MNH  parallel  to  AE  and  GML,  NPK 
parallel  to -4 />. 
It  may  be  proved  that 

(1)     AL,  BK,  FN,  EM  are  each  equal  to  the  rect- 
angle AB,  AC, 
and     (2)     MP  is  equal  to  the  square  on  CB, 

and  hence  that  the  sum  of  the  square  on  AC  and  four  times 
the  rectangle  AB,  CB  is  equal  to  the  square  on  AD, 


EXERCISES. 

1.  Prove  that  the  square  on  a  straight  line  is  nine  tunes  the 
square  on  one  third  of  the  line. 

2.  If  a  straight  line  be  bisected  and  produced  to  any  point,  the 
square  on  the  whole  line  thus  produced  is  equal  to  the  square  on  the 
part  produced  together  with  twice  the  rectangle  contained  by  the  line 
and  the  line  made  up  of  the  half  and  the  part  produced. 
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PROPOSITION  9. 

If  a  straight  line  be  divided  into  two  equals  and  also  into 
two  unequal  pa/rta^  the  sv/m  of  the  squares  on  the  ttvo  unequal 
parts  is  double  of  the  sum  of  the  squares  on  half  the  line  and 
on  the  line  between  the  points  of  section^. 

Let  the  straight  line  AB  be  divided  into  two  equal 
parts  at  the  point  (7,  and  into  two  unequal  parts  at  the 
point  D : 

it  is  required  to  prove  that  the  sum  of  the  squares  on  AD, 
DB  is  double  of  the  sum  of  the  squares  on  AC^  CD, 

A  G  ,       D      B 

1 1 


Proof.     Because  -4-D  is  divided  at  (7, 
the  square  on  AD  is  equal  to  the  sum  of  the  squares  on 
ACy  CD  and  twice  the  rectangle  AC,  CD.  (Prop.  4.) 

And  because  CB  is  divided  at  i>, 
the  sum  of  the  square  on  DB  and  twice  the  rectangle  CB,  CD 
is  equal  to  the  sum  of  the  squares  on  CB,  CD, 

(Prop.  7.) 

Add  these  pairs  of  equa]s ; 
then  the  sum  of  the  squares  on  AD,  DB  and  twice  the 
rectangle  CB,  CD  is  equal  to  the  sum  of  the  squares  on 
AC,  CD,  CB,  CD  and  twice  the  rectangle  AC,  CD. 

Take  away  from  these  equals  twice  the  rectangle  CB,  CD, 
and  twice  the  rectangle  AC,  CD,  which  are  equal ; 

then  the  sum  of  the  squares  on  AD,  DB  is  equal  to  the 
sum  of  the  squares  on  AC,  CD,  CB,  CD, 

that  is,  is  equal  to  twice  the  sum  of  the  squares  on  AC,  CD, 

Wherefore,  if  a  straight  line  &c. 

*  The  algebraical  eqniyalent  of  this  theorem  is  the  equation 
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The  theorems  of  Propositions  9  and  10  may  both  be 
included  in  one  enunciation :  thus,  The  swm,  of  the  squares 
on  the  sum  cmd  on  the  difference  of  tvx>  given  straight  lines 
is  eqtuil  to  twice  the  sum  of  the  sqiw/res  on  the  lines. 

The  straight  lines  in  both  propositions  are  AC^  CD :  the  only 
difference  being  that  in  Prop.  9.  ^C  is  the  greater,  and  in  Prop.  10. 
CD  is  the  greater. 

For  an  outline  of  an  altematiye  proof  of  Propositions  9  and  10, 
see  page  155. 


EXERCISES. 

1.  A  straight  line  is  divided  into  two  parts,  snch  that  the 
diagonal  of  the  sqnare  on  one  of  these  parts  is  equal  to  the  whole 
line.  If  a  square  be  constructed  whose  side  is  the  difference  between 
the  aforesaid  part  and  half  the  given  line,  its  diagonal  is  equal  to  the 
other  of  the  two  parts  into  which  the  line  is  divided. 

2.  Deduce  a  proof  of  ii.  9  from  the  result  of  ii.  5. 

3.  If  a  straight  line  be  divided  into  two  equal  and  also  into  two 
unequal  parts,  the  squares  on  the  two  unequal  parts  are  equal  to 
twice  the  rectangle  contained  by  the  two  unequal  parts  together  with 
four  times  the  square  on  the  line  between  the  points  of  section. 


154  BOOK  IL 


PROPOSITION  10. 

If  a  straight  line  he  bisected  cmd  prodicced  to  any  point, 
the  sum  of  the  squares  on  the  whole  line  thus  produced  and 
on  the  part  produced  is  double  of  the  sv/m  of  the  squares  on 
half  the  line  and  on  the  line  made  up  of  the  half  and  the 
part  produced*. 

Let  the  straight  line  ABhQ  bisected  at  (7,  and  produced 
to  D: 

it  is  required  to  prove  that  the  sum  of  the  squares  on  AD, 
BD  is  double  of  the  sum  of  the  squares  on  AC,  CD, 

A  O  B  D 

1 1 


Proof.     Because  AD  \b  divided  at  C, 
the  square  on  AD  is  equal  to  the  sum  of  the  squares  on 
AC,  CD  and  twice  the  rectangle  AC,  CD]  (Prop.  4.) 

and  because  CD  is  divided  at  B, 
the  sum  of  the  square  on  BD  and  twice  the  rectangle  GB,  CD 
is  equal  to  the  sum  of  the  squares  on  CB,  CD, 

(Prop.  7). 
Add  these  equals ; 

then  the  sum  of  the  squares  on  AD,  BD  and  twice  the 
rectangle  CB,  CD  is  equal  to  the  sum  of  the  squares  on 
AC,  CD,  CB,  CD  and  twice  the  rectangle  AC,  CD, 

Take  away  from  these  equals  twice  the  rectangle  CB,  CD, 
and  twice  the  rectangle  AC,  CD,  which  are  equal ; 

then  the  sum  of  the  squares  on  AD,  BD  is  equal  to  the 
sum  of  the  squares  on  AC,  CD,  CB,  CD, 

that  is,  is  equal  to  twice  the  sum  of  the  squares  on  AC,  CD, 

Wherefore,  if  a  straight  line  <fec. 
*  The  algebraical  equivalent  of  this  theorem  is  the  equation 
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Outline  of  Alternative  Proof  of  Propositions  9  and  10. 

In  a  straight  line  ABCD^  take  AB  equal  to  CD. 
Through  A,  B,  C,  D  draw  AE,  BF,  CG,  DH  at  right  angles 
to  ABCD. 

Take  AK  equal  to  AB,  KL  to  BG  and  LE  to  ^j5. 
Draw  EFGH,  LQRS,  KMNP  parallel  to  ABCD. 

E  F  an 
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It  .may  be  proved  that 

(1)  EQy  ND  are  each  equal  to  the  square  on  AB, 

(2)  Z(7,  ^P  are  each  equal  to  the  square  on  A  (7, 

(3)  QN  is  equal  to  the  square  on  BG, 

(4)  ED  is  the  square  on  AD, 

and     (6)     the  sum  of  ^i)  and  QN  is  equal  to  the  sum  of 

EQ,  ND,  LC,  and  FP, 
and  hence  that  the  sum  of  the  squares  on  AD,  BG  (which 
are  the  sum  and  the  difference  oi  AG  and  AB)  is  equal 
to  twice  the  sum  of  the  squares  on  AG,  AB, 

EXEBCISES. 

1.  In  AB  the  diameter  of  a  circle  take  two  points  C  and  D 
equally  distant  from  the  centre,  and  from  any  point  E  in  the  circum- 
ference draw  EC,  ED:  shew  that  the  squares  on  EC  and  ED  are 
together  equal  to  the  squares  on  ^C  and  AD, 

2.  Ji  in  BG  the  base  of  a  triangle  a  point  D  be  taken  such  that 
the  squares  on  AB  and  BD  are  together  equal  to  the  squares  on  ^C 
and  CD,  then  the  middle  point  of  AD  will  be  equaJly  distant  from 
B  and  C. 

3.  A  square  BDEC  is  described  on  the  hypotenuse  BC  of  a  right- 
angled  triangle  ABC:  shew  that  the  squares  on  DA  and  AC  are 
together  equal  to  the  squares  on  EA  and  AB. 

4.  AB  is  divided  into  any  two  parts  in  C,  and  AC,  BC  are 
bisected  in  D,  E :  prove  that  the  square  on  AE  and  three  times  the 
square  on  BE  are  equal  to  the  square  on  BD  and  three  times  the 
square  on  AD. 
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PROPOSITION  11. 

To  divide  a  given  straight  line  into  two  pa/rts,  so  that  il\s 
rectangle  contained  by  the  whole  and  one  pa/rt  may  he  equal 
to  tJie  square  on  the  other  pa/rt'*'. 

Let  AB  be  the  given  straight  line  : 
it  is  required  to  divide  it  into  two  parts  in  a  point  i/,  so 
that  the  rectangle  contained  by  the  whole  line  AB  and  a 
.  part  HB  may  be  equal  to  the  square  on  the  other  part  AH. 

Construction.     On  AB  construct  the  square  ABDC ; 

(I.  Prop.  46.) 

bisect  AGbXE)  (I.  Prop.  10.) 

draw  BE ;  produce  GA  to  F^ 

and  make  EF  equal  to  EB;       (I.  Prop.  3.) 

and  on  AF  construct  the  square  AFGH:    (I.  Prop.  46.) 

then  ^^  is  divided  at  H  so  that  the  rectangle  ABy  HB  is 

equa]  to  the  square  on  AHi 

Produce  GH  to  meet  GD  at  K. 
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Proof.    Because  AG  va  bisected  at  E,  and  produced  to  F^ 

the  sum  of  the  rectangle  FG,  FA^  and  the  square  on  A E  is 

equal  to  the  square  on  FE,  (Prop.  6.) 

But  FE  is  equal  to  EB,  (Constr.) 

Therefore  the  sum  of  the  rectangle  FG,  FAy  and  the  square 
on  AE  is  equal  to  the  square  on  EB, 

But,  because  the  angle  EAB  is  a  right  angle, 
the  square  on  EB  is  equal  to  the  sum  of  the  squares  on 
AE,  AB.  (I.  Prop.  47.) 

*  The  algebraical  equivalent  of  this  problem  is  to  find  the  smaller 
root  of  the  quadratic  equation  ax=  (a—xY^  or  the  positive  root  of  the 
quadratic  equation  a  {a- x)=x\ 
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Therefore  the  sum  of  the  rectangle  FC^  FAy  and  the  square 
on  AEy  is  equal  to  the  sum  of  the  squares  on  AE^  AB, 

Take  away  from  each  of  these  equals  the  square  on  AE'y 
then  the  rectangle  FGy  FA  is  equal  to  the  square  on  AB, 

But  the  figure  FK  is  the  rectangle  contained  by  FG^  FAy 

for  FG  is  equal  to  FA ;  (Constr.) 

and  AB  is  the  square  on  AB ; 
therefore  FK  is  equal  to  AD, 

Take  away  from  these  equals  the  common  part  AK; 
then  FH  is  equal  to  HD. 

But  HD  is  the  rectangle  contained  by  AB,  HB, 

for  AB  is  equal  to  BD ;  (Constr.) 

and  FH  is  the  square  on  AH ; 
therefore  the  rectangle  AB,  HB  is  equal  to  the  square  on 
AH. 

Wherefore  the  straight  line  AB  is  divided  at  H,  so  that 
the  rectangle  AB,  HB  is  eqtial  to  the  square  on  AIL 


EXERCISES. 

1.  Shew  that  in  a  straight  line  divided  as  in  II.  11  the  rectangle 
contained  by  the  sum  and  the  difference  of  the  parts  is  equal  to  the 
rectangle  contained  by  the  parts. 

2.  If  the  greater  segment  of  the  line  divided  in  this  proposition 
be  divided  in  the  same  manner,  the  greater  segment  of  the  greater 
segment  is  equal  to  the  smaller  segment  of  the  original  line. 

3.  Prove  that  when  a  straight  line  is  divided  as  in  this  pro- 
position the  square  on  the  line  made  up  of  the  given  line  and  the 
smaller  part  is  equal  to  five  times  the  square  on  the  larger  part. 

4.  Prove  that  in  the  figure  of  this  proposition  the  squares  on 
AB^  HB  are  together  equal  to  three  times  the  square  on  AH^  and 
that  the  difference  of  the  squares  on  AB^  AH  ia  equal  to  the  rect- 
angle AHt  AB, 

5.  Produce  a  given  straight  line,  so  that  the  rectangle  contained 
by  tiie  whole  line  thus  produced  and  the  given  line  may  be  equal 
to  the  square  on  the  part  produced. 
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PROPOSITION  12. 

In  an  obtuse-angled  triangle,  if  a  perpendicida/r  be  drawn 
from  either  of  ths  acute  a/ngles  to  the  opposite  side  producedy 
the  squa/re  on  the  side  opposite  the  obtuse  angle  is  greater  than 
the  sum  of  the  squares  on  tJie  other  sides,  by  twice  tJie  rect- 
angle contained  by  the  side  on  which,  when  produced,  the  per- 
pendicular falls,  and  the  pa/rt  of  the  produced  side  inter- 
cepted between  the  perpendicular  and  the  obtuse  angle. 

Let  ABC  be  an  obtuse-angled  triangle,  and  let  the  angle 
ACB  be  the  obtuse  angle;  from  the  point  A  let  AD  be 
drawn  perpendicular  to  BC  produced  : 
it  is  required  to  prove  that  the  square  on  AB  is  greater 

than  the  sum  of  the  squares  on  J  (7,  CB,  by  twice  the 

rectangle  BC,  CD. 


Proof.     Because  BD  is  divided  into  two  parts  at  C, 
the  square  on  BD  is  equal  to  the  sum  of  the  squares  on 

BC,  CD,  and  twice  the  rectangle  BC,  CD.  (Prop.  4.) 

To  each  of  these  equals  add  the  square  on  DA ; 
then   the   sum   of   the   squares   on  BD,   DA   is  equal  to 
the  sum  of  the  squares  on  BC,  CD,  DA,  and  twice  the 
rectangle  BC,  CD. 

But,  because  the  angle  at  Z)  is  a  right  angle, 
the  square  on  BA  is  equal  to  the  sum  of  the  squares  on 

BD,  DA, 

and  the  square  on  CA  is  equal  to  the  sum  of  the  squares  on 
CD,  DA.  (I.  Prop.  47.) 

Therefore  the  square  on  BA  is  equal  to  the  sum  of  the 
squares  on  BC,  CA,  and  twice  the  rectangle  BC,  CD ; 

that  is,  the  square  on  BA  is  greater  than  the  sum  of  the 
squares  on  BC,  CA  by  twice  the  rectangle  BC,  CD. 

Wherefore  in  an  obtuse-angled  triable  &c. 
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Outline  of  Alternative  Proof. 

On  the  sides  BC,  CA,  AB  of  an  obtuse-angled  triangle 
ABC,  in  which  the  angle  BAC  is  obtuse,  construct  the 
squares  BI>£!C,  CFGA,  AHKB. 

Draw  ALy  BM,  CN  perpendicular  to  BC,  CAj  AB  and 
produce  them  to  meet  the  opposite  sides  (produced  if  neces- 
sary) of  the  squares  in  P,  Q,  R. 

Draw  AD,  CK, 


It  may  be  proved  that 

(1)     the  triangle  ABD  is  equal  to  the  triangle  KBG 
in  all  respects, 
and     (2)     the  rectangle  BP  is  equal  to  the  rectangle  BR, 

and  similarly  that  CQ  is  equal  to  CP,  and  AR  to  AQ, 
and   hence  that   the  square  on  BC  is   greater  than  the 
sum  of  the  squares  on  CA,  AB  by  twice  the  rectangle 
AR  or  AQ. 

EXEECISES. 

1.  The  sides  of  a  triangle  are  10,  12,  15  inches :  prove  that  it  is 
acute-angled. 

2.  On  the  side  BC  oi  any  triangle  ABC,  and  on  the  side  of  BC 
remote  from  A,  a  square  BDEC  is  constructed.  Prove  that  the 
difference  of  the  squares  on  AB  and  ^C  is  equal  to  the  difference  of 
the  squares  on  AD  and  AE, 

8.  G  is  the  obtuse  angle  of  a  triangle  ABC,  and  D,  E  the  feet  of 
the  perpendiculars  drawn  from  A ,  B  respectively  to  the  opposite  sides 
produced:  prove  that  the  square  on  AB  is  equal  to  the  sum  of  the 
rectangles  contained  by  BC,  BD  &nd'AC,  AE, 

4.  ABC  is  a  triangle  having  the  sides  AB  and  AC  equal ;  AB  is 
produced  beyond  the  base  to  D  so  that  BD  is  equal  to  AB ;  shew  that 
the  square  on  CD  is  equal  to  the  square  on  AB,  together  with  twice 
the  square  on  BC, 
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PROPOSITION  13. 

In  any  tria^igle,  the  sqvxire  on  a  side  subtending  an 
acute  angUf  is  less  thaih  tfie  sum  of  the  squares  on  the  other 
sides,  by  tvnce  the  rectangle  contained  by  either  of  these  sides, 
and  the  part  of  the  side  intercepted  between  tJie  perpendicular 
let  fall  on  it  from  the  opposite  angle,  and  tJie  actUe  angle. 

Let  ABG  be  a  triangle,  and  let  the  angle  ABC  be  an 
acute  angle;  let  ^2>  be  drawn  perpendicular  to  BO  and 
meet  it  (produced  if  necessary)  in  I)  : 

it   is   required  to  prove  that  the  square  on   AG  is  less 
than  the  sum  of  the  squares  on  AB,  BC  by  twice  the 
rectangle  BC,  BD. 
Either  (1)2)  lies  in  BC,  or  (2)  D  coincides  with  C,  or  (3)  D 
lies  in  BC  produced. 

(1)  (2)  (3) 


CD     B 


Proof.     Because  ^g.  (1)  BC  is  divided  in  D,  ^g,  (2)  D 
is  the  same  point  as  C,  or  fig.  (3)  BD  divided  in  C, 
the  sum  of  the  squares  on  BC,  BD  is  equal  to  the  sum  of 
the  square  on  CD,  and  twice  the  rectangle  BC,  BD. 

(I.  Prop.  47  and  II.  Prop.  7.) 
To  each  of  these  equals  add  the  square  on  DA  ; 
then  the  sum  of  the  squares  on  BC,  BD,  DA  is  equal  to 
the   sum   of   the   squares  on    CD,    DA   and   twice  the 
rectangle  BC,  BD. 

But  because  the  angle  BDA  is  a  right  angle, 
the  square  on  AB  is  equal  to  the  sum  of  the  squares  on 

BD,  DA, 
and  the  square  on  ^C  is  equal  to  the  sum  of  the  squares 
on  CD,  DA.  (I.  Prop.  47.) 

Therefore  the  sum  of  the  squares  on  BC,  AB  is  equal  to  the 
.  sum  of  the  square  on  AC  and  twice  the  rectangle  BC,  BD : 
that  is,  the  square  on  AC  is  less  than   the   sum   of  tiie 
squares  on  AB,  BC  by  twice  the  rectangle  BC,  BD. 
Wherefore,  in  any  triangle  «fec. 
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Outline  of  Alternative  Proof, 

On  the  sides  BC,  CA,  AB  of  an  acute-angled  triangle 
ABC  construct  the  squares  BDEC,  CFG  A,  AHKB. 

Draw  ALy  BMy  GN  perpendicular  to  BC,  CA,  AB,  and 
produce  them  to  meet  the  opposite  sides  of  the  squares 
in  P,  Q,  R. 

Draw  AD,  GK. 
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It  may  be  proved  that 

(1)     the  triangle  ABD  is  equal  to  the  triangle  KBG 
in  all  respects, 

and  (2)     the  rectangle  BP  is  equal  to  the  rectangle  BR, 
and  similarly  that  CQ  is  equal  to  GP,  and  AR  to  AQ, 

and  hence  that  the  square  on  BG  is  less  than  the  sum  of 
the  squares  on  GA,  ABhy  twice  the  rectangle  A Q  or  AR, 

EXERCISES. 

1.  In  any  triangle  the  sum  of  the  squares  on  the  sides  is  equal  to 
twice  the  square  on  half  the  base  together  with  twice  the  square  on  the 
straight  line  drawn  from  the  vertex  to  the  middle  point  of  the  base. 

2.  The  base  of  a  triangle  is  given  :  find  the  locus  of  the  vertex, 
when  the  sum  of  the  squares  on  the  two  sides  is  given. 

3.  The  sum  of  the  squares  on  the  sides  of  a  parallelogram  is 
equal  to  the  sum  of  the  squares  on  the  diagonals. 

4.  In  any  quadrilateral  the  squares  on  the  diagonals  are  together 
equal  to  twice  the  sum  of  the  squares  on  the  straight  lines  joining 
the  middle  points  of  opposite  sides. 

5.  The  squares  on  the  sides  of  a  quadrilateral  are  together 
greater  than  the  squares  on  its  diagonals  by  four  times  the  square 
on  the  straight  line  joining  the  middle  points  of  its  diagonals. 


T.  E. 
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PROPOSITION  14. 

To  find  tlie  side  of  a  square  equal  to  a  given  rectangle  J* 

Let  ABCD  be  the  given  rectangle  : 
it  is  required  to  find  the  side  of  a  square  equal  to  ABCD. 

Construction.    If  two  adjacent  sides  BA,  ADh^  equal, 
the  rectangle  is  a  square,  and  BA  or  AD  is  the  line  required. 

But  if  they  be  not  equal, 
produce  one  of  them  BA  to  E, 
and  make  AE  equal  to  AD)       (I.  Prop.  3.) 
bisect  BE  at  F;  (I.  Prop.  10.) 

and  with  F  as  centre  and  FB  as  radius, 

describe  the  circle  BGE, 
and  produce  DA  to  meet  the  circle  in  G ; 

then  AG  is  the  line  required. 

Draw  FG. 


Proof.     Because  BE  is  divided  into  two  equal  parts 
at  F^  and  into  two  unequal  parts  at  A, 

the  sum  of  the  rectangle  BA,  AE  and  the  square  on  FA  is 
equal  to  the  square  on  FE,  (Prop.  5.) 

But  FE  is  equal  to  FG, 
Therefore  the  sum  of  the  rectangle  BA,  AE  and  the  square 
on  FA  is  equal  to  the  square  on  FG, 

*  The  algebraical  equivalent  of  this  problem  is  to  find  the  positive 
root  of  the  quadratic  equation    g^=^ab.  ^ 
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But  because  the  angles  at  A  are  right  angles,  the  square  on 
FG  is  equal  to  the  sum  of  the  squares  on  FA^  AG  ; 

(I.  Prop.  47.) 

therefore  the  sum  of  the  rectangle  BA^  AE  and  the  square 
on  FA^  is  equal  to  the  sum  of  the  squares  on  FAy  AG. 

Take  away  from  each  of  these  equals  the  square  on  FA  ; 
then  the  rectangle  BAy  AF  is  equal  to  the  square  on  AG. 

But  A  BCD  is  the  rectangle  contained  by  BA,  AEy 

since  it  is  contained  by  BAy  AD,  and  ^  j^  is  equal  to  AD. 

Therefore  A  BCD  is  equal  to  the  square  on  AG, 

Wherefore  the  straight  line  AG  has  been  found y  which  is 
the  side  of  a  sqtiare  equal  to  the  given  rectangle  A  BCD, 

Corollary  1.  To  find  the  side  of  a  square  equal  to 
a  given  rectilineal  figwre. 

Construct  a  rectangle,  i.e.  a  parallelogram,  which  has  an 
angle  equal  to  a  right  angle,  equal  to  the  given  figure, 
(I.  Prop.  45),  and  then  use  Proposition  14. 

Corollary  2.  The  square  on  the  perpendicular  from 
any  point  of  a  circle  on  a/ny  diameter  is  equal  to  the  rectangle 
contained  by  the  parts  of  that  diameter  intercepted  between  its 
extremities  and  t/ie  perpendicular. 


EXEBCISES. 

1.  Construct  a  rectangle  equal  to  a  given  square,  and  having 
(1)  the  sum  ^2)  the  difference  of  two  of  its  adjacent  sides  equal  to 
a  given  strai^t  line. 

2.  The  largest  rectangle,  the  sum  of  whose  sides  is  given,  is  a 
square. 

3.  Construct  a  rectangle  equal  to  a  given  square  such  that  the 
difference  of  two  adjacent  sides  shall  be  equal  to  a  given  straight  line. 

4.  Construct  a  right-angled  triangle  equal  to  a  given  rectilineal 
figure  and  such  that  one  of  the  sides  containmg  the  right  angle  is 
double  of  the  other. 

5.  Produce  a  given  straight  line  AB  both  ways  to  C  and  D  so 
that  the  rectangles  CAy  AD  and  CB,  BD  may  be  equal  respectively  to 
two  <''^en  squares. 
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MISCELLANEOUS  EXERCISES. 

1.  In  a  triangle  whose  vertical  angle  is  a  right  angle  a  straight 
line  is  drawn  from  the  vertex  perpendicular  to  the  base:  shew  that 
the  square  on  either  of  the  sides  adjacent  to  the  right  angle  is  equal 
to  the  rectangle  contained  by  the  base  and  the  segment  of  it  adjacent 
to  that  side. 

2.  If  ABC  be  a  triangle  whose  angle  ^  is  a  right  angle,  and 
BE^  CF  be  drawn  bisecting  the  opposite  sides,  four  times  the  sum  of 
the  squares  on  BE  and  CF  is  equal  to  five  times  the  square  on  BC. 

3.  The  hypotenuse  AB  of  a  right-angled  triangle  ABC  is  tri- 
sected in  the  points  D,  E ;  shew  that,  if  CD^  CE  be  joined,  the  sum 
of  the  squares  on  the  three  sides  of  the  triangle  CDE  is  equal  to  two 
thirds  of  the  square  on  AB, 

4.  ABCD  is  a  rectangle,  and  points  Ey  F  are  taken  in  BC,  CD 
respectively.  Prove  that  twice  the  area  of  the  triangle  AEF  together 
with  the  rectangle  BE^  DF  is  equal  to  the  rectangle  AB^  BC, 

5.  On  the  outside  of  the  hypotenuse  BC,  and  the  sides  CA^  AB 
of  a  right-angled  triangle  ABC,  squares  BDEC,  AF,  and  AO  are 
described:  shew  that  the  squares  on  DG  and  EF  are  together  equal 
to  five  times  the  square  on  BC. 

6.  On  the  outside  of  the  hypotenuse  BC  of  b.  right-angled  tri- 
angle ABC  and  on  the  sides  CA,  AB  squares  BDEC,  AF,  AG  are 
constructed:  prove  that  the  difference  of  the  squares  on  DC  and  EF 
is  three  times  of  the  difference  of  the  squares  on  AB  and  AC. 

7.  In  the  hypotenuse  AB  of  a  right-angled  triangle  ACB,  points 
D  and  E  are  taken  such  that  AD  is  equal  to  ^C  and  BE  to  BC; 
prove  that  the  square  on  DE  is  equal  to  twice  the  rectangle  BD,  AE, 

8.  One  diagonal  ^C  of  a  rhombus  ABCD  is  divided  into  any 
two  parts  at  the  point  P ;  shew  that  the  rectangle  AP,  PC  is  equal  to 
the  difference  between  the  squares  on  AB  and  PB. 

9.  In  a  given  straight  line  find  a  point  such  that  the  difiFerenoe 
of  tiie  squares  upon  the  straight  lines  joining  it  to  two  given  points 
may  be  equal  to  a  given  rectangle.  In  what  cases  is  this  problem 
impossible? 

10.  If  a  straight  line  be  drawn  through  one  of  the  angles  of  an 
equilateral  triangle  to  meet  the  opposite  side  produced,  so  that  the 
rectangle  contained  by  the  whole  straight  line  thus  produced  and  the 
part  of  it  produced  is  equal  to  the  square  on  the  side  of  the  triangle, 
the  square  on  the  straight  line  so  drawn  will  be  double  the  square  on 
a  side  of  the  triangle. 

11.  The  square  on  any  straight  line  drawn  from  the  vertex  of  an 
isosceles  triangle  to  any  point  in  the  base  is  less  than  the  square  on  a 
side  of  the  triangle  by  the  rectangle  contained  by  the  segments  of  the 
base. 
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12.  In  the  figure  of  II.  11,  BE  and  CH  meet  at  0 ;  shew  that 
ill  0  is  at  right  angles  to  CH, 

13.  Divide  a  given  straight  line  so  that  the  square  on  one  part  is 
equal  to  the  rectangle  contained  by  the  other  part  and  another  given 
straight  line. 

14.  Divide  a  given  straight  line  so  that  the  rectangle  contained 
by  the  parts  shall  be  equal  to  the  rectangle  contained  by  the  whole 
line  and  the  difference  of  the  parts. 

15.  How  many  triangles  can  be  formed  by  choosing  three  lines 
out  of  six  whose  lengths  are  3,  4, 5, 11,  12  and  13  inches?  How  many 
of  these  triangles  are  (1)  obtuse-angled,  (2)  right-angled,  (3)  acute- 
angled  ? 

16.  Prove  that  the  sum  of  the  squares  on  the  straight  lines 
drawn  from  any  point  to  the  middle  points  of  the  sides  of  a  triangle 
is  less  than  the  sum  of  the  squares  on  the  straight  lines  drawn  from 
the  same  point  to  the  angular  points  of  the  triangle  by  one  quarter 
the  sum  of  the  squares  on  the  sides  of  the  triangle. 

17.  ABDG  is  a  parallelogram  whose  diagonals  intersect  in  0. 
OLy  OM  are  drawn  at  right  angles  to  AB^  AC  meeting  them  in  £, 
M  respectively;  prove  that  the  sum  of  the  rectangles  ABj  AL  and 
ACi  AM  is  double  the  square  on  AO. 

18.  In  a  triangle  ABC  the  angles  B  and  C  are  acute:  if  E,  J^ 
be  the  points  where  perpendiculars  from  the  opposite  angles  meet  the 
sides  ACt  AB,  the  square  on  BC  is  equal  to  the  rectangle  AB^  BF^ 
together  with  the  rectangle  AC,  CE,  What  change  is  made  in  the 
theorem,  if  B  be  an  obtuse  angle? 

19.  Prove  that  the  locus  of  a  point,  whose  distance  from  one  of 
two  fixed  points  is  double  that  from  the  other,  is  a  circle. 

20.  At  £  in  AB  two  equal  straight  lines  BC^  BD  are  drawn 
making  equal  angles  with  AB  and  AB  produced.  Shew  that  the 
difference  of  the  squares  on  ^0  and  AD  is  equal  to  twice  the  rectangle 
AB,  CD. 

21.  If  the  squares  on  the  sides  of  a  quadrilateral  be  equal  to  the 
squares  on  the  diagonals,  it  must  be  a  parallelogram. 

22.  ABC  is  a  triangle  having  the  angle  C  greater  than  the  angle 
JB,  and  D  a  point  in  the  base  BC,  such  that  the  sum  of  the  squares 
on  AB,  AC  is  twice  the  sum  of  the  squares  on  AD,  DB.  Shew  that 
either  D  is  the  middle  point  of  the  base,  or  that  its  distance  from  the 
foot  of  the  perpendicular  from  A  on  BC  is  one  half  of  BC, 

23.  If  a  figure  be  composed  of  a  rhombus  and  the  square 
described  outwards  on  one  of  its  sides,  the  side  of  the  equivalent 
square  is  equal  to  half  the  sum  of  the  diagonals  of  the  rhombus. 

24.  ABC  is  a  triangle  in  which  C  is  a  right  angle,  and  DE  is 
drawn  from  a  point  D  in  ^C7  perpendicular  to  AB;  shew  that  the 
rectangle  AB,  AE  is  equal  to  the  rectangle  AC,  AD, 
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25.  ABC  is  an  acute-angled  triangle ;  perpendiculars  APD,  BPE 
are  drawn  on  BCt  CA  from  the  opposite  angles.  Prove  that  the  rect< 
angle  J3D,  DC  is  equal  to  the  rectangle  AD,  PD, 

26.  At  Bf  CyD  are  the  angular  points  of  a  parallelog^^am,  taken 
in  order.  If  there  be  a  point  P  such  that  the  sum  of  the  rq[uares  on 
PA  and  PC  be  equal  to  the  sum  of  those  on  PB  and.PD,  ABGD  is  a 
rectangle. 

27.  Ay  ByCfD  are  fixed  points,  and  P  is  a  point  such  that  the  sum 
of  the  squares  on  PA,  PB,  PC,  PD  is  constant;  prove  that  P  lies  on 
a  circle,  the  centre  of  which  is  at  the  point  where  the  straight  line 
joining  the  middle  points  of  AB,  CD  cuts  the  straight  line  joining 
the  middle  points  of  AD,  BC. 

28.  A,B,  C,D  are  fixed  points,  and  P  is  a  point  such  that  the 
sum  of  the  squares  on  PA,  PB  is  equal  to  the  sum  of  the  squares  on 
PC,.PD,  Prove  that  the  locus  of  P  is  a  straight  line  at  right  angles' 
to  the  line  joining  the  middle  points  of  AB,  CD,  and  passes  through 
the  intersection  of  the  lines  drawn  perpendicular  to  either  of  the  pairs 
of  lines  AC,  BD  or  AD,  BC  at  their  middle  points. 

29.  In  the  plane  of  a  triangle  ABC  find  a  point  P  such  that  the 
sum  of  the  squares  on  AP,  BP  and  CP  may  be  a  minimum. 

80.  Produce  a  given  straight  line  so  that  the  rectangle  contained 
by  the  whole  liile  thus  produced  and  the  produced  part  may  be  equal 
to  the  square  on  another  given  straight  line. 
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BOOK   III. 


DEFINITIOS. 

Definition  1.     Any  part  of  a  circle  is  called  an  are. 

The  line  which  has  been  defined  (l  Def.  22)  as  a  dicle 
is  often  spoken  of  as  the  drcmnference  of  the  circle. 

The  reason  of  this  is  that  a  cirde  is  defined  in  many  books  as  the 
part  of  the  plane  contained  by  the  line,  which  is  then  called  the 
drcamferenoe. 

Half  of  a  circle  is  called  a  semicircle. 

It  will  be  proved  hereafter  that  a  diameter  bisects  a  oirde,  i.e. 
divides  it  into  two  equal  arcs.    (See  page  175.) 

Definition  2.     A  straight  line  joining  two  points  on  a 
circle  is  called  a  cliord  of  the  circle. 

The  straight  line  joining  the  extremities  of  an  arc  is 
called  the  chord  of  the  arc. 

The  figure  formed  of  an  arc  and  the  chord  of  the  arc  is 
called  a  segment  of  the  circle. 

In  the  diagram  the  straight  lines  AB, 
BG,  GA  are  dhords  of  the  circle  ABG\ 
AFB,  BDGy  GEA  are  arcs. 

The  straight  line  ^B  is  the  chord  of 
the  arc  AFB,  and  it  is  also  the  chord  of 
the  arc  ACB, 

The  figure  formed  of  the  arc  BFEC 
and  the  chord  BG  is  called  the  segment 
BFEG  or  BFAG,  or  more  often  BFG  or 

BEG  or  BAG;  and  the  figure  formed  of  the  arc  BDG  and  the  chord 
BG  is  called  the  segment  BDG. 
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Definition  5.  The  angle  contained  by  tux>  cJwrds  joining 
a  point  in  an  a/rc  of  a  circle  to  the  extremities  of  the  arc  is 
called  an  angle  in  the  arc,  and  the  a/rc  is  said  to  contain  the 
angle. 

An  angle  in  an  arc  is  often  spoken  of  as  an  angle  in  the 
segment  formed  by  the  arc  and  the  chord  of  the  arc,  and 
the  segment  is  said -to  contain  the  angle. 


The  angle  BAG  is  said  to  be  an  angle 
in  the  arc  (or  in  the  segment)  BFC  and 
the  angle  AGE  an  angle  in  the  arc  (or  in 
the  segment)  ABB ;  and  the  arc  (or  the  seg- 
ment) BFG  is  said  to  contain  the  angle 
BAG^  and  the  arc  (or  the  segment)  ABB 
to  contain  the  angle  AGB, 


An  angle  in  an  arc  is  said  to  stand  on  the  a/rc  which 
forms  the  remainder  of  the  circle. 

The  angle  BAG  is  said  to  stand  on  the  arc  BDG,  and  the  angle 
ABG  on  the  arc  AEG. 

Definition  4.  Arcs,  which  contain  equal  angles,  a/re 
said  to  be  similar;  and  likewise  segments,  which  contain 
equal  angles,  are  said  to  be  similar. 


In  the  diagram  the  arcs  ABG^  DEF  are  said  to  be  similar,  when 
the  contained  angles  ABG,  DEF  are  equal;  and  also  the  segments 
ABGt  DEF  are  said  to  be  similar  when  the  contained  angles  ABGy 
DEF  are  equal. 
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Definition  5.  A  pointy  whose  distance  from  the  centre  qf 
a  circle  is  less  than  the  radius  of  the  circle^  is  said  to  he 
within  the  circle ;  and  a  point,  whose  distance  from  the 
centre  of  a  circle  is  greater  than  the  radius  of  t}\A  oirele^  w 
said  to  be  withont  the  circle. 

In  the  diagram  the  point  P  is  within  the  oirole,  its  diftftnot  CP 
from  the  centre  C  being  less  than  the  radius  CA^  and  the  point  Q  is 
without  the  circle,  its  distance  CQ  from  the  centre  C  being  grtAlar 
than  the  radius  GB, 

It  is  clear  that  any  line  drawn  from  a  point  P  within  a  oirolo  to  a 
point  Q  without  the  circle  must  intersect  the  circle  onoe  at  loftlt 
(I.  Postulate  7,  page  14). 


In  the  diagram  the  straight  line  PQ 
meets  the  circle  in  the  points  R  and  S, 
and  the  straight  line  and  the  circle  inter- 
sect at  each  of  those  points. 


Definition  6.  A  straight  line  and  a  circle,  which  pass 
through  a  point  hit  do  not  intersect  there,  are  said  to  touoh 
one  another  at  the  point.  The  straight  line  is  called  a  tan- 
gent to  the  circle. 


In  the  diagram  the  circle  ABC  and 
the  straight  line  DCE  pass  through 
the  point  (7,  but  do  not  intersect  there: 
they  touch  at  the  point  C,  and  DE 
is  a  tangent  to  the  circle  at  the  point 
C. 


T.  K 
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In  the  diagram  the  circles  PRSy 
QR8  meet  at  the  points  R  and  S,  and 
the  circles  intersect  at  each  of  those 
points :  for  instance,  points  on  the 
oirde  PR8  near  R  on  one  side  of  Jt 
lie  vnthin  the  circle  QRS  and  on  the 
other  side  of  R  vnthout  it. 


Definition  7.  Ttuo  circles^  which  pass  through  a  point 
but  do  not  intersect  there,  are  said  to  touch  one  another 
at  the  point. 


In  each  of  the  figures  in  the  diagram  the  circles  ABC^  BDE  pass 
through  the  point  B,  but  do  not  intersect  there:  all  points  on  the 
cirde  ABC  near  B  lie  without  the  circle  BDE:  and  all  points  on 
the  circle  BDE  near  B  in  figure  (1)  lie  without  the  circle  ABC^  and 
in  figure  (2)  lie  within  the  circle  ABC. 

(See  remarks  on  the  contact  of  circles  on  pages  199  and  201.) 


Definition  8.     Circles  which  haxte  tlie  samie  point  for 
a  cevUre  are  said  to  be  concentric. 
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Definition  9.  The  perpendicula/r  drawn  to  a  straight 
line  from  a  point  is  called  the  distance  of  the  straight  line 
from  the  point. 

If  the  distam^es  of  two  straight  lines  from  a  point  he  equal  y 
the  straight  lines  a/re  said  to  be  equidistant  from  the  point. 


In  the  diagram,  if  the  straight  lines  OM,  ON  be  drawn  from  the 
point  0  perpendicalar  to  the  two  straight  lines  AB,  CD,  then 
OM,  ON  are  called  the  distances  of  the  two  straight  lines  AB,  CD 
from  the  point  0. 

If  OM,  ON  be  equal,  the  straight  lines  AB^  CD  are  said  to  be 
equidistant  from  the  point  O. 

If  the  distances  of  ttvo  straight  lines  from  a  point  be 
uiMqualy  the  line  the  distance  of  which  is  the  longer  is  said  to 
be  farther  fix)m  the  point,  and  the  line  the  distance  of  which 
is  tite  shorter  is  said  to  be  nearer  to  the  point. 


In  the  diagram,  if  the  straight  lines  OM,  ON  be  drawn  from  the 
point  O  perpendicular  to  the  two  straight  lines  AB,  CD,  and  if  OM  be 
less  than  ON,  then  CD  is  said  to  be  farther  from  the  point  0  than 
ABy  and  AB  is  s&id  to  be  nearer  to  the  point  0  than  CD. 

12—2 
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Definition  10.  If  all  the  angula/r  jxmUs  of  a  rectilineal 
flgwre  lie  an  a  circle,  tlie  figure  is  said  to  he  inscribed  in  the 
circle,  omd  the  circle  is  said  to  he  described  about  the  figure. 


In  the  diagram,  if  the  angular  points  of  the  triangle  ABC  lie 
on  the  circle  ABC,  the  triangle  ABC  is  said  to  be  inscribed  in  the 
circle  ABC^  and  the  circle  ABC  is  said  to  be  described  about  the  tri- 
angle ABC,  Similarly,  if  the  angular  points  D,  E,  F,  G  of  the 
quadrilateral  DEFG  lie  on  the  circle  BEFG,  the  quadrilateral  DEFG 
is  said  to  be  inscribed  in  the  circle  DEFG^  and  the  circle  DEFG  is 
said  to  be  described  about  the  quadrilateral  DEFG. 


If  all  the  sides  of  a  rectilineal  figure  touch  a  circle,  the 
flgwre  is  said  to  he  detoribed  abont  the  circle,  and  the  circle 
is  said  to  he  inscribed  in  tlie  figure. 


In  the  diagram,  if  the  sides  BC,  CA,  AB  of  the  triangle  ABC  touch 
the  cirde  DEF  at  the  points  D,  E,  F  respectively,  the  triangle  ABC  is 
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said  to  be  described  about  the  circle  DEF,  and  the  circle  DBF  is  said 
to  be  inscribed  in  the  triangle  ABC,  Similarly,  if  the  sides  LGy  GH, 
HK,  KL  of  the  quadrilateral  GHKL  touch  the  circle  MNPQ  at  the 
points  My  Nf  Py  Q  respectively,  the  quadrilateral  GHKL  is  said  to  be 
described  about  the  circle  MNPQy  and  the  circle  MNPQ  is  said  to  be 
inscribed  in  the  quadrilateral  GHKL, 
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PROPOSITION  1. 
A  circle  cannot  have  more  than  one  centre. 

Let  Ahe  &  centre  of  the  given  circle  BCD : 
it  is  required  to  prove  that  no  other  point  can  be  a  centre 
of  the  circle  BCD, 

CoNSTRUCJTiON.     Take  any  point  E  within  the  circle  and 
draw  AE, 

and  produce  AE  both  ways  to  meet  the  circle,  beyond  A 
in  Cy  and  beyond  E  in  D, 


rROOF.     Because  -4  is  a  centre  of  the  circle, 

AC  is  equal  to  AD,  (I.  Def.  22.) 

Now  EC  is  greater  than  AG,  which  is  only  a  part  of  it, 
and  EDj  which  is  only  a  part  of  AD,  is  less  than  AD ; 
therefore  EC  is  greater  than  ED, 
But  a  centre  of  a  circle  is  a  point  from  which  all  straight 
lines  drawn  to  the  circle  are  equal ;  (I.  Def.  22.) 
therefore  E  cannot  be  a  centre  of  the  circle. 
Similarly  it  can  be  proved  that  no  point  other  than  A  can 
be  a  centre. 

Wherefore,  a  circle  ccmnot  have  &c. 

The  definition  of  a  circle  implies  that  the  figure  has  a 
centre  (I.  Def.  22):  it  is  here  proved  that  it  cannot  have 
more  than  one  centre:  we  shall  therefore  for  the  future 
speak  of  the  centre  of  a  circle. 
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PROPOSITION    lA. 

A  diameter  bisects  a  circle. 

Let  ABGD  be  a   circle,    0  the 
centre  and  AOC  a  diameter: 
it  is  required  to  prove  that  the  arcs 
ABCy  ADC  are  equal.  ^ 

Construction.  Draw  any  two 
radii  OP,  OQ  making  equal  angles 
POC,  QOC  with  00.     (I.  Prop.  23.) 

Proof.     It  is  possible  to  shift  the  figure  AOCQD  by 
turning  it  over  so  that  A  00  is  not  shifted, 
and  so  that  the  arcs  ADO,  ABC  lie  on  the  same  side  of  AC. 
If  this  be  done, 

because  the  angle  QOC  is  equal  to  the  angle  POC^ 
OQ  must  coincide  in  direction  with  0P\ 
and  because  OQ  is  equal  to  OP, 

Q  must  coincide  with  P, 
Similarly  it  can  be  proved  that  every  point  on  the  arc  ADC 
must  coincide  with  some  point  on  the  arc  ABC, 
and  every  point  on  the  arc  ABC  with  some  point  on  the 

arc  ADC, 
Therefore  the  arc  ADC  coincides  with  the  arc  ABC, 

and  is  equal  to  it. 

Wherefore,  a  diameter  bisects  &c. 


EXERCISES. 

1.  Prove  by  Buperposition  that  circles,  which  have  equal  radii, 
are  equal. 

2.  Prove  by  superposition  that  equal  circles  have  equal  radii. 

3.  Two  circles,  which  have  a  common  centre,  but  whose  radii  are 
not  equal,  cannot  meet. 

4.  Prove  by  superposition  that  two  diameters  at  right  angles 
divide  a  cirde  into  four  equal  arcs. 
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PROPOSITION  2. 

If  a  HraiglU  line  bisect  a  cJiord  of  a  circle  at  right  angles, 
lite  line  passes  thnmgh  the  centre. 

TuetABhea,  chord  of  the  circle  ABC,  and  let  CBE  be 
the  straight  line  which  bisects  AB  at  right  angles: 

it  is  required  to  prove  that  CDB  passes  through  the  centre 
of  the  circle  ABC. 

CoKSTRUcnoir.     Take  any  point  G  not  in  CE  and  on 
the  same  side  of  CE  as  B. 

Draw  AG  cutting  CB  in  ff,  and  draw  GB,  SB. 


Proof.     Because  in  the  triangles  ADH,  BDH, 

AD  is  equal  to  BD, 
and  DH  to  DH, 
and  the  angle  ADII  \a  equal  to  the  angle  BDII, 
the  triangles  are  equal  in  all  respects;  (I.  Prop.  4.) 

therefore  HA  is  equal  to  HB, 
Therefore  GA,  which  is  the  sum  of  GH,  HA, 
is  equal  to  the  sum  of  GH,  HB, 
And  the  sum  of  GH,  HB  is  greater  than  GB\  (I.  Prop.  20.) 

therefore  GA  is  greater  than  GB, 
But  all  straight  lines  drawn  from  the  centre  to  a  circle  are 

equal.  (I.  Def.  22.) 

Hence  the  point  G  cannot  be  the  centre  of  the  circle. 
Similariy  it  can  be  proved  that  no  point  on  the  same  side 
of  OE  as  A  can  be  the  centre; 

therefore  the  centre  must  be  in  CE, 

Wlierefore,  if  a  straight  line  &c. 
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Corollary  1. 

Only  one  chord  dravm  through  a  point  tuithin  a  circle 
which  is  not  th-e  centre  can  he  bisected  at  the  point. 

Corollary  2. 

If  two  cJiords  of  a  circle  bisect  each  otiier,  their  point  of 
intersection  is  tlie  centre. 


EXERCISES. 


1.  The  straight  line,  which  joins  the  middle  points  of  two  parallel 
chords  of  a  circle,  passes  through  the  centre. 

2.  The  locus  of  the  middle  points  of  parallel  chords  in  a  circle  is  a 
straight  line. 

3.  Two  equal  parallel  chords  of  a  circle  are  equidistant  from  the 
centre. 

4.  Every  parallelogram  inscribed  in  a  circle  is  a  rectangle. 

5.  The  diagonals  of  a  rectangle  inscribed  in  a  circle  are  diameters 
of  the  circle. 

6.  If  PQ,  RS  be  two  parallel  chords  of  a  circle  and  if  PR^  QS  in- 
tersect in  U  and  if  PS,  QR  intersect  in  Vy  then  UV  passes  through 
the  centre. 
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PROPOSITION  3. 

If  a  straight  line  he  drawn  from  Hie  centre  of  a  circle  to 
the  middle  point  of  a  chord,  which  is  not  a  diameter,  it  is  ai 
right  ambles  to  the  chord. 

Let  ABC  be  a  circle  and  H  its  centre,  and  let  D  be 
the  middle  point  of  -45  a  chord,  which  is  not  a  diameter : 
it  is  required  to  prove  tliat  FD  is  at  right  angles  to  AB, 

Construction.    Draw  UA,  EB, 


Proof.     Because  in  the  triangles  ADE,  BDE, 

AD  h  equal  to  BD, 

DE  to  J)E, 
and  EA  to  EB, 
the  triangles  are  equal  in  all  respects;  (I.  Prop.  8.) 
therefore  the  angle  ABE  is  equal  to  the  angle  BDE, 
and  they  are  adjacent  angles. 
Therefore  the  straight  lines  EJ),  AB  are  at  right  angles  to 
each  other.  (I.  Def.  11.) 

Wherefore,  if  a  straight  line  <fec. 
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EXERCISES. 

1.  Why  are  the  words  '*  which  is  not  a  diameter''  inserted  in 
enunciation  of  Proposition  3? 

2.  The  straight  line,  which  joins  the  middle  points  of  two  parallel 
chords  of  a  circle,  is  at  right  angles  to  the  chords. 

3.  Circles  are  described  on  the  sides  of  a  quadrilateral  as  diame- 
ters: shew  that  the  common  chord  of  the  circles  described  on  two 
adjacent  sides  is  parallel  to  the  common  chord  of  the  other  two  circles. 

4.  A  straight  line  is  drawn  intersecting  two  conoentrio  circles: 
prove  that  the  portions  of  the  straight  line  which  are  intercepted 
between  the  circles  are  equal. 

5.  A  straight  line  outs  two  concentric  circles  in  P,  tt^  and  Q,  8 : 
prove  that  the  rectangle  PQ,  QR  and  the  rectangle  PQ^  PS  are  con- 
stant for  all  positions  of  the  line. 
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PROPOSITION  4. 

If  a  straiglU  line  be  drawn  from  the  centre  of  a  drole  at 
right  angles  to  a  chord^  it  bisects  the  chord. 

JjetABC  be  a  circle,  and  D  its  centre,  and  let  the  straight 
line  DE  be  drawn  at  right  angles  to  AB  a  chord,  which 
is  not  a  diameter*: 

it  is  required  to  prove  that  DE  bisects  A  By  that  is,  that 
AE  is  equal  to  BE, 

Ck)NSTRUcnoif.     Draw  DA^  DB. 


Proof.     Because  DB  is  equal  to  DA, 

each  being  a  radius  of  the  circle, 

the  angle  DAB  is  equal  to  the  angle  DBA.  (I.  Prop.  5.) 

And  the  angle  DEA  is  equal  to  the  angle  DEB, 

each  being  a  right  angle. 

Then  because  in  the  triangles  EAD,  EBD, 

the  angle  EAD  is  equal  to  the  angle  EBD, 

and  the  angle  DEA  to  the  angle  DEB, 

and  ED,  a  side  opposite  to  a  pair  of  equal  angles,  is  common, 

the  triangles  are  equal  in  all  respects; 

(L  Prop.  26,  Part  2.) 
therefore  AE  is  equal  to  BE. 

Wlieref<H^  if  a  straight  line  &c. 


*  The  ease  when  the  chord  is  a  diameter  leqoires  no  pioof . 
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In  Propositions  2,  3,  4  we  have  to  deal  with  three 
properties  of  a  straight  line : 

(a)  the  passing  through  the  centre  of  a  circle, 
{h)  the  being  at  right  angles  to  a  given  chord, 
(c)  the  bisecting  the  given  chord. 

It  is  proved  in  these  propositions  that,  if  a  straight  line 
have  any  two  of  these  three  properties,  it  necessarily  has  the 
third  property. 

Proposition  2  deduces  (a)  from  (6)  and  (c) ; 
Proposition  3  deduces  (6)  from  (c)  and  (a); 
Proposition  4  deduces  (c)  from  {a)  and  (6). 


EXERCISES. 

1.  Two  chords  are  drawn  through  a  point  on  a  oirole  equally 
inclined  to  the  radius  drawn  to  the  point :  prove  that  the  chords  are 
equal. 

2.  If  ABPQ,  ABRS  be  two  circles  and  PR,  QS  be  any  two 
parallel  straight  lines  drawn  through  the  points  of  section,  then 
PR,  QS  are  equal. 

3.  If  A  and  B  be  two  fixed  points  and  P  move  so  that  the  per- 
pendicular from  A  on  BP  bisects  BP,  the  locus  of  P  is  a  circle. 

4.  Draw  through  a  point  of  intersection  of  two  circles  a  straight 
line  to  make  equal  chords  in  the  two  circles. 

5.  The  locus  of  the  middle  points  of  all  chords  drawn  through  a 
fixed  point  on  a  circle  is  a  circle. 

6.  If  two  circles  PAB,  QAB  intersect  each  other  at  A,  the  locus 
of  the  middle  point  of  a  straight  line  PQ  drawn  through  ^  is  a  circle. 
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PROPOSITION  5. 

To  find  the  centre  of  a  given  circle. 

Let  ABC  be  a  given  circle: 
it  is  required  to  find  its  centre. 

Construction.     Draw  any  two  chords  which  are  not 
parallel  and  which  cut  the  circle  in  A^  B,  and  in  C,  D. 

Bisect  AB  and  CD  at  ^  and  F;  (I.  Prop.  10.) 

and  draw  EG,  FG  at  right  angles  to  ABy  CD  respectively 
meeting*  at  G :  (I.  Prop.  11.) 

then  G  is  the  centre  of  the  circle  ABC. 


Proof.     Because  the  straight  line  EG  bisects  the  chord 
^^  at  right  angles, 

EG  passes  through  the  centre;  (Prop.  2.) 

and  because  the  straight  line  FG  bisects  the  chord  CD  at 
right  angles, 

FG  passes  through  the  centre.  (Prop.  2.) 

Therefore  the  point  G,  where  the  two  lines  EG,  FG  meet,  is 
the  centre. 

Wherefore,  tJie  centre  G  of  tJie  given  circle  ABC  hcia  been 
found. 

*  The  lines  must  meet.    See  Ex.  2,  p.  51. 
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t^» 


Outline  of  Alternative  Congtr^irlion, 

Draw  any  chord  AB,  of  the  circlo  A  Jl(\ 
Bisect  AB  in  2),  and  draw  EDF  at  right  lUigluM  to  ,( Hy 
meeting  the  circle  in  E  and  F, 
Bisect  EF  in  6^. 


It  may  be  proved  that 

(1)  the  centre  of  the  circle  ABC  in  in  KF\ 

(2)  no  other  point  but  0  can  l>e  th«  oouira. 


EXERCISES. 

1.  Draw  all  the  lines,  which  are  wanted  to  And  the  oentro  of  A 
given  circle, 

(a)  in  the  method  given  in  the  text ; 

(6)  when  the  two  chords  in  this  method  meet  on  the  oirole; 

(c)  in  the  alternative  method  above. 

Which  method  requires  the  fewest  lines  ? 

2.  Draw  through  a  given  point  within  a  circle  a  chord  such 
that  it  is  bisected  at  the  point. 

3.  Describe  a  circle  with  a  given  centre  to  cut  a  given  circle  at 
the  extremities  of  a  diameter. 
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PROPOSITION  6. 
Every  chord  of  a  circle  lies  within  tlie  circle. 

Let  ABhe  the  chord  joining  any  two  points  A]  B  on  the 
circle  ABC'. 

it  is  required  to  prove  that  any  point  on  the  chord  AB 
between  A  and  B  is  within  the  circle. 

Construction.  Find  the  centre  D  of  the  circle;  (Prop.  5.) 
take  any  point  E  on  AB  between  A  and  B  and  draw 
DA,  BE,  DB. 

Proof.     Because   in    the  triangle  ^^.^- --^ 

DAB,  DB  is  equal  to  DA, 
the  angle  DAB  is  equal  to  the  angle 

DBA)      (I.  Prop.  5.) 
but  the  exterior  angle  DEB  of  the  tri- 
angle DAE  is  greater  than  the  inte- 
rior opposite  angle  DAE-,  (I.  Prop.  16.) 
therefore  the  angle   DEB  is   greater 
than  the  angle  DBE. 

And  because  in  the  triangle  DEB,  the  angle  DEB  is  greater 
than  the  angle  DBE, 
the  side  DB  is  greater  than  the  side  DE ;  (I.  Prop.  19.) 
that  is,  DE  is  less  than   DB  which  is  a  radius   of  the 
circle. 
Therefore  the  point  E  is  within  the  circle.  (Def.  5.) 

But  E  is  any  point  on  the  chord  AB  between  A  and  B,  and 
AB  i&  the  chord  joining  any  two  points  on  the  circle. 

Wherefore,  every  chord  of  a  circle  &c. 

EXERCISES. 

1.  If  a  chord  of  a  circle  be  produced,  the  produced  parts  lie 
without  the  circle. 

2.  Describe  a  circle  which  shall  pass  through  two  given  points,  and 
which  shall  have  its  radius  equal  to  a  given  straight  line  greater  in 
length  than  half  the  distance  between  the  points. 

How  many  such  circles  are  possible? 

3.  Draw  a  straight  line  to  cut  two  equal  circles  in  P,  Q  and  22,  S 
so  that  the  straight  lines  PQ,  Qi2, 125  may  be  equal. 

What  condition  is  necessary  that  such  a  straight  line  can  be 
drawn? 
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PROPOSITION  7. 

If  tfjoo  circles  have  a  common  point,  ifiey  cannot  AdM 
the  same  centre. 

Lest  the  two  circles  ABC,  ABE  meet  one  another  at  tlio 
point  A '. 

it  is  required  to  prove  that  they  cannot  have  the  saiuo 
centre. 

Construction.  Find  F  the  centre  of  one  of  the  cirolea 
ABC,  (Prop.  5,) 

Draw  any  straight  line  FCE  meeting  the  circles  at  two 
distinct  points  C  and  E,  and  draw  FA, 


Proof.     Because  F  is  the  centre  of  the  circle  ABC, 

FC  is  equal  to  FA,  (I.  Def.  22.) 

But  FE  is  not  equal  to  FC  \ 
therefore  FE  is  not  equal  to  FA  ; 
that  is,  two  straight  lines  FE,  FA  drawn  to  the  circle  ABE 

from  the  point  F  are  not  equal. 
Therefore  F  is  not  the  centre  of  the  circle  ABE,  (I.  Def.  22.) 
Wherefore,  if  two  circles  ike. 


Corollary. 
Two  concentric  circles  cannot  have  a  com/inon  point. 

T.  E.  13 
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Definition.  A  point  is  said  to  rotate  ahout  another 
27oint,  when  the  first  point  moves  along  a  circle^  of  which  the 
second  point  is  the  centre. 

A  finite  straight  line  is  said  to  rotate  abotU  a  point, 
when  each  of  its  extremities  moves  along  a  circle^  of  which 
the  point  is  the  centre^  while  the  line  re^nains  of  coiistant 
length. 

A  plane  figure  is  said  to  rotate  about  a  point,  wJieneach 
of  two  points  faced  in  the  figure  moves  along  a  circle,  of  which 
the  point  is  the  centre,  while  the  figure  remains  unchanged  in 
shape  and  size. 


ADDITIONAL  PBOPOSITION. 


Any  finite  straight  line  may  be  shifted  from  any  one  position  in  a 
plane  to  any  other  by  rotation  about  some  point  in  the  plane. 

Let  AB,  A'B'  be  any  two  positions  of  a  finite  straight  line  in  a 
plane : 

it  is  required  to  prove  that  the  line  can  be  shifted  from  the  position 
AB  to  the  position  A'B'  by  rotation  about  some  point  in  the  plane. 

Draw  AA'j  BB'  and  bisect  them  in  M,  N,  and  draw  JtfO,  NO  at 
right  angles  to  AA',BB'  meeting  in  0. 
Draw  OA,  OB,  OA',  OB'. 

Because    in     the     triangles 

AOM,  A'OM,    AM   is  equal  to 

A'M,  and  OM  to  OM, 

and  the  angle  OMA  to  the  angle 

OMA', 

the  triangles  are  equal  in  all 

respects;  (I.  Prop.  4.) 
therefore  OA  is  equal  to  OA'.  I? 

Similarly  it  can  be  proved  that  OB  is  equal  to  OB'. 
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Again,  becanse  in  the  triangles  OAB^  OA'B'y 
OA  is  equal  to  0A\  OB  to  0B\  and  AB  to  A'B\ 

the  triangles  are  equal  in  all  respects ;        (I.  Prop.  8.) 
therefore  the  angle  AOB  is  equal  to  the  angle  A' OB' : 
add  to  each  the  angle  BOA' ; 
then  the  angle  AOA'  is  equal  to  the  angle  BOB'. 

It  appears  therefore  that  the  triangle  OAB  can  be  shifted  into  the 
position  OA'B'  by  being  turned  in  its  own  plane  round  the  point  0 
through  an  angle  AOA'  or  BOB'; 
therefore  AB  can  be  shifted  to  A'B'  by  rotation  round  the  point  0. 


EXERCISES. 

1.  About  what  point  must  AB  one  side  of  a  parallelogram  ABCD 
rotate  in  order  to  take  (1)  the  position  CD,  (2)  the  position  BG^ 

^  2.    Prove  that,  when  a  straight  line  rotates  about  a  point,  every 
point  in  the  line  rotates  about  the  point  through  the  same  angle. 

3.  Any  triangle  can  be  shifted  from  any  one  position  to  any 
other  position,  which  it  can  occupy  in  the  same  plane  without  being 
turned  over,  by  rotation  about  some  point  in  the  plane. 

4.  Prove  that,  when  a  plane  figure  rotates  about  a  point,  every 
point  in  the  figure  rotates  about  the  point  through  the  same  angle. 

5.  Describe  an  equilateral  triangle  of  which  one  angular  point  is 
given  and  the  others  lie  on  two  given  straight  lines. 

How  many  solutions  are  there  ? 

6.  Construct  an  equilateral  triangle,  one  of  whose  angular  points 
is  given  and  the  other  two  lie  one  on  each  of  two  given  circles. 

Find  the  limits  of  the  position  of  the  given  point  which  admit  of  a 
possible  solution. 

7.  Construct  a  square  to  have  one  vertex  at  a  fixed  point  and  two 
opposite  vertices  on  two  given  straight  lines. 
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PROPOSITION  8.     Part  1. 

Of  all  straight  lines  drawn  to  a  circle  from  a  point  on  tJie 
circle,  the  line  which  is  a  diameter  is  the  greatest;  and  of  amf 
tvx>  others.  Hie  one  which  subtends  the  greater  angle  at  the 
centre  is  the  greater. 

Let  CDJS  be  a  given  circle,  A  its  centre,  and  B  any 
point  on  the  circle;  let  BAB  be  a  diameter,  and  let  BC,  BD 
be  any  other  two  straight  lines  drawn  from  B  to  the  circle, 
and  of  the  angles  BAG,  BAD  subtended  by  BC,  BD  at  A 
let  the  angle  BAD  be  the  greater : 

it  is  required  to  prove  that  BE  is  greater  than  BD,  and  BD 

greater  than  BG, 


!Proop.     Because  -4iE^  is  equal  to  AD, 

therefore  BE,  which  is  the  sum  of  BA,  AE, 

is  equal  to  the  sum  of  BA,  AD\ 

but  the  sum  of  BA,  AD  is  greater  than  BD  \    (I.  Prop.  20.) 

therefore  BE  is  greater  than  BD. 

Next,  because  in  the  triangles  BAD,  BAG, 

AD  is  equal  to  AG, 

and  BA  to  BA, 

and  the  angle  BAD  is  greater  than  the  angle  BAG, 

therefore  BD  is. greater  than  BG,     (I.  Prop.  24.) 

Wherefore,  of  all  straight  lines  &c. 

Corollary. 
A  diaaneter  is  the  greatest  chord  of  a  circle* 
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EXERCISES. 

1.  If  two  chords  of  a  circle  subtend  equal  angles  at  the  centre, 
they  are  equal. 

2.  If  two  chords  of  a  circle  be  equal,  they  subtend  equal  angles 
at  the  centre. 

3.  Of  any  two  chords  in  a  circle  the  one  which  subtends  the 
greater  angle  at  the  centre  is.  the  greater. 
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PROPOSITION  8.     Part  1. 

Of  all  straight  lines  drawn  to  a  circle  from  a  point  on  ilie 
circley  the  line  which  is  a  diarneter  is  tlie  greatest;  and  of  a/ny 
two  othersy  the  one  which  subtends  the  greater  angle  at  the 
centre  is  the  greater. 

Let  CDE  be  a  given  circle,  A  its  centre,  and  B  any 
point  on  the  circle;  let  BAE  be  a  diameter,  and  let  BC,  BI) 
be  any  other  two  straight  lines  drawn  from  B  to  the  circle, 
and  of  the  angles  BAC,  BAD  subtended  by  BG,  BD  at  A 
let  the  angle  BAD  be  the  greater: 

it  is  required  to  prove  that  BE  is  greater  than  BDy  and  BD 

greater  than  BG. 


!Proop.     Because  ^^  is  equal  to  -4/), 

therefore  BE,  which  is  the  sum  of  BA^  AEy 

is  equal  to  the  sum  of  BA,  AD: 

but  the  sum  of  BA^  AD  i&  greater  than  BD ;    (I.  Prop.  20.) 

therefore  BE  is  greater  than  BD. 

Next,  because  in  the  triangles  BADy  BAG, 

AD  is  equal  to  AG, 

and  BA  to  BA, 

and  the  angle  BAD  is  greater  than  the  angle  BAGy 

therefore  BD  is, greater  than  BG,     (I.  Prop.  24.) 

Wherefore,  of  all  straight  lines  &c. 

Corollary. 
A  diameter  is  the  greatest  chord  of  a  circUi 
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PROPOSITION  8.     Part  2. 

Of  all  straight  lines  drawn  to  a  circle  from  an  internal 
point  not  the  centre,  the  one  which  passes  through  tlie  centre 
is  the  greatest',  and  the  one  which  when  produced  passes 
through  the  centre  is  the  least ;  and  of  any  two  others,  the  one 
which  subtends  the  greater  angle  at  tJie  centre  is  the  greaier. 

Let  CDE  be  a  given  circle,  A  its  centre  and  B  any  other 
internal  point;  let  BA  produced  beyond  A  cut  the  circle 
in  E,  and  produced  beyond  B  in  F,  and  let  BC,  BD  be  any 
other  two  straight  lines  drawn  from  B  to  the  circle,  and 
of  the  angles  BAC,  BAD  subtended  by  BG,  BD  at  A  let  the 
angle  BAD  be  the  greater: 

it  is  required  to  prove  that  BE  is  greater  than  BD, 
BD  greater  than  BC,  and  BC  greater  than  BF, 


Pboop.     Because  AE  is  equal  to  AD, 
therefore  BE,  which  is  the  sum  of  BA,  AE,  is  equal  to 

the  sum  of  BA,  AD ; 
but  the  sura  of  BA,  AD  is  greater  than  BD;    (I.  Prop.  20.) 
therefore  BE  is  greater  than  BD. 
Next,  because  in  the  triangles  BAD,  BAC, 

AD  is  equal  to  AC, 
BA  to  BA, 
and  the  angle  BAD  is  greater  than  the  angle  BAC, 
therefore  BD  is  greater  than  BC,      (I.  Prop.  24.) 
Again,  because  the  sum  of  BC,  BA  is  greater  than  AC, 

(I.  Prop.  20.) 
and  AC  is  equal  to  AF,  which  is  the  sum  of  BF,  BA, 
therefore  the  sum  of  BC,  BA  is  greater  than  the  sum  of 

BF,  BA, 
Therefore  BC  is  greater  than  BF. 

Wherefore,  ofaU  straight  lines  <kc, 
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PROPOSITION  8.     Part  3. 

Of  aU  straight  lines  drawn  to  a  circle  from  an  external 
point,  the  one  which  passes  through  the  centre  is  the  grea/test, 
and  Hie  one  which  when  prodiu^ed  passes  through  the  centre 
is  the  least ;  and  of  any  two  others,  the  one  which  subtends 
the  greater  angle  at  the  centre  is  the  greater. 

Let  CDJE  be  a  given  circle,  A  its  centre  and  B  a 
given  external  point;  let  BA  cut  the  circle  in  F  and  let 
BA  produced  cut  the  circle  in  E,  and  let  BD,  BG  be  any 
other  two  straight  lines  drawn  from  B  to  the  circle,  and 
of  the  angles  BAG,  BAD  subtended  by  BG,  BD  at  A  let  the 
angle  BAD  be  the  greater ; 

it  is  required  to  prove  that  BE  is  greater  than  BD, 
BD  greater  than  BG,  and  BG  greater  than  BF, 


Proof.     Because  AE  is  equal  to  AD, 

therefore  BE,  which  is  the  sum  of  BA,  AE, 
is  equal  to  the  sum  of  BA,  AD : 
but  the  sum  of  BA,  AD  is  greater  than  BD  -,   (I.  Prop.  20.) 
therefore  BE  is  greater  than  BD, 
Next,  because  in  the  triangles  BAD,  BAG, 

AD  is  equal  to  AG, 

and  BA  to  BA, 

and  the  angle  BAD  is  greater  than  the  angle  BAG, 

therefore  BD  is  greater  than  BG.    (I.  Prop.  24.) 
Again,  because  the  sum  of  BG,  GA  is  greater  than  BA, 

(I.  Prop.  20.) 
which  is  the  sum  of  BF,  FA, 
and  because  GA  is  equal  to  FA, 
therefore  BG  is  greater  than  BF. 
Wherefore,  of  all  straight  lines  <fec. 
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We  oonolade  from  the  results  of  the  seToral  Parts  of  Proposition  8 
that,  if  0  be  a  fixed  point  on  the  diameter  ^C  of  a  circle  ABCD  nearer 
to  A  than  to  C  and  P  be  a  point  which 
is  capable  of  motion  along  the  circum- 
ference in  the  direction  represented  by 
the  arrow,  while  P  is  moving  along  the 
arc  ABC  from  A  io  G  the  distance  OP 
increases  continuously  from  OA  to  0(7, 
and  while  P  is  moving  along  the  arc 
CD  A  from  G  io  A^  the  distance  OP 
decreases  continuously  from  OG  to  OA, 

We  say  therefore  that  OG  is  a  maximum  value  of  OP^  and  OA  is  a 
minimum  value.    (See  remarks  on  page  55.) 

It  may  be  observed  here  that,  if  P  travel  round  the  circle  any 
number  of  times,  it  passes  G  and  A  alternately.  It  appears  therefore 
that  here  maximum  and  minimum  values  occur  alternately. 

The  occurrence  of  maximum  and  minimum  values  alternately  is 
true  generally  in  the  case  of  quantities  which  vary  continuously, 
i.e.  quantities  whose  magnitude  changes  without  suffering  any  abrupt 
changes. 


EXERCISES. 

1.  Find  the  shortest  distance  between  two  points  one  on  each 
of  two  circles  which  do  not  meet. 

2.  A  and  B  are  two  fixed  points;  it  is  required  to  find  a  point 
P  on  a  given  circle,  so  that  the  sum  of  the  squares  on  AP  and  BP 
may  be  ti^e  least  possible. 

Under  what  conditions  is  the  solution  indeterminate? 
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PROPOSITION  9. 

From,  a  point  not  the  centre  not  more  than  two  equal 
straight  lines  can  he  drawn  to  a  circle^  one  on  each  side  of 
the  straight  line  drawn  from,  that  point  to  the  centre. 

Let  -4  be  a  given  point,  and  BCD  a  given  circle, 
and  let  AB,  AD  be  two  equal  straight  lines  drawn  from  A 

to  the  circle : 
it  is  required  to  prove  that  no  other  straight  line  equal  to 

AB  ov  AD  can  be  drawn  from  A  to  the  circle. 

Construction.     Find  E  the  centre  of  the  circle; 

(Prop.  5.) 
draw  EA,  EB,  ED. 


D  D 

Proof.     Take  C  any  point  of  the  circle  on  the  same  side 
of  AE  as  AB, 

Because  B  and  C  are  equidistant  from  E, 
they  cannot  be  equidistant  from  A.     (I.  Prop.  7.) 
Therefore  there  cannot  be  another  straight  line  equal  to 
AB  drawn  from  A  to  the  circle  on  the  same  side  oi  AE 
as  AB. 
Similarly  it  can  be  proved  that  there  cannot  be  another 
straight  line  equal  to  AD  drawn  from  A  to  the  circle  on 
the  same  side  oi  AE  qj&  AD. 

Wherefore,  froin  a  point  (fee. 

Corollary  1. 

If  from  a  point  three  eqv^l  straight  lines  can  he  drawn 
to  a  circle,  tliat  point  is  the  centre. 

Corollary  2. 
Two  circles  cannot  meet  in  more  than  two  points. 
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■ 

If  the  straight  line  AB  drawn  to  the  circle  from  a  point  A  not 
the  centre  be  in  the  same  straight  line  as  the  centre  of  the  circle,  no 
other  straight  line  can  be  drawn  to  the  circle  from  the  point  A  equal 
to  AB.  The  line  AB  is  in  this  case  either  a  maximum  or  a  minimum 
among  the  straight  lines  drawn  from  the  point  A  to  the  circle ;  it  is  a 
maximumt  if  £  be  at  the  farther  extremity  of  the  diameter  through  A, 
and  a  minimum,  if  B  be  at  the  nearer  extremity. 


EXEBCISES. 

1.  If  from  any  point  within  a  circle  two  straight  lines  be  drawn 
to  the  circumference  making  equal  angles  with  the  straight  line  joining 
the  point  and  the  centre,  the  lines  are  equal  in  length. 

2.  Construct  an  equilateral  triangle,  having  two  of  its  vertices  on 
a  given  circle  and  the  third  at  a  given  point  within  the  circle. 

8.  Construct  a  square  having  one  vertex  at  a  given  point  and  two 
opposite  vertices  on  a  given  circle. 


190  BOOK  II L 

PROPOSITION  8.     Part  2. 

Of  all  straight  lines  drawn  to  a  circle  from,  a/n  internal 
point  not  the  centre^  the  one  which  passes  through  tliA  centre 
is  the  greatest',  and  the  one  which  when  produced  passes 
through  the  centre  is  the  least ;  and  of  any  two  others,  the  one 
which  subtends  the  greater  angle  at  tlie  centre  is  the  greater. 

Let  CDE  be  a  given  circle,  A  its  centre  and  B  any  other 
internal  point;  let  BA  produced  beyond  A  cut  the  circle 
in  Ey  and  produced  beyond  B  in  F,  and  let  BC,  BD  be  any 
other  two  straight  lines  drawn  from  B  to  the  circle,  and 
of  the  angles  BAG,  BAD  subtended  by  BC,  BD  at  A  let  the 
angle  BAD  be  the  greater: 

it  is  required  to  prove  that  BE  is  greater  than  BD, 
BD  greater  than  BC,  and  BG  greater  than  BF, 


Proof.     Because  AE  is  equal  to  AD, 
therefore  BE,  which  is  the  sum  of  BA,  AE,  is  equal  to 

the  sum  of  BA,  AD; 
but  the  sum  of  BA,  AD  is  greater  than  BD;    (I.  Prop.  20.) 
therefore  BE  is  greater  than  BD, 
Next,  because  in  the  triangles  BAD,  BAG, 

AD  is  equal  to  AG, 
BA  to  BA, 
and  the  angle  BAD  is  greater  than  the  angle  BAG, 
therefore  BD  is  greater  than  BG,      (I.  Prop.  24.) 
Again,  because  the  sum  of  BG,  BA  is  greater  than  AG, 

(I.  Prop.  20.) 
and  AG  is  equal  to  AF,  which  is  the  sum  of  BF,  BA, 
therefore  the  sum  of  BG,  BA  is  greater  than  the  sum  of 

BF,  BA, 
Therefore  BG  is  greater  than  BF, 

Wherefore,  of  all  straight  lines  &c, 


PROPOSITION  8.     PART  2.  191 


EXEBCISES. 

1.  If  two  straight  lines  drawn  to  a  circle  from  an  internal  point 
not  the  centre  be  equal,  they  subtend  equal  angles  at  the  centre. 

2.  If  two  straight  lines  drawn  to  a  circle  from  an  internal  point 
not  the  centre  subtend  equal  angles  at  the  centre,  they  are  equal. 

3.  If  each  of  two  equal  straight  lines  have  one  extremity  on  one 
of  two  concentric  circles  and  the  other  extremity  on  the  other,  the 
lines  subtend  equal  angles  at  the  common  centre. 
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PROPOSITION  11. 

If  two  circles  meet  at  a  point,  which  lies  in  tJie  same 
straight  line  as  their  centres  and  is  between  the  centres,  the 
circles  touch  at  that  point,  and  each  circle  lies  witlwut  the 
other. 

Let  ABC,  ADE  be  two  circles  meeting  at  a  point  A, 
which  is  in  the  same  straight  line  as  their  centres,  and  is 
between  the  centres  : 

it  is  required  to  prove  that  the  circles  touch  at  A,  and  that 
each  circle  lies  without  the  other. 

Construction.     Find  the  centres  F,   G  of  the  circles 

ABC,  ADE,  (Prop.  5.) 

draw  FG,  which  by  the  hypothesis  passes  through  A. 

Take  any  point  U  on  the  circle  ABC, 

and  draw  FH,  EG. 


Proof.     Because  the  sum  of  FlI,  IIG  is  greater  than 
FG,  (1.  Prop.  20.) 

that  is,  greater  than  the  sum  of  FA,  AG, 
and  FH  is  equal  to  FA, 
therefore  HG  is  greater  than  AG. 
But  -4G^  is  a  radius  of  the  circle  ADE\ 
therefore  the  distance  of  the  point  U  from  the  centre  of 
the  circle  ADE  is  greater  than  the  radius,  and  H  there- 
fore is  without  the  circle  ADE.  (Dei  5.) 
Therefore  every  point  on   the   circle  ABC  except  A  lies 

without  the  circle  ADE. 
Therefore  the  circles  touch  at  A .  (Def.  7.) 

Similarly  it  can  be  proved  that  every  point  on  the  circle 
ADE  except  A  lies  without  the  circle  ABC. 

Wherefore,  if  two  circles  <fec. 
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When  one  circle  touches  another  circle  which  lies 
without  it,  the  first  circle  is  said  to  have  external  contact 
with  the  second  circle. 


In  the  diagram  each  of  the 
circles  ^BC7,  BDE  has  external  con- 
tact with  the  other  at  the  pomt  B, 


EXEEGISES. 

1.  If  the  distance  between  the  centres  of  two  circles  be  greater 
than  the  sum  of  their  radii,  each  circle  lies  without  the  other. 

2.  Prove  that  in  all  cases  the  greatest  distance  between  two  points 
one  on  each  of  two  given  circles  is  greater  than  the  distance  between 
the  centres  by  the  sum  of  the  radii. 

3.  Of  two  equal  circles  of  given  radius,  which  touch  externally  at 
P,  one  touches  OX  and  the  other  touches  OF,  where  OZ,  OY  are  two 
given  straight  lines  at  right  angles  to  each  other :  prove  that  the  locus 
of  P  is  an  equal  circle. 

Shew  that  there  are  four  such  loci. 

4.  If  two  equal  circles  touch,  every  straight  line  drawn  through 
the  point  of  contact  will  make  equal  chords  in  the  two  circles. 

5.  Given  two  concentric  circles,  draw  a  chord  of  the  outer  which 
shall  be  trisected  by  the  inner  circle. 

6.  Three  circles  touch  one  another  externally  at  the  points 
A,  B,  G\  the  straight  lines  AB,  AC  are  produced  to  cut  the  cu-cle 
2JG  &tD  and  E:  shew  that  DE  is  a  diameter  of  jBC,  and  is  parallel  to 
the  straight  line  joining  the  centres  of  the  other  circles. 
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PROPOSITION  12. 

If  two  circles  meet  at  a  pointy  which  lies  in  the  same 
straight  line  as  their  centres  and  is  not  between  the  centres^ 
the  circles  touch  at  that  point,  and  one  of  the  circles  lies 
toithin  the  other. 

Let  ABC,  ADE  be  two  circles  meeting  at  a  point  A, 
which  is  in  the  same  straight  line  as  their  centres  and  is 
not  between  the  centres  ; 

it  is  required  to  prove  that  the  circles  touch  at  A,  and  that 
one  of  the  circles  lies  within  the  other. 

Construction.  Find  the  centres  F,  G  of  the  circles 
ABC, ADE',  (Prop.  5.) 

draw  FG,  and  produce  FG  which  by  the  hypothesis  passes 

through  A,    Let  ADE  be  the  circle  whose  centre  G  is  the 

nearer  to  A. 
Take  H  any  point  on  the  circle  ADE,  and  draw  FH,  HG. 


Proof.     Because  GA  is  equal  to  GH, 
FA,  which  is  the  sum  of  FG,  GA,  is  equal  to  the  sum  of 

FG,  GH; 
but  the  sum  of  FG,  GH  is  greater  than  FH\   (L  Pi-op.  20.) 
therefore  FA  is  greater  than  FH, 
But  FA  is  a  radius  of  the  circle  ABC  \ 
therefore  the  distance  of  the  point  H  from  the  centre  of 
the  circle  ABC  is  less  than  the  radius,  and  H  therefore 
is  within  the  circle  ABC  \ 
therefore  every  point  on  the  circle  ADE  except   A  lies 

within  the  circle  ABC, 
Therefore  the  circles  touch  at  A,  (Def.  7.) 

Wherefore,  if  two  circles  <kc. 


PROPOSITION  12.  201 

When  one  circle  touches  another  circle^  which  lies 
within  it,  the  first  circle  is  said  to  have  internal  contact 
with  the  second  circle. 

Two  circles  can  have  external  contact  with  each  other, 
but  two  circles  cannot  have  internal  contact  with  each 
other.  If  one  circle  have  internal  contact  with  another 
circle,  the  second  circle  has  external  contact  with  the  first 
circle. 


In  the  diagram  the  circle  ABC  has 
internal  contact  with  the  circle  JBDE,  but 
the  circle  BDE  has  external  contact  with 
the  cirde  ABC  at  the  point  B* 


EXEBGISES. 

1.  Describe  a  circle  passing  through  a  given  point  and  touching  a 
given  circle  at  a  given  point. 

2.  If  in  any  two  given  circles  which  touch  one  another,  there  be 
drawn  two  parallel  diameters,  the  point  of  contact  and  an  extremity  of 
each  diameter,  lie  in  the  same  straight  line. 

3.  Describe  a  circle  which  sbsdl  touch  a  given  circle,  have  its 
centre  in  a  given  straight  hne,  and  pass  through  a  given  point  in  the 
given  straight  line. 

4.  Describe  a  circle  of  given  radius  to  pass  through  a  given  point 
and  to  touch  a  given  circle. 

What  conditions  are  necessary  that  a  solution  may  be  possible  ? 


T.  E.  14 
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PROPOSITION  13. 

If  two  circles  have  a  point  of  contact^  they  do  not  meet  at 
any  other  point. 

Let   ABC^  ALE  be  two  circles  which    touch  at    the 
point  A : 

it  is  required  to  prove  that  the  circles  do  not  meet  at  any 
other  point. 

Construction.     Find  F^  G  the  centres  of  the  circles 
ABC,  ABE.  '  (Prop.  5.) 


Proof.    Because  the  circles  ABC,  ADE  touch, 
the  point  of  contact  A  must  lie  in  the  straight  line  FG  or  in 
FG  produced.  (Prop.  10,  CorolL) 

First  {Icig,  1)  let  the  point  A  lie  in  FG : 
then  because  the  circles  ABC,  ADE  meet  at  a  point  A  in 
the  same  straight  line  FG  as  their  centres  and  between 
the  centres, 

each  circle  lies  without  the  other.  (Prop.  11.) 

Secondly  (fig.  2)  let  the  point  A  lie  in  FG  produced  : 
then  because  the  circles  ABC,  ADE  meet  at  a  point  A  in 
the  same  straight  line  FG  as  their  centres  and  not  between 
the  centres, 

one  circle  lies  within  the  other.  (Prop.  12.) 

Therefore  in  neither  case  can  the  circles  meet  at  any  point 
other  than  A. 

Wherefore,  if  two  circles  <kc. 


PROPOSITION  13.  203 

We  infer  as  a  result  of  Propositions  9 — 13  that  two 
circles  must  be  such  that  they  either 

(a)  intersect  in  two  distinct  points, 

or  (6)  touch  at  one  point,  which  is  in  the  straight 
line  joining  the  centres, 

or  (c)  do  not  meet. 


EXEBCISES. 

1 .  What  is  the  greatest  number  of  contacts  which  may  exist  among 

(1)  three,  (2)  four  circles  ? 

2.  Describe  three  circles  to  have  their  centres  at  three  given 
points,  and  to  touch  each  other  in  pairs. 

8.  Into  how  many  parts  will  three  circles  divide  a  plane?  Dis- 
tingoish  between  the  different  cases  which  may  occur,  when  the 
circles  intersect  or  touch. 


14—2 
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PROPOSITION  14.     Pabt  1. 

Chords  of  a  circle,  which  cire  equal,  are  equidisUmt  from 
the  centre. 

Let  AB,  CD  be  two  equal  chords  of  the  circle  ABCD : 
it  is  required  to  prove  that  AB,  CD  are  equidistant  from 
the  centre. 
Construction.    Find  E  the  centre  of  the  circle  ABCD; 

(Prop.  5.) 
and  from  E  draw  EF,  EG  at  right  angles  to  AB,  CD. 

(I.  Prop.  12.) 
Draw  EA,  EC. 

D 
A 


B 

Proof.  Because  the  straight  line  EF  is  drawn  through 
the  centre  of  the  circle  at  right  angles  to  the  chord  AB,  it 
bisects  it ;  (Prop.  4.) 

that  is,  AB  is  double  of  AF. 
Similarly  it  can  be  proved  that  CD  is  double  of  CG. 

But  AB  is  equal  to  CD  ; 
therefore  AF  is  equal  to  CG. 
Next,  because  the  angles  AFE,  CGE  are  right  angles, 
the  square  on  AE  is  equal  to  the  sum  of  the  squares  on 

AF,  FE, 
and  the  square  on  CE  is  equal  to  the  sum  of  the  squares  on 
CG,  GE.  (I.  Prop.  47.) 

And  because  AE  is  equal  to  CE, 
the  square  on  ^j^  is  equal  to  the  square  on  CE. 
Therefore  the  sum  of  the  squares  on  AF,  FE  is  equal  to  the 
sum  of  the  squares  on  CG,  GE. 

Because  AF  is  equal  to  CG, 
the  square  on  AF  is  equal  to  the  square  on  CG; 
therefore  the  square  on  FE  is  equal  to  the  square  on  GE. 
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Therefore  FE  is  equal  to  GEy 
that  is,  ABy  CD  are  distant  from  the  centre. 

(Def.  9.) 
Wherefore,  chorda  of  a  circle  &c. 


EXEBGISES. 

1.  Chords  of  a  oirole,  whioh  are  equal,  subtend  equal  angles  at 
the  centre. 

2.  Chords  of  a  cirde,  which  subtend  equal  angles  at  the  centre, 
are  equidistant  from  the  centre. 
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PROPOSITION  U.    Part  2. 

Chords  of  a  circle^  which  are  equidistcmt  from  the  centre^ 
are  equal. 

Let  A  By  CD  be  two  chords  of  the  circle  A  BCD  equi- 
distant from  the  centre : 

it  is  required  to  prove  that  ^^  is  equal  to  CD, 

Construction.     Find  E  the  centre  of  the  circle  ABCD\ 

(Prop.  5.) 
and  from  E  draw  EF^  EG  at  right  angles  to  A  By  CD, 

(T.  Prop.  12.) 
Draw  EA,  EC, 


Proof.  Because  the  straight  line  EF  is  drawn  through 
the  centre  of  the  circle  at  right  angles  to  the  chord  AB^  it 
bisects  it ;  (Prop.  4.) 

that  is,  AB  \&  double  of  AF, 
Similarly  it  may  be  proved  that  CD  is  double  of  CG, 
Next,  because  the  angles  AFEy  CGE  are  right  angles, 
the  square  on  AE  is  equal  to  the  sum  of  the  squares  on 

AFy     FEy 

and  the  square  on  CE  is  equal  to  the  sum  of  the  squares  on 

CGy  GE.  (I.  Prop.  47.) 

And  because  AE\&  equal  to  CEy 

the  square  on  AE  is  equal  to  the  square  on  CE, 

Therefore  the  sum  of  the  squares  on  AFy  FE  is  equal  to  the 

sum  of  the  squares  on  019,  GE, 

Because  EF  is  equal  to  EGy 
the  square  on  EF  is  equal  to  the  square  on  EG\ 
therefore  the  square  on  AF  is  equal  to  the  square  on  CG  \ 

therefore  AF  is  equal  to  CG, 
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And  it  lias  been  proved  that  AB  is  double  of  AF^  and  CD 
of  CG. 

Therefore  AB  i^  equal  to  CD, 
Wherefore,  chords  of  a  circle  &c. 


Parts  1   and  2  of  Proposition  14  are  the  converses  of 
each  other. 


EXEBGISES.  • 

1.  In  a  circle  chords,  which  are  equidistant  from  the  centre, 
subtend  equal  angles  at  the  centre. 

2.  In  a  cuole  chords,  which  subtend  equal  angles  at  the  centre, 
are  equal. 
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PROPOSITION  15.    Pabt  1. 

Of  any  two  chords  of  a  circle  the  one  which  is  the  greater 
is  the  nearer  to  the  centre. 

Let  AB^  CD  be  two  chords  of  the  circle  ABCD,  of  which 
AB  is  greater  than  CD : 

it  is  required  to  prove  that  AB  is  nearer  to  the  centre  than 
CD, 

CoNSTRUcrriON,     Find  £  the  centre  of  the  circle  ABCD; 

(Prop.  5.) 
and  from  E  draw  £Fj  EG  at  right  angles  to  AB^  CD. 

(I.  Prop.  12.) 
Draw  EA,  EC. 


Proof.     Because  the  straight  line  EF  is  drawn  through 
the  centre  at  right  angles  to  the  chord  AB^ 

AF  is  equal  to  FB,  (Prop.  4.) 

and  AB  is  double  of  AF, 
Similarly  it  can  be  proved  that  CD  is  double  of  CG. 
But  ^  J^  is  greater  than  CD ; 
therefore  iii^  is  greater  than  CG, 
Next)  because  the  angles  AFEy  CGE  are  right  angles, 
the  square  on  A£  is  equal  to  the  sum  of  the  squares  on 

AF,  FE, 
and  the  square  on  CE  is  equal  to  the  sum  of  the  squares  on 
CG,  GE,  (I.  Prop.  47.) 

And  because  AE  is  equal  to  CE, 
the  square  on  AE  is  equal  to  the  square  on  CE, 
Therefore  liie  sum  of  the  squares  on  AF,  FE  is  equal  to 
the  sum  of  the  squares  on  CG,  GE; 
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Because  AF  is  grea2«r  tiian  CG^ 

the  sq[iiare  on  Al^  is  greaser  tLac  tJbe  sqnaie  on  C6'; 

therefore  the  square  on  F£  is  less  tiiau  the  square  on  GE, 

Tboefore  F£  is  ksss  tlian  6'jP, 

that  is^  AB  is  nearer  to  tiie  eentre  than  C/'. 

Wherefore,  ofatt^  ttoo  ^yordt  kfs^ 


EXEBCISES. 


1.  Prove  that  everf  rtnujgfat  fine,  lAoA.  makes  eqosl  cfaoids  in 
two  eqnal  ebeles,  is  psnJIri  to  the  rtiaight  line  joining  the  eenties  or 
passes  thxoog^  the  middle  point  of  that  line. 


2.    Find  the  shraiesfc  chord  whiefa  ean  be  drawn  thioogh  a  given 
point  within  a  eiide. 
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PROPOSITION  15.    Part  2. 

Of  any  two  chords  of  a  circle  the  one  which  is  the  nearer 
to  the  centre  is  tlie  greater. 

Let  ABy  CD  be  two  chords  of  the  circle  ABGD^  of  which 
^^  is  nearer  to  the  centre  than  CD  : 

it  is  required  to  prove  that -4  J5  is  greater  than  CD, 

Construction.     Find  E  the  centre  of  the  circle  ABGD; 

(Prop.  5.) 
and  from  E  draw  EF,  EG  at  right  angles  to  AB,  CD. 

(I.  Prop.  12.) 
Draw  EA,  EC. 


Proof.     Because  the  straight  line  EF  is  drawn  through 
the  centre  at  right  angles  to  the  chord  AB, 

AF  is  equal  to  FB,  (Prop.  4.) 

and  AB  is  double  of  AF. 
Similarly  it  can  be  proved  that  CD  is  double  of  CG. 
Nextj  because  the  angles  AFE^  CGE  are  right  angles, 
the  square  on  AE  is  equal  to  the  sum  of  the  squares  on 

AF,  FE, 
and  the  square  on  CE  is  equal  to  the  sum  of  the  squares  on 
CG,  GE.  (I.  Prop.  47.) 

And  because  AE  is  equal  to  CE, 
the  square  on  ^  j^  is  equal  to  the  square  on  CE. 
Therefore  the  sum  of  the  squares  on  AF,  FE  is  equal  to 
the  sum  of  the  squares  on  CG,  GE. 

Because  EF  is  less  than  EG, 
the  square  on  EF  is  less  than  the  square  on  EG ; 
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therefore  the  8q[iiare  on  AF  is  greater  than  the   sqnai^ 

there£4xe  AF  is  greater  than  CG. 
Th^nef ore  AB  is  greater  than  CD, 

Wh^ef ore,  of  atiy  two  dkordt  kc 


Parts  1  and  2  of  Propositi^ 
each  other. 


EXEBCI8E8. 

1.  Of  anytwodiotdsof  acixcLellieneaiertoibeeentraBabtends 
the  greater  ang^  at  the  centre. 

2.  Draw  throngh  a  given  point  a  straight  line  to  make  eqnal 
chords  in  two  g^yen  eqnal  cizcles. 

Discnss  the  number  of  poasTble  solutions  in  the  different  eases 
which  may  oeeor. 
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PROPOSITION  16. 

Tlie  8t/raigkt  line  d/rawn  through  a  point  on  a  circle  at 
right  angles  to  the  radius  touches  the  circle,  and  every  other 
straight  line  drawn  through  the  point  cuts  the  circle. 

Let  ABC  be  a  circle,  of  which  J)  is  the  centre,  and  let 
^j^  be  a  straight  line  drawn  through  A  at  right  angles  to 
the  radius  AD -,  and  let  AF  he  any  other  straight  line 
drawn  through  A : 

it  is  required  to  prove  that  AE  touches  the  circle,  and  that 
AF  cuts  the  circle. 

Construction.  Take  any  point  E  on  AE,  and  draw 
DE,  and  from  D  draw  DG  at  right  angles  to  AF. 

(I.  Prop.  12.) 


Proof.     Because  in  the  triangle  DAE, 

the  angle  DAE  is  a  right  angle, 
the  angle  DEA  is  less  than  a  right  angle;  (I.  Prop.  17.) 
therefore  the  angle  DAE  is  greater  than  the  angle  DEA ; 
therefore  2>^  is  greater  than  DA.  (I.  Prop.  19.) 
Therefore  the  distance  of  the  point  E  from  the  centre 
is  greater  than  the  radius,  and  E  therefore  is  without  the 
circle.  (Def.  5.) 

Similarly  it  can  be  proved  that  every  point  on  AE 
except  A  is  without  the  circle. 

Therefore  AE  touches  the  circle  ABC  at  A.        (Def.  6.) 

Next  because  in  the  triangle  DGA, 

the  angle  DGA  is  a  right  angle, 

the  angle  2)^6?  is  less  than  a  right  angle ;    (I.  Prop.  17.) 
therefore  the  angle  DAG  is  less  than  the  angle  DGA  ; 

therefore  DG  is  less  than  DA.    (I.  Prop.  19.) 


FE01*0SIT10S  iC.  21S 

Therefore  t^  dstaaiee  of  xiie  pohit  G  frDiB  tbe  oeintTe 
is  kflB  tban  liie  ndinfi,  snd  'dteac&RFe  G  is  within  tbe 
cirde.  (DeL  5-) 

Therefore  the  stasigln  line  JlF  cuts  tbe  circie  AI^C  *. 

"Wherefoi^  t^  stnmgld  Haue  kc. 


We  infer  a£  m.  reenit  of  Propomtioai  16  tbst  a  stiao^it 
line  and  a  circle  rnnst  be  siu^  tijot  tliej  eidier 

(a)  nxtemct  in  two  distinct  points, 
CM"  (2*^  tondi  at  oaie  point, 
or  (c)  do  not  meet. 


:*;tLH;-^iMH: 


1.  Apointf  IS  taleen  en  a  aisle  idxiBeoentre  is  C;P^  a  tuDgenft 
at  anj  pcnnt  P  meeto  CB  pcodnoed  at  A,  and  PD  is  dnwn  perpeDdi- 
enlar  to  CB:  prore  that  PB  InsBcts  the  angle  JLPD. 

2.  Besedbe  a  drde  to  have  its  wotre  on  a  c^vea  Btrajght  fine,  to 
pssB  ^kaoa^  a  g^en  point  on  tliat  line  and  to  tooeh  another  ^ven 
stnu^^fine. 

3.  Describe  a  diele  to  pass  liiroag^  a  given  point  and  to  toodi  a 
given  stcsig^  line  at  a  g^ven  point. 

4.  If  AC  be  a  diamptfr  of  a  eirde  ABC,  and  AP  be  drawn  per- 
pendicular to  the  tangent  at  B,  AB  biaeets  the  angle  CAP, 

5.  Prove  that  *ltlimigli  no  stimig^  line  can  be  drawn  to  pass 
between  a  ehde  and  its  tangent^  jet  any  number  of  eireles  oan  be 
described  to  do  so. 

6.  Circles,  which  have  a  eommon  tangent  at  a  point,  touch  each 
other. 

7.  Prove  that  the  angle  between  a  tangebt  to  a  oirde  and  a  chord 
drawn  from  the  point  of  contact  is  half  of  the  angle  sabtended  at  the 
centre  by  the  chord. 


A  straight  line  whioh  cuts  a  circle  is  often  called  a  tfoant. 
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PROPOSITION  17. 

Throtigh  a  given  point  to  draw  a  tangent  to  a  given 
circle. 

Let  ABC  be  a  given  circle,  and  D  a  given  point : 
it  is  required  through  D  to  draw  a  tangent  to  the  circle  ABC* 

First,  let  the  point  i>  be  on  the  circle. 

Construction.  Find  the  centre  E ; 

(Prop.  5.) 
draw   HDj  and    draw   DF  at   right 
angles  to  D£;  (I.  Prop.  11.) 

then  DF  is  a  tangent  drawn  as  re- 
quired. 

Proof.  Because  the  straight  line 
DF  is  drawn  through  the  point  D  on 
the  circle  ABC  at  right  angles  to 
DF  the  radius,  DF  touches  the  circle.  (Prop.  16.) 

Secondly,  let  the  point  D  be  outside  the  circle. 

Construction.    Find  the  centre  F ; 

(Prop.  5.) 
draw    FD^    cutting    the    circle    ABO 

between  F  and  Z)  in  jB,  and  draw  BF 

at  right  angles  to  FB,  (I.  Prop.  11.) 

and  with  F  as  centre  and  FD  as 

radius  describe  a  circle  cutting  BF  in 

F.   Draw  FF,  cutting  the  circle  ABC 

between  F  and  F  in  G,  and  draw  DG  : 
then  DG  is  a  tangent  drawn  as  required. 

Proof.     Because  in  the  triangles  DFG^  FFB, 
DF  is  equal  to  FF,  FG  to  FB,  and  the  angle  DFG  equal 
to  the  angle  FFB^ 

the  triangles  are  equal  in  all  respects;  (I.  Prop.  4.) 
therefore  the  angle  DGF  is  equal  to  the  angle  FBF, 
But  the  angle  FBF  is  a  right  angle; 

therefore  the  angle  DGF  is  a  right  angle; 
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and  because  the  straight  line  GD  is  drawn  through  the 
point  G  on  the  circle  ABC  at  right  angles  to  GE  the 
radius,  GD  touches  the  circle.  (Prop.  16.) 

Wherefore,  through  a  given  point  D  a  tangent  has  been 
dratvn  to  the  circle  ABC. 

Outline  of  AUernative  Construction, 

Find  E  the  centre.  (Prop.  5.) 

Draw  ED,  and  bisect  it  in  O.      (I.  Prop.  10.) 
With  0  as  centre  and  OD  as  radius  describe 
a  oirde,  cutting  the  circle  ABC  in  G, 

Draw  DG,  OG,  EG. 

It  may  be  proved  that 

(1)  the  angle  OGD  is  equal  to  the  angle  GDOy 

(2)  the  angle  OGE  is  equal  to  the  angle  GED, 
and  (3)    the  angle  EGD  is  a  right  angle, 

and  hence  that  GD  is  a  tangent  to  the  circle  ABC  at  G, 

Both  the  construction  in  the  Proposition  and  the  alternative  con- 
struction point  out  that  two  and  only  two  tangents  can  be  drawn 
to  a  circle  through  an  external  point,  one  through  a  point  on  the 
circle,  and  none  through  an  internal  point. 

When  there  is  no  danger  of  ambiguity  the  length  of  the  straight 
line  drawn  from  an  external  point  to  touch  a  circle  which  is  inter- 
cepted between  that  point  and  the  point  of  contact  is  often  spoken  of 
as  the  tangent  from  the  point  to  the  circle. 


EXERCISES. 

1.  The  two  tangents  drawn  to  a  circle  from  an  external  point 
are  equal. 

2.  Draw  a  tangent  to  a  given  circle  to  be  parallel  to  a  given 
straight  line. 

8.  Find  in  a  given  straight  line  a  point  such  that  the  tangent 
drawn  from  it  to  a  given  circle  may  be  equal  to  a  given  straight  line. 

4.  The  greater  the  distance  of  an  external  point  is  from  the 
centre  of  a  cirde,  the  smaller  is  the  inclination  of  the  two  tangents 
which  can  be  drawn  from  it« 
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PROPOSITION  18. 

If  a  straight  line  touch  a  circle,  the  radius  drawn  to  the 
point  of  contact  is  at  right  angles  to  the  line. 

Let  the  straight  line  DE  touch  the  circle  ABC  at  the 
point  G : 

it  is  required  to  prove  that  the  radius  drawn  to  the  point  C 
is  at  right  angles  to  DCE, 

CoNSTKUCTiON.  Find  F  the  centre  of  the  circle ;  (Prop.  5.) 

and  draw  FC, 


Proof.     If  DCE  were  not  at  right  angles  to  OF, 
DCE  would  cut  the  circle   (Prop.  16) ; 

but  it  do^  not : 
therefore  DCE  is  at  right  angles  to  CF, 

Wherefore,  if  a  straight  line  Ac. 
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The  Tangent  as  the  Limit  of  the  Secant. 

Let  JF  be  a  straight  line  cutting  a  given  circle  at  a  given  point  A^ 
and  again  at  a  second  point  F, 

Let  JD  he  the  centre  of  the  circle,  and 
AE  the  tangent  at  A,    Draw  DA,  DF, 

The  angle  FAE  is  equal  to  half  of  the  angle 
ADF.    (See  Ex.  7,  p.  213.) 

Hence  the  smaller  the  angle  ADF  is, 
or  the  smaller  the  chord  AF,  (Prop.  8,  Part  1.) 
the  smaller  is  the  angle  FAE, 

Now  because  we  can  take  the  point  F  as 
close  to  A  as  we  like,  we  can  make  the  angle 
ADF,  and  therefore  also  the  angle  FAE,  as  small  as  we  like. 
Hence  we  can  make  the  straight  line  AF  deviate  as  little  as  we  please 
from  coincidence  with  AE. 

We  express  this  fact  by  saying  that, 
the  tangent  AE  Is  the  limit  of  the  secant  AF,  when  F  moveB  np 
<dOBe  to  A. 

This  definition  of  a  tangent  to  a  curve  as  the  limit  of  the  secant 
through  the  point  is  one  which  admits  of  application  to  curves  of  all 
kinds. 


EXEBCISES. 

1.  Through  a  given  point  draw  a  straight  line  so  that  the  chord 
which  is  intercepted  on  it  by  a  given  circle  is  equal  to  a  given  straight 
line. 

2.  Two  circles  are  concentric :  prove  that  all  chords  of  the  outer 
circle  which  touch  the  inner  are  equal. 

3.  a  two  tangents  be  drawn  to  a  circle  from  an  external  point, 
the  chord  joining  the  points  of  contact  is  bisected  at  right  angles  by 
the  straight  line  joining  the  centre  and  the  external  point. 
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ADDITIONAL  PROPOSITION. 

To  draw  a  common  tangent  to  two  given  circles. 
Let  AjB\iQ  the  centres  of  two  given  circles,  which  we  will  call  for 
shortness  the  (A)  circle  and  the  (B)  circle  : 

Let  the  radius  of  the  (A)  circle  be  greater  than  the  radius  of  the 
(B)  circle. 

With  A  for  centre  and  the  difference  (fig.  1)  or  the  sum  (fig.  2)  of 
the  radii  for  radius  describe  a  circle, 

and  from  B  draw  BH  a  tangent  to  it.  (Prop.  17.) 

Draw  AH  and  let  AH  produced  (fig.  1)  or  AH  (fig.  2)  cut  the  (A) 
circle  in  P. 

Through  P,  B  draw  FQ,  BQ  parallel  to  HB,  AH  respectively. 

(L  Prop.  31.) 

(1)  (2) 

P 


Because  HPQB  is  a  parallelogram,  (Constr.) 

BQ  is  equal  to  HP,  (I.  Prop.  34.) 

which  is  equal  to  the  radius  of  the  (B)  circle.       (Constr.) 
Therefore  the  point  Q  is  on  the  (B)  circle. 
Again,  because  BH  is  a  tangent  at  JET, 

the  angle  PHB  is  a  right  angle ;  (Prop.  18.) 

therefore  the  parallelogram  HPQB  is  a  rectangle ;  (I.  Def.  19.) 

therefore  the  angles  at  P  and  Q  are  right  angles,  (i.  Prop.  29,  Goroll.) 

and  PQ  is  a  tangent  to  the  (A)  and  (B)  circles  at  P  and  Q 
respectively.  (Prop.  16.) 

EXEBGISES. 

1.  Prove  that  four  conmion  tangents  can  be  drawn  to  two  circles 
which  are  external  to  each  other. 

2.  How  many  common  tangents  can  be  drawn  to  two  intersecting 
drcles? 

3.  Is  it  possible  that  two  circles  can  have  one  and  only  .one 
common  tangent? 

4.  Draw  a  straight  line  so  that  the  chords  which  are  interce; 
on  it  by  two  given  circles  are  equal  to  two  given  straight  lines. 

15—3 
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PROPOSITION  20. 

The  cmgle  which  an  arc  of  a  circle  svhtends  at  the  centre 
is  double  of  the  angle  which  the  arc  subtends  at  the  circum- 
ference. 

Let  ABC  be  a  circle,  of  which  BO  is  an  arc,  and  let 
BDGy  BAG  be  angles  subtended  by  the  arc  BG  at  the 
centre  2),  and  at  the  circumference  : 

it  is  required  to  prove  that  the  angle  BDG  is  double  of  the 
angle  BA  C, 
First,  {^g,  1)  let  the  centre  Z>  lie  on  AB^  one  of  the  lines 
which  contain  the  angle  BAG, 

Construction.     Draw  DO, 


Proof.     Because  DA  is  equal  to  DO, 
the  angle  DO  A  is  equal  to  the  angle  DAG',  (I.  Prop.  5.) 
therefore  the  sum  of  the  angles  DAG,  DO  A  is  double  of 
the  angle  DAG, 
But  the  angle  BDG  is  equal  to  the  sum  of  the  angles 
DAG,  DO  A,  (I.  Prop.  32.) 

therefore  the  angle  BDG  is  double  of  the  angle  DAG. 

Next,  let  the  centre  D  lie  within  (fig.  2)  or  without 
{^g,  3)  the  angle  BAG, 

Construction.  Draw  AD  and  produce  it  to  meet  the 
circle  in  E, 

Proof.  It  follows  from  the  first  case,  that  the  angle 
EDO  is  double  of  the  angle  EAG^  and  that  the  angle 
EDB  is  double  of  the  angle  EAB ; 
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therefore  in  (fig.  2)  the  sum  of  the  angles  EDO,  EBB  is 
double  of  the  sum  of  the  angles  EAG^  EAB^ 

and  in  (fig.  3)  the  difierence  of  the  angles  EDC,  EDB  is 
double  of  the  difference  of  the  angles  EAC^  EAB  ; 

therefore  in  all  cases  the  angle  BDC  is  double  of  the  angle 
BAC, 

Wherefore,  the  angle  vjhich  an  arc  &c. 


In  the  diagram  of  Proposition  20  in  each  of  the  figures  the  angle 
BDC  is  double  of  the  angle  BAC,  Now  it  is  easily  seen  that  although 
in  figures  (1)  and  (3)  the  &ngle  BAG  is  restricted  to  values  less  than 
a  right  angle,  and  the  angle  BDC  in  consequence  to  values  less  than 
two  right  angles,  in  figure  (2)  the  angle  BAC  is  restricted  only  to 
values  less  than  two  right  angles  and  the  angle  BDC  in  consequence 
only  to  values  less  than  four  right  angles.  It  appears  therefore  that, 
if  we  wish  not  to  destroy  the  generality  of  the  theorem  of  Proposi- 
tion 20,  we  must  allow  our  definition  of  an  angle  to  include  angles 
which  are  equal  to  two  or  greater  than  two  right  angles ;  there  is 
nothing  inconsistent  with  a  strict  adherence  to  Euclid's  methods  in 
doing  so. 


EXEECISES. 

1.  Two  circles,  whose  centres  are  A  and  D,  touch  externally  at 
E :  a  third  circle,  whose  centre  is  JS,  touches  them  internally  at  C 
and  F:  prove  that  the  angle  ADB  is  double  of  the  angle  ECF, 

2.  If  AB  be  a  fixed  diameter  and  DE  an  arc  of  constant  length  in 
a  fixed  circle,  and  the  straight  lines  AE^  BD  intersect  at  P,  the  angle 
APB  is  constant. 

3.  If  ABO  be  a  triangle  inscribed  in  a  circle  and  the  angle  BAG 
be  bisected  by  AD^  which  meets  the  circle  in  D,  then  the  diameter 
through  D  will  bisect  BG  At  right  angles. 

4.  AB  is  a  diameter  and  PQ  any  chord  of  a  circle  cutting  AB 
within  the  circle,  and  AL  is  drawn  perpendicular  to  PQ,  Prove  that 
the  angle  LAB  is  equal  to  the  sum  of  the  angles  PAB^  QAB, 
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PROPOSITION  21. 

Angles  in  the  same  arc  of  a  circle  are  equal. 

Let  ABGD  be  a  circle,  and  BAG,  BDC  be  two  angles 
in  the  same  arc  BAJDC: 

it  is  required   to  prove  that  the  angles  BAC^  BDC   are 
equal. 

Construction.     Find  the  centre  U;  (Prop.  5.) 

and  draw  JSB,  EC. 


Proof.  Because  the  angle  which  the  arc  BFC  of  the 
circle  subtends  at  the  centre  is  double  of  the  angle  which 
it  subtends  at  the  circumference, 

the  angle  BEC  is  double  of  the  angle  BAC^ 
and  also  the  angle  BEC  is  double  of  the  angle  BDC ; 

(Prop.  20.) 
therefore  the  angle  BAC  is  equal  to  the  angle  BDC. 

Wherefore,  angles  in  the  same  a/rc  kc. 


CoROLLART.  If  a  Straight  line  joining  two  points  subtend 
etpial  angles  at  two  other  points  on  the  same  side  of  the  line, 
thefov/r  poirUs  lie  on  a  circle. 

Let  the  straight  line  BC  subtend  equal  angles  at  the 
two  points  A,  D  on  the  same  side  of  BC. 

If  a  circle  be  described  about  the  triangle  BAC*,  the 

*  That  it  is  possible  to  describe  a  circle  through  the  three  vertices 
of  a  triangle  appears  in  the  Additional  Proposition  on  page  53. 
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circle  must  cut  BD  again  at  some  point  not  on  the  same 
side  of  AG  as  B,  (Prop.  6.) 

Now  take  H  any  point  but  D  in  BD  or  BD  produced 
and  draw  HD, 
Then  the  angle  BHC  cannot  be  equal  to  the  angle  BDG, 

(I.  Prop.  16.) 

and  therefore  cannot  be  equal  to  the  angle  BAC, 

But  angles  in  the  same  arc  of  a  circle  are  equal.    (Prop.  21.) 

Therefore  the  circle  BAC  cannot  meet  BD  in  H-, 

that  is,  it  must  meet  it  in  j9. 

In  some  books  in  the  proof  of  Proposition  21,  the  result  of  Pro- 
position 20  is  quoted  as  if  it  were  true  only  in  the  case  of  arcs  greater 
than  a  semicircle:  that  is,  as  if  the  angle  BEC^  which  the  arc  BFC 
sabtends  at  the  centre,  were  restricted  to  magnitudes  less  than  two 
right  angles.  The  general  truth  of  the  theorem  is  then  deduced  as  a 
consequence. 

We  leave  this  deduction  to  the  student  as  an  exercise. 

EXERCISES. 

1.  The  locus  of  a  point  at  which  a  given  straight  line  subtends  a 
constant  angle  is  an  arc  of  a  circle. 

2.  If  of  three  concurrent  straight  lines  inclined  at  given  angles 
to  one  another  two  pass  through  two  fixed  points,  the  third  also  passes 
through  a  third  fixed  point. 

3.  If  two  sides  of  a  triangle  of  constant  shape  and  size  pass 
through  two  fixed  points,  the  third  always  touches  a  fixed  circle. 

4.  If  two  sides  of  a  triangle  of  constant  shape  and  size  always 
touch  two  fixed  circles,  the  third  side  always  touches  a  fixed  circle. 

5.  If  ABC  be  an  equilateral  triangle  described  in  a  circle  whose 
centre  is  O,  and  if  ^0  produced  meet  the  circle  in  D,  then  OD,BC 
bisect  each  other. 

6.  Two  circles  ADB,  ACB  intersect  in  points  A  and  jB.  Through 
A  any  chord  DAG  is  drawn,  and  BC,  BD  are  joined,  and  the  angle 
DBG  is  internally  bisected  by  a  line  BE  which  meets  DG  in  E, 
Shew  that  E  lies  on  a  fixed  circle. 

7.  If  ABC  be  an  isosceles  triangle  on  the  base  BG,  inscribed  in  a 
circle,  and  P,  Q  be  points  on  the  arcs  AGj  AB  respectively  of  the 
circle  such  that  AQia  parallel  to  BP,  then  CQ  is  parallel  to  AP. 

8.  If  the  diagonals  of  a  quadrilateral  inscribed  in  a  circle  be  at 
right  angles,  the  perpendicular  from  their  intersection  on  any  side 
bisects  the  opposite  side. 
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PROPOSITION  22. 

TJie  sum  of  two  opposite  angles  ojf^  a  convex  quadrilateral 
inscribed  in  a  circle  is  equal  to  two  right  angles. 

Let  A  BCD  be  a  quadrilateral  inscribed  in  the  circle 

ABCB: 

it  is  required  to  prove  that  the  sum  of  the  angles  ABC, 
ADC  is  equal  to  two  right  angles,  and  that  the  sum  of 
the  angles  BAD^  BCD  is  equal  to  two  right  angles. 

Construction.     Draw  AG,  BL, 


Proof.      Because  the  angles  BOA,  BDA   are   in   the 
same  arc  BCD  A, 

the  angle  BCA  is  equal  to  the  angle  BDA  ;  (Prop.  21.) 
and  because  the  angles  CAB,  CDB  are  in  the  same  arc 
CDAB, 
the  angle  CAB  is  equal  to  the  angle  CDB,     (Prop.  21.) 
Therefore  the  sum  of  the  angles  BCA,  CAB  is  equal  to  the 
sum  of  the  angles  BDA,   CDB,  that  is,    to  the  angle 
ADC. 
To  each  of  these  equals  add  the  angle  ABC : 
then  the  sum  of  the  angles  ABC,  BCA,  CAB  is  equal  to  the 
sum  of  the  angles  ABC,  ADC. 
But  because  the  angles  ABC,  BCA,  CAB  are  the  angles 
of  a  triangle,  their  sum  is  equal  to  two  right  angles. 

(I.  Prop.  32.) 
Therefore  the  sum  of  the  angles  ABC,  ADC  is  equal  to 
two  right  angles. 

Similarly  it  can  be  proved  that  the  sum  of  the  angles 
BAD,  BCD  is  equal  to  two  right  angles. 

Wherefore,  the  sum  of  two  opposite  angles  &c. 
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CoBOLLABY.  If  the  sum  of  two  opposite  angles  of  a  convex 
quoMIateral  he  equal  to  two  right  angles^  the  vertices  of  the 
quadrilateral  lie  on  a  circle. 

Let  ABCD  be  a  convex  quadrilateral  in  which  the  sum 
of  the  angles  -BAD^  BCD  is  equal  to  two  right  angles. 

If  a  circle  be  described  about  the  triangle  BAD,  the 

circle  must  cut  AC  again  in  some  point  not  on  the  same 

side  of  BD  as  A,  (Prop.  6.) 

Now  take  H  any  point  but  G  in  AG  or  AC  produced 

and  draw  HB,  HD. 

Then  the  angle  BUD  cannot  be  equal  to  the  angle  BCD. 

(I.  Prop.  21.) 
Therefore  the  sum  of  the  angles  BAD,  BUD  cannot  be  equal 

to  two  right  angles. 
But  the  sum  of  two  opposite  angles  of  a  convex  quadri- 
lateral inscribed  in  a  circle  is  equal  to  two  right  angles. 

(Prop.  22.) 
Therefore  the  circle  BAD  cannot  meet  AC  in  H ; 
that  is,  it  must  meet  it  in  C. 


EXERCISES. 

1.  If  the  sides  AB,  DC  of  a  quadrilateral  ABCD  inscribed  in  a 
circle  be  produced  to  meet  at  E,  the  triangles  AEC,  BED  are  equi- 
angular to  one  another. 

2.  A  triangle  is  inscribed  in  a  circle:  shew  that  the  sum  of  the 
angles  in  the  three  segments  exterior  to  the  triangle  is  equal  to  four 
right  angles. 

3.  If  PQRSj  pqrs  be  two  circles,  and  PprRf  QqsS  be  chords  such 
that  P,  Pf  q,  Q  lie  on  a  circle,  then  M,  r,  s,  8  lie  on  a  circle. 

4.  If  any  two  consecutive  sides  of  a  convex  hexagon  inscribed  in 
a  circle  be  respectively  parallel  to  their  opposite  sides,  the  remaining 
sides  are  parallel  to  each  other. 

5.  .  If  any  arc  of  a  circle  described  on  the  side  BC  of  &  triangle 
ABC  cut  BAt  GA  produced  if  necessary  in  P  and  Q,  PQ  is  always 
parallel  to  a  fixed  straight  line. 

6.  jE7  is  a  point  on  one  of  the  diagonals  AC  o{  a,  parallelogram 
ABCD.  Circles  are  described  about  DEA  and  BEC.  Shew  that  BD 
passes  through  the  other  point  of  intersection  of  the  circles. 
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PROPOSITION  23. 

Two  arcs  of  circles,  which  have  a  common  chord  and  are 
on  the  same  side  o/ it,  cannot  be  similar  unless  they  a/re 
coincident. 

Let  ABC,  ADC  be  two  arcs  of  circles,  which  have  a 
common  chord  AG,  and  are  on  the  same  side  of  it : 

it  is  required  to  prove  that  ABC,  ADC  cannot  be  similar 
arcs,  unless  they  are  coincident. 

Construction.  Draw  through  A,  one  of  the  extremities 
of  the  chord  AB,  any  straight  line  ABD  to  meet  the  arcs  in 
B,  D]  and  draw  CB,  CD, 


Proof.     If  the  points  B,  D  do  not  coincide, 
one  of  the  angles  ABC,  ADC  is  an  exterior  angle  and  the 

other  an  interior  angle  of  the  triangle  BCD ; 
therefore  the  angle  ABC  is  not  equal  to  the  angle  ADC, 

(I.  Prop.  16.) 
and  therefore  the  arc  ABC  is  not  similar  to  the  arc  ADC. 

(Def.  4.) 
It  has  now  been  proved  that,  if  any  straight  line  ABD 
meet   the  arcs  in   two   points  B  and  D  which   are   not 
coincident, 

the  arcs  cannot  be  similar. 
Therefore,  if  the  arcs  be  similar,  every  straight  line  drawn 
through  A  must  meet  the  arcs  in  two  coincident  points, 
that  is,  the  arcs  ABC,  ADC  must  coincide. 

Wherefore,  two  arcs  of  circles  &c. 
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EXERCISES. 

1.  If  on  opposite  sides  of  the  same  straight  line  there  be  two  arcs 
of  circles,  which  contain  supplementary  angles,  the  arcs  are  parts  of 
the  same  circle. 

2.  Prove  that,  if  two  circles  have  three  points  in  common,  the 
circles  are  coincident. 
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PROPOSITION  24. 

Sirmla/r  arcs  of  circles,  which   have  equal  chords,  are 
equal. 

Let  ABG,  DBF  be  two  similar  arcs  of  circles,  which 
have  equal  chords  AO,  DF  \ 
it  is  required  to  prove  that  the  arcs  ABC,  DBF  are  equal. 


Proof.     Because  the  chords  AC,  DF  are  equal,  it  is 

possible  to  shift  the  figure  ABC,  so  that  AC  coincides  with 

DF,  A  with  D,  and  C  with  F,      (i.  Test  of  Equality,  page  5) 

and  so  that  the  arcs  ABC,  DBF  are  on  the  same  side  of 

DF. 

If  this  be  done, 

the  arc  ABC  must  coincide  with  the  arc  DBF, 

for  the  arcs  ABC,  DBF  are  similar, 

and  two  arcs  of  circles,  which  have  a  common  chord,  and 

are  on  the  same  side  of  it,  cannot  be  similar  unless  they 

coincide.  (Prop.  23.) 

Therefore  the  arcs  ABC,  DBF  are  equal. 

Wherefore,  similar  arcs  of  circles  &c. 
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EXERCISES. 

1.  If  D  be  a  point  in  the  side  BC  of  a  triangle  ABC  whose  sides 
ABy  AC  are  equal,  the  circles  described  about  the  triangles  ABD,  ACD 
are  equal. 

2.  Find  a  point  P  within  an  equilateral  triangle  ABCt  such  that 
the  circles  described  about  the  triangles  PBC,  PCAt  PAB  may  be  all 
equal. 

3.  Find  a  point  P  in  the  plane  of  a  triangle  ABC  such  that  the 
circles  described  about  the  triangles  PBC,  PC  A,  PAB  may  be  equal. 
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PROPOSITION  25. 

To  find  the  centre  of  the  circle^  of  which  a  given  arc  is  a 
part. 

Let  ABC  be  a  given  arc : 
it  is  required  to  find  the  centre  of  the  circle,  of  which  the 
arc  ABC  is  a  part. 

Construction.     Draw  -4(7,  and  bisect  it  at  D, 

(I.  Prop.  10.) 
At  D  draw  DB  at  right  angles  to  AG  cutting  the  arc  at  B. 

(I.  Prop.  11.) 
Draw  AB^  bisect  it  at  E^  and  at  E  draw  EF  at  right  angles 
to  -4^  meeting  BD  or  BD  produced  at  -^*; 
then  F  is  the  centre  required. 

^'^  ^  '^>         B  (B)  B 


Proof.     Because  DB  bisects  the  chord  AC  sX   right 
angles, 

DB  passes  through  the  centre ;         (Prop.  2.) 
and  because  EF  bisects  the  chord  AB  eX  right  angles, 

EF  passes  through  the  centre.  (Prop.  2.) 

Now  two  straight  lines  cannot  intersect  in  more  than  one 
point.  (I.  Post.  1.) 

Therefore  F^  the  point  of  intersection  of  BD  and  EF, 
is  the  centre. 

Wherefore,  the  centre  of  the  circle^  of  which  the  given  arc 
ABC  is  a  part,  has  heenfownd. 


*  The  lines  mnBt  meet,  see  Ex.  2,  p.  51.    In  figure  (2)  F  ooineides 
with  D, 
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PROPOSITION   25  A. 

Equal  circles  have  equal  radii. 

If  two  circles  be  equal,  it  is  possible  to  shift  one  of  them 
so  as  to  coincide  with  the  other.  (I.  Def.  21,  page  13.) 

Let  this  be  done. 

Then,  because  a  circle  cannot  have  more  than  one  centre, 

(Prop.  1.) 
the  centres  of  the  two  coincident  circles  must  be  coincident : 
and  therefore  all  the  radii  of  both  circles  are  equal. 

Wherefore,  equal  circles  <kc. 


EXERCISES. 

1.  Having  given  two  arcs  of  circles,  shew  how  to  find  whether 
they  are  parts  of  the  same  circle. 

2.  Having  given  two  arcs  of  circles,  find  whether  they  are  parts 
of  concentric  circles, 

3.  Having  given  two  arcs  of  circles,  find  whether  one  circle  lies 
wholly  within  the  other. 
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PROPOSITION  26. 

In  eqiuil  circles  the  arcs,  on  which  equal  cmgles  at  the 
centres  stcmd,  a/re  equal ;  and  the  a/rcs,  on  which  equal  angles 
at  the  circumferences  stand,  are  equal. 

Let  ABCD,  EFGE  be  two  equal  circles,  and  let  AKC, 
ELG  be  two  angles  at  the  centres  standing  on  the  arcs 
ADC,  ERG,  and  let  ABC,  EFG  be  two  angles  at  the  cir- 
cumferences standing  on  the  same  arcs :  and  let 

(1)  the  angles  AKO,  ELG  be  equal, 

(2)  the  angles  ABC,  EFG  be  equal : 

it  is  required  in  either  case  to   prove  that  the   arcs 
ADC,  EHG  are  equal. 

Construction.    Draw  AC,  EG, 


Proof.     Because  the  angle  AKC  is  double  of  the  angle 
ABC,  (Prop.  20.) 

and  the  angle  ELG  is  double  of  the  angle -£'i^6^,   (Prop.  20.) 
in  case  (1)  because  the  angles  AKC,  ELG  are  equal, 
the  angles  ABC,  EFG  are  equal, 
and  in  case  (2)  because  the  angles  ABC,  EFG  are  equal, 
the  angles  AKC,  ELG  are  equal. 
Now  because  the  circles  are  equal, 

their  radii  AK,  KC,  EL,  LG  are  equal.    (Prop.  25  A.) 
Therefore  in  both  cases  (1)  and  (2), 

because  in  the  triangles  AKC,  ELG, 

AK\&  equal  to  EL, 

KC  to  LG, 

and  the  angle  AKC  to  the  angle  ELG, 

the  triangles  are  equal  in  all  respects ;    (I.  Prop.  4.) 

therefore  -4(7  is  equal  to  EG, 
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And  because  the  arcs  ABC,  EFGy   which   contain   equal 
angles,  have  equal  chords  AC,  EGy 

the  arcs  ABC,  EFG  are  equal :        (Prop.  24.) 
but  the  circles  ABCD,  EFGH  are  equal ; 
therefore  the  remaining  arcs  ADC^  EHG  are  equal. 

Wherefore,  iii  equal  circles  tkc. 


Corollary.  In  the  same  circle  t/ie  a/rcSy  on  which  eqical 
cmgles  at  the  centres  stand,  are  equal;  and  the  arcs,  on  which 
equal  a/ngles  at  the  circumferences  stand,  are  eqv^L 


EXEECISES. 

1.  If  PQ,  RS  be  a  pair  of  parallel  chords  in  a  circle,  then  the  arcs 
PSy  QR  are  equiJ,  and  the  arcs  PR,  QS  are  equal. 

2.  A  qnadrilateral  is  inscribed  in  a  circle,  and  two  opposite  angles 
are  bisected  by  straight  lines  meeting  the  circumference  in  P  and  Q ; 
prove  that  PQ  is  a  diameter. 

3.  If  through  P  any  point  on  one  of  two  circles,  which  intersect 
in  A  and  B,  the  straight  lines  PA,  PB  be  drawn  and  produced  if 
necessary  to  cut  the  other  circle  in  Q  and  i2,  the  arc  QR  is  of  constant 
length. 

4.  The  internal  bisectors  of  the  vertical  angles  of  all  triangles, 
on  the  same  base  and  on  the  same  side  of  it,  which  have  equal 
vertical  angles,  pass  through  one  fixed  point  and  the  external  bisectors 
through  another  fixed  point. 

5.  If  through  one  of  the  points  of  intersection  of  two  equal 
circles  a  straight  line  be  drawn  terminated  by  the  circles,  the  straight 
lines  joining  its  extremities  with  the  other  point  of  intersection  are 
equal. 


T.  K.  16 
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PROPOSITION  27. 

In  eqtial  circles,  angles  coiitained  by  arcSy  which  are  of 
equal  length,  are  eqtuiL 

Let  ABCD,  EFGU  be  equal  circles,  and  let  ABC,  EFG 
be  arcs  of  equal  length : 

it  is  required  to  prove  that  the  arcs  ABGy  EFG  contain 
equal  angles. 

Construction.     Find  the  centres  A",  L  of  the  circles 
ABCD,  EFGH,  (Prop.  5.) 

and  draw  AK,  KG,  EL,  LG, 


V     E 


Proof.     Because  the  circles  ABGD,  EFG II  are  equal, 
their  radii  AK,  KG,  EL,  LG  are  equal.    (Prop.  25  A.) 
And  because  AK  is  equal  to  EL, 

it  is  possible  to  shift  the  figure -4  ^(7Z) A"  so  that  A  coincides 
with  E,  and  K  with  L,  and  so  that  the  parts  of  the  arcs 
ABGy  EFG  near  E  are  on  the  same  side  of  EL, 
If  this  be  done, 

because  the  radii  of  the  circles  are  equal  and  their  centres 
coincide, 

the  circles  must  coincide ; 
and  because  the  circles  coincide,  and  the  parts  of  the  arcs 
ABG,  EFG  near  E  are  on  the  same  side  of  EL,  those 
parts  of  the  arcs  coincide  ; 
and  because  the  arcs  are  of  equal   length  and  have  one 
extremity  common, 

therefore  the  other  extremity  must  be  common, 
that  is,  the  point  C  must  coincide  with  the  point  G, 


PROPOSITION  27.  235 

Therefore  the  arc  ABC  coincides  with  the  arc  EFG ; 
and  angles  in  the  two  arcs  are  then  angles  in  the  same  arc 
and  therefore  equal.  (Prop.  21.) 

Wherefore,  in  equal  circles  <fec. 

Corollary.    In  the  same  circle^  angles  contained  hy  arcs, 
which  are  of  eqvxd  lengthy  are  equal. 


EXERCISES. 

1.  The  straight  lines  joining  the  extremities  of  two  equal  arcs  of 
a  cirole  are  parallel  or  are  equal. 

Can  they  be  both  parallel  and  equal  ? 

2.  The  straight  lines  bisecting  any  angle  of  a  quadrilateral  in- 
scribed in  a  circle  and  the  opposite  exterior  angle,  meet  on  the  circle. 

3.  If  from  any  point  on  a  circle  a  chord  and  a  tangent  be  drawn, 
the  perpendiculars  on  them  from  the  middle  point  of  either  of  the  arcs 
subtended  by  the  chord  are  equal  to  one  another. 


16—2 
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PROPOSITION  28. 

In  eqvxd  circles j  arcs  cvU  off  by  chords^  which  are  equal  to 
one  another^  a/re  of  equal  le7igih,  the  greater  eqtwl  to  the 
grealer  a/nd  tlie  less  equal  to  the  less. 

Let  ABCD,  EFGH  be  equal  circles,  and  let  AC,  EG  be 
equal  chords  which  cut  off  the  two  greater  arcs  ABC,  EFG, 
and  the  two  less  arcs  ADC,  EHG  : 

it  is  required  to  prove  that  the  arcs  ABC,  EFG  are  of  equal 
length, 
and  that  the  arcs  ADC,  EHG  are  of  equal  length. 

Construction.     Find  K,  L,  the  centres  of  the  circles 
ABCD,  EFGH,  (Prop.  5.) 

and  draw  AK,  EC,  EL,  LG. 


Proof.     Because  the  circles  are  equal, 
their  radii  AK,  KC,  EL,  LG  are  equal ;  (Prop.  25  A.) 
and  because  in  the  triangles  AKC,  ELG, 
KA  is  equal  to  LE, 
KC  to  LG, 
and  ^C  to  EG, 
the  triangles  are  equal  in  all  respects ;  (I.  Prop.  8.) 
therefore  the  angle  AKC  is  equal  to  the  angle  ELG, 
But  in  equal  circles  the  arcs,  on  which  equal  angles  at  the 
centres  stand,  are  equal;  (Prop.  26.) 

therefore  the  arc  ADC  is  equal  to  the  arc  EHG. 
But  the  circle  ABCD  is  equal  to  the  circle  EFGH\ 
therefore  the  arc  ABC  is  equal  to  the  arc  EFG. 

Wherefore,  in  equal  circles  &c. 


PROPOSITION  28.  237 

Corollary.  In  tfie  same  cvrcle,  arcs  cut  of  by  chords, 
which  are  equal  to  one  anothery  a/re  of  equal  length,  tlie 
greater  equal  to  the  greater  and  the  less  equal  to  tJie  less. 


EXEBOISES. 

1.  A  triangle  is  turned  about  its  vertex  till  one  of  the  sides 
passing  through  the  vertex  is  in  the  same  straight  line  as  the  other 
previously  was.  Prove  that  the  line  joining  l^e  vertex  with  the  in- 
tersection of  the  two  positions  of  the  base,  produced  if  necessary, 
bisects  the  angle  between  these  two  positions. 

2.  Find  a  point  on  one  of  two  given  equal  circles,  such  that,  if 
from  it  two  tangents  be  drawn  to  the  other  circle,  the  chord  joining 
the  points  of  contact  is  equal  to  the  chord  of  the  first  circle  formed 
by  joining  its  points  of  intersection  with  the  two  tangents  produced. 

Determine  the  conditions  of  the  possibility  of  a  solution  of  the 
problem. 
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PROPOSITION  29. 

In  equal  ci/rdes,  chorda^  by  which  arcs  of  equal  length  are 
subtended^  a/re  equal. 

Let  ABCD,  EFGH  be  equal  circles,  and  let  AC,  EG  be 
chords  by  which  ADC,  EHG,  arcs  of  equal  length  are  sub- 
tended : 
it  is  required  to  prove  that  the  chords  AC,  EG  are  equaL 

Construction.     Find  K,  L,  the  centres  of  the  circles 
ABCD,  EFGH,  (Prop.  5.) 

and  draw  AK,  EL, 


Proof.     Because  the  circles  ABCD,  EFGH  are  equal, 
their  radii  AK,  EL  are  equal.      (Prop.  25  A.) 
And  because  AK  is  equal  to  EL, 

it  is  possible  to  shift  the  figure  ABCDK  so  that  A  coincides 
with  E,  and  K  with  L,  and  so  that  the  parts  of  the  arcs 
ABC,  EFG  near  E  are  on  the  same  side  of  EL, 
If  this  be  done, 

because  the  radii  of  the  circles  are  equal  and  their  centres 
coincide, 

the  circles  must  coincide; 
and  because  the  circles  coincide,  and  the  parts  of  the  arcs 
ABC,  EFG  near  E  are  on  the  same  side  of  EL,  those 
parts  of  the  arcs  coincide ; 
and  because  the  arcs  are  of  equal  length  and  have  one 
extremity  common, 

therefore  the  other  extremity  must  be  common, 
that  is,  the  point  C  must  coincide  with  the  point  G^ 
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Therefore  the  chord  AC  coincides  with  the  chord  EG 

and  is  equal  to  it. 

Wherefore,  in  equal  circles  <tc. 


Corollary.    In  the  same  circle^  chords^  by  which  arcs  of 
equal  length  are  subtended,  are  equal. 


EXEECISES. 

1.  If  the  diagonals  of  a  quadrilateral  inscribed  in  a  circle  bisect 
one  another,  the  diagonals  are  diameters. 

2.  If  two  chords  AP^  ^Q  of  a  circle  intersect  at  a  constant  angle 
at  a  fixed  point  A  on  the  circle,  the  chord  PQ  always  tonches  a  con- 
centric circle. 

3.  Two  triangles  are  inscribed  in  a  circle :  if  two  sides  of  the  one 
be  parallel  to  two  sides  of  the  other,  the  third  sides  are  equal. 

Is  it  necessary  that  they  are  parallel  ? 
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PROPOSITION  30. 
To  bisect  a  given  arc  of  a  circle. 

Let  ABC  be  the  given  arc  : 

it  is  required  to  bisect  it. 

Construction.     Draw  AC ,. 

bisect  it  at  i> ;  (I.  Prop.  10.) 

at  D  draw  DB  at  right  angles  to  -4(7  meeting  the  arc  at  B: 

(I.  Prop.  11.) 
the  arc  ABC  is  bisected  as  required  at  the  point  B, 

Draw  AB,  BC, 


Proof.     Because  in  the  triangles  ADB,  GDB^ 

AD  is  equal  to  CD^ 

and  BB  to  JDB, 

and  the  angle  ADB  to  the  angle  CDB, 

the  triangles  are  equal  in  all  respects;    (I.  Prop.  4.) 

therefore  -4^  is  equal  to  CB. 

But  arcs  cut  off  by  equal  chords  are  equal,  the  greater  equal 

to  the  greater,  and  the  less  equal  to  the  less; 

(Prop.  28,  CorolL) 
and  because  BD,  if  produced,  is  a  diameter,  (Prop.  2.) 

each  of  the  arcs  AB,  CB  is  less  than  a  semicircle, 
and  therefore  the  arc  AB  is  the  smaller  of  the  two  arcs  cut 
off  by  the  chord  A  By  and  the  arc  CB  the  smaller  of  those 
cut  off  by  the  chord  CB ; 

therefore  the  arc  AB  is  equal  to  the  arc  CB. 

Wherefore,  the  given  arc  ABC  is  bisected  at  B. 
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EXEBCISES. 

1.  Find  the  triangle  of  maximum  area  which  can  be  inscribed 
in  a  given  circle  having  a  given  chord  for  one  side. 

2.  Prove  that  the  triangle  of  maximam  area  inscribed  in  a  circle 
is  equilateral. 

3.  The  greatest  quadrilateral  which  can  be  inscribed  in  a  circle 
is  a  square. 

4.  Having  given  a  regular  polygon  of  any  number  of  sides  in- 
scribed in  a  circle,  inscribe  a  regular  polygon  of  double  the  number 
of  sides. 

5.  If  ^BC  an  arc  of  a  circle  less  than  a  semicircle  be  bisected  in 
B,  and  AB  produced  meet  CD  which  is  drawn  at  right  angles  to  BC  in 
By  and  the  tangents  at  A  and  G  meet  in  E^  then  £,  O,  D,  E  lie  on  a 
circle. 
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PROPOSITION  31. 

An  angle  in  a  semicircle  is  a  right  angle  ;  an  angle  in  an 
arc,  which  is  greater  than  a  semicircl-e,  is  less  than  a  right 
angle;  a/nd  an  angle  in  an  arc,  which  is  less  them  a  semi- 
circle, is  greater  than  a  right  angle. 

Let  ABODE  be  a  circle,  of  which  ABD  is  a  semicircle, 
ADC  an  arc  greater  than  a  semicircle,  and  ABC  an  arc  less 
than  a  semicircle ; 

it  is  required  to  prove  that  the  angle  in  the  semicircle 
ABD  is  a  right  angle;  that  the  angle  in  the  arc  ADC 
is  less  than  a  right  angle,  and  that  the  angle  in  the 
arc  ABC  is  greater  than  a  right  angle. 

Construction.  Take  any  point  B  in  the  arc  ABC  and 
any  point  H  in  the  semicircle  ABD  and  draw  AB,  BC,  CD, 
DE,  EA,  AC,  AD, 


Proof.  Because  ACDE  is  a  quadrilateral  inscribed  in 
a  circle,  the  sum  of  the  angles  ACD,  AED  is  equal  to  two 
right  angles.  (Prop.  22.) 

But  because  each  of  the  angles  ACD,  AED  is  contained  by 
a  semicircle,  the  angle  ACD  is  equal  to  the  angle  AED ; 

(Prop.  27,  Coroll.) 
therefore  each  of  them  is  a  right  angle. 
Next,  because  the  angle  ACD  of  the  triangle  ACD  is  a 
right  angle, 

the  angle  ADC  is  less  than  a  right  angle, 

(I.  Prop.  17.) 
and  it  is  an  angle  in  the  arc  ADC, 
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Again,  because  ABCD  is  a  quadrilateral  inscribed  in  a 
circle,  the  sum  of  the  angles  ABCy  ADC  is  equal  to  two 
right  angles.  (Prop.  22.) 

And  the  angle  ADC  has  been  proved  to  be  less  than  a  right 

angle ; 
therefore  the  angle  ABC  is  greater  than  a  right  angle, 
and  it  is  an  angle  in  the  arc  ABC, 

Wherefore,  an  angle  in  a  semicircle  <kc. 


EXERCISES. 

1.  The  circles  described  on  two  equal  sides  of  a  triangle  as 
diameters  intersect  at  the  middle  point  of  the  third  side. 

2.  The  circles  described  on  any  two  sides  of  a  triangle  as 
diameters  intersect  on  the  third  side. 

3.  Ck>nstruct  the  rectangle  one  of  whose  diagonals  is  a  straight 
line  given  in  magnitude  and  position  and  the  other  of  whose  diago- 
nals passes  through  a  given  point. 

4.  An  angle  BAG  of  constant  magnitude  turns  round  its  apex 
A  which  is  fixed.  Prove  that  the  line  joining  the  feet  of  the  perpendi- 
culars from  a  fixed  point  0  on  AB,  AG  always  touches  a  fixed  circle. 

5.  If  a  circle  A  pass  through  the  centre  of  a  circle  B^  the  tan- 
gents to  B  at  the  points  of  intersections  of  A  and  B  intersect  on  the 
circle  A, 

6.  Two  chords  ABy  GD  of  constant  length  placed  in  a  circle 
subtend  angles  at  the  centre  whose  sum  is  equal  to  two  right  angles. 
If  AG  J  BD  intersect  in  P,  the  distances  of  P  from  the  middle  points 
of  the  chords  will  be  independent  of  their  relative  positions. 
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PROPOSITION  32. 

If  a  chord  he  draion  from  the  point  of  contact  of  a 
tangent  to  a  circle,  each  of  the  angles  which  this  chord  makes 
with  the  tangent  is  equal  to  the  angle  in  the  alternate  arc 
of  the  circle*. 

Let  ABCD  be  a  circle,  and  £AF  be  the  tangent  at  a 
point  A,  and  lei  AC  he  a.  chord  drawn  from  the  point  A  : 
it  is  required  to  prove  that  the  angle  CAE  is  equal  to  the 

angle  in  the  arc  CDA,  and  the  angle  CAF  to  the  angle  in 

the  arc  CBA. 

Construction.  At  A  draw  AB  at  right  angles  to  FAF, 
cutting  the  circle  again  at  B ;  (I.  Prop.  11.) 

take  any  point  I)  in  the  arc  ADC  and  draw  BC,  CD,  DA, 


Proof.     Because  AB  is  drawn  at  right  angles  to  EAF, 

AB  passes  through  the  centre;         (Prop.  19.) 

therefore  BCD  A  is  a  semicircle;      (Prop.  1  A.) 

and  the  angle  BCA  is  a  right  angle ;    (Prop.  31.) 

therefore  the  sum  of  the  other  two  angles  BAC,  CBA  of 

the  triangle  ABC  is  equal  to  a  right  angle.     (I.  Prop.  32.) 

And  the  sum  of  the  angles  BAC,  CAF,  that  is,  the  angle 

BAF,  is  a.  right  angle ; 
therefore  the  sum  of  the  angles  BAG,  CAFh  equal  to  the 

sum  of  the  angles  BAC,  CBA, 

*  The  alternate  aro  is  the  name  generally  given  to  the  arc  which 
lies  on  the  side  of  the  chord  opposite  to  the  angle  spoken  of. 
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Take  away  the  common  angle  BAG ; 

then  the  angle  CAP  is  equal  to  the  angle  CBA, 

which  is  an  angle  in  the  arc  ABC. 

Again,  because  the  sum  of  the  angles  ABCy  ADO  is 

equal  to  two  right  angles,  (Prop.  22.) 

and  the  sum  of  the   angles  CAP,  CAP  is   equal  to  two 

right  angles;  (I.  Prop.  13.) 

therefore  the  sum  of  the  angles  CAP,  CAP  is  equal  to 

the  sum  of  the  angles  ABC,  ADC ; 

and  it  has  been  proved  that  the  angle  CAP  is  equal 

to  the  angle  ABC ; 

therefore  the  angle  CAP  is  equal  to  the  angle  ADC, 

which  is  an  angle  in  the  arc  ADC. 

Wherefore,  if  a  chord  be  dravon  <kc. 

The  theorem  of  Proposition  32  follows  immediately  from  the 
theorem  of  Proposition  21,  if  we  consider  the  tangent  at  a  point 
as  the  limiting  position  of  a  chord  drawn  through  the  point.  (See 
page  217.) 

For  the  angle  between  the  tangent  AF  in  the  diagram  of  Pro- 
position 82  and  the  chord  AC  i&  the  angle  between  two  chords  of  the 
arc  ABC,  one  an  indefinitely  short  one  drawn  from  a  point  indefi- 
nitely near  ^  to  ^  and  the  other  drawn  from  the  same  point  to  G, 
and  is  therefore  an  angle  in  the  arc  ABC  and  therefore  equal  to  the 
angle  ABC.  (Prop.  21.) 

EXERCISES. 

1.  If  two  circles  touch  each  other,  any  straight  line  drawn  through 
the  point  of  contact  will  cut  off  similar  segments. 

2.  On  the  same  side  of  portions  AB,  AC  of  &  straight  line  ABC 
similar  segments  of  circles  are  described :  prove  that  the  circles  touch 
one  another. 

3.  If  two  circles  OPQy  Opq  touch  at  0,  and  OPp,  OQq  be  straight 
lines,  the  chords  PQtpq  are  parallel. 

4.  If  a  straight  lin^  cut  two  circles  which  touch  at  0,  in  the 
points  P,  Q,  and  p,  q,  the  angles  POp^  QOq  are  either  equal  or  supple- 
mentary. 

5.  ABC  is  a  triangle  inscribed  in  a  circle,  and  from  any  point  D 
in  BC  A  straight  line  DE  is  drawn  parallel  to  CA  and  meeting  the 
tangent  AtAinE;  shew  that  a  circle  may  be  described  round  AEBD. 
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PROPOSITION  33. 


To  describe  on  a  given  finite  st/ra/ight  line  an  arc  of  a 
circle  containing  an  angle  equal  to  a  given  angle. 

Let  AB  be  the  given  straight  line,  and  G  the   given 
angle : 

it  is  required  to  describe  on  AB  an  arc  of  a  circle  contain- 
ing an  angle  equal  to  the  angle  C 

Construction.     Bisect  AB  at  E,  (I.  Prop.  10.) 

If  the  angle  (7  be  a  right  angle,  with  E  as  centre  and 

EA  or  EB  as  radius,  describe  a  circle : 

then  the  semicircle  on  either  side  of  AB  is  an  arc  described 

as  required.  (Prop,  31.) 

If  the  angle  C  be  not  a  right  angle,  from  A  draw  AD 

making  the  angle  BAD  equal  to  the  angle  (7;  (I.  Prop.  23.) 

and  At  Ay  E  draw  AF^  EF  at  right  angles  to  AD^  AB 

respectively,  (I.  Prop.  11.) 

and  let  them  meet  at  ^*. 
Draw  FBy  and  with  F  as  centre  and  FA  as  radius  describe 

the  circle  AGH : 
this  circle  passes  through  B  and  the  arc  AGB  on  the  side 
oi  AB  away  from  uii>  is  an  arc  described  as  required. 


Proof.     Because  in  the  triangles  FEAy  FEB, 

EA  is  equal  to  EB, 

and  FE  to  FE, 

and  the  angle  FEA  to  the  angle  FEB, 

the  triangles  are  equal  in  all  respects  ;        (I.  Prop.  4.) 

therefore  FA  is  equal  to  FB, 

*  The  lines  must  meet.     See  Ex.  2,  p.  51. 
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Therefore  the  circle  AGH  passes  through  B, 
Again,  because  AD  \^  drawn  from  A  at  right  angles  to 
the  radius  AF, 

AD  touches  the  circle ;  (Prop.  16.) 

and  because  the  chord  AB  is  drawn  from  the  point  of 
contact  of  the  tangent  AD^ 
the  angle  in  the  alternate  arc  AGB  is  equal  to  the  angle 
DAB,  (Prop.  32.) 

that  is,  to  the  angle  (7. 

Wherefore,  on  the  given  straight  line  AB  the  arc  AGB 
has  been  described  containing  am.  angle  equal  to  the  given 
angle  C. 


EXERCISES. 

1.  Find  a  point  at  which  each  of  two  given  finite  straight  lines 
subtends  a  given  angle. 

2.  Construct  a  triangle,  having  given  the  base,  the  vertical  angle, 
and  the  foot  of  the  perpendicular  from  the  vertex  on  the  base. 

3.  Having  given  the  base  and  the  vertical  angle  of  a  triangle, 
construct  the  triangle  which  will  have  the  maximum  area. 

4.  Find  a  point  0  within  a  given  triangle  ABCf  so  that,  if  AO, 
BO,  CO  be  joined,  the  angles  OAB,  OBC,  OCA  shall  be  all  equal. 

5.  Construct  a  triangle,  having  given  the  base,  the  vertical  angle, 
and  the  altitude. 

6.  Find  the  locus  of  a  point  at  which  two  given  equal  straight 
lines  AB,  BC  subtend  equal  angles. 
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PROPOSITION  34. 

To  cut  off  from  a  given  circle  an  arc  containing  an  angle 
equal  to  a  given  angle. 

Let  ABC  be  the  given  circle  and  D  the  given  angle : 
it  is  required  to  cut  off  from  the  circle  ABC  an  arc  con- 
taining an  angle  equal  to  the  angle  D, 

Construction.     Take  any  point  A  on  the  circle,  and 

through  A  draw  the  straight  line  JEAF  to  touch  the  circle 

at  A.  (Prop.  17.) 

From  A  draw  AB   making  the  angle  BAE  equal  to  the 

angle  2>, 

and  cutting  the  circle  again  at  B :    (I.  Prop.  23.) 
then  the  arc  ACB^  on  the  side  oi  AB  away  from  JS!,  is  an  arc 

cut  off  as  required. 


Proof.    Because  the  chord  A  Bis  drawn  from  the  point 
of  contact  A  of  the  tangent  EAF^ 

the  angle  EAB  is  equal  to  the  angle  in  the  alternate  arc 
ACB.  (Prop.  32.) 

And  the  angle  EAB  is  equal  to  the  angle  D ; 
therefore  the  angle  in  the  arc  ACB  is  equal  to  the  angle  D. 

Wherefore,  the  (trc  ACB  has  been  cut  off  from  the  given 
circle  ABC  containing  an  angle  equal  to  the  given  angle  D, 
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Through  a  given  point  two  ohords  can  be  drawn  which  will  cut  oft 
arcs  containing  an  angle  equal  to  a  given  angle. 


Outline  of  Alternative  Construction, 

Through  A  draw  any  chord  AP^  and  from  P  draw  FR  making  the 
angle  RPA  equal  to  the  given  angle  D,  and  cutting  the  circle  again 

atg. 


It  may  be  proved  that  the  arc  ABQ^  measured  from  A  on  the  side 
otAP  opposite  to  that  on  which  PR  is  drawn,  is  an  arc  cut  off  as 
required. 


EXERCISES. 


1.  In  a  given  circle  inscribe  an  equiangular  triangle. 

2.  Inscribe  in  a  given  circle  a  triangle,  so  that  one  angle  may  be 
a  half  of  a  second  angle  and  a  third  of  the  third  angle. 

3.  Inscribe  in  a  given  circle  a  right-angled  triangle,  so  that  one 
of  its  acute  angles  may  be  three  times  the  other, 


T.  K. 
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PROPOSITION  35. 

If  two  chords  of  a  circle  intersect  at  a  point  within  the 
circle^  the  rectcmgle  contained  by  the  segments  of  one  chord  is 
eqtud  to  the  recta/ngle  contained  by  the  segments  of  the  other 
chord. 

Let  ABGD  be  a  circle  and  ACy  BD  two  chords  inter- 
secting at  the  point  E  within  the  circle  : 
it  is  required  to  prove  that  the   rectangle  contained   by 
AEy  EG  is  equal  to  the  rectangle  contained  by  BE^  ED. 

Construction.    If  the  point  E  be  the  centre,  it  is  clear 
that  AEy  EGy  BE,  ED  are  equal,  each  being  a  radius, 
and  that  the  rectangles  AE,  EG  and  BE,  ED,  each  of  which 
is  equal  to  the  square  on  a  radius,  are  equal. 
If  JF  be  not  the  centre,  find  0  the  centre ;        (Prop.  5.) 
draw  OF  at  right  angles  to  AG,     (I.  Prop.  12.) 
and  draw  OE,  OG, 


Proof.     Because  OF  is  drawn  from  the  centre  at  right 
angles  to  the  chord  -4(7, 

therefore  AF  is  equal  to  FG»  (Prop.  4.) 

And  because  EG  is  the  sum  of  FG,  EF, 
and  ^^  is  the  difference  of  AF,  EF,  that  is,  of  FO,  EF, 
therefore  the  rectangle  AE,  EG  is  equal  to  the  difference 

of  the  squares  on  FG,  EF,      (II.  Prop.  5.) 
But  because  the  angles  at  F  are  right  angles, 
the  sum  of  the  squares  on  OF,  FG  is  equal  to  the  square 

oiiOG, 
and  the  sum  of  the  squares  on  OF,  EFis  equal  to  the  square 
on  OE',  (I.  Prop.  47.) 
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therefore  the  difference  of  the  squares  on  FC^  EF\a  equal  to 
the  difference  of  the  squares  on  0(7,  OE, 

Therefore  the  rectangle  AE,  EC  is  equal  to  the  difference  of 

the  squares  on  OC,  OE, 
Similarly  it  can  be  proved  that  the  rectangle  BE^  ED  is 

equal  to  the  difference  of  the  squares  on  OBy  OE, 
that  is,  is  equal  to  the  difference  of  the  squares  on  00,  OE, 

since  OC  is  equal  to  OB. 
Therefore  the  rectangle  AE,  EC  is  equal  to  the 

rectangle  BE,  ED, 

Wherefore,  if  two  chords  of  a  circle  (fee. 

There  are  two  special  cases  which  should  be  noticed  by  the  stadent, 
one  case,  when  the  points  E^  F  coincide,  i.e.  when  one  chord  bisects 
the  other;  the  other  case,  when  the  points  0,  F  coincide,  i.e.  when 
one  chord  is  a  diameter. 

In  Proposition  85  the  distances  between  the  ends  of  a  chord  and  a 
point  in  the  chord  are  spoken  of  as  segments  of  the  chord.  In  Pro- 
position 36  it  will  be  noticed  that  the  expression  segments  of  a  chord 
has  been  used  of  the  distances  between  the  ends  of  the  chord  and  a 
point  taken  in  the  chord  produced.  In  the  first  case  the  chord  is 
equal  to  the  sum  of  the  segments,  in  the  second  to  the  difference 
of  the  segments. 


EXEBCISES. 

1.  Prove  the  converse  of  Proposition  85,  i.e.  that,  it  AC^  BD  be 
two  straight  lines  intersecting  at  E  such  that  tte  rectangles  AE^ECy 
and  BE^  ED  are  equal,  then  A,  B,  C,  D  lie  on  a  circle. 

2.  If  through  any  point  in  the  common  chord  of  two  intersecting 
circles  there  be  drawn  any  two  other  chords,  one  in  each  circle,  their 
four  extremities  all  lie  on  a  circle. 

8.  Draw  through  a  given  point  within  a  circle  a  chord,  one  of 
whose  segments  shall  be  four  times  as  long  as  the  other.  When  is 
this  possible? 

4.  Divide  a  given  straight  line  into  two  parts,  so  that  the  rect- 
angle contained  by  the  parts  may  be  equal  to  a  given  rectangle. 

5.  AfB,C  are  three  points  on  a  circle,  D  is  the  middle  point  of 
BC  and  AD  produced  meets  the  circle  in  E:  prove  that  the  sum  of 
the  squares  on  AB,  Ada  double  of  the  rectangle  AD^  AE, 

17—2 
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PROPOSITION  36. 

If  two  chords  of  a  circle  when  produced  intersect  at  a  point 
without  the  circle^  the  rectangle  contained  by  the  segments  q/* 
one  chord  is  eqttal  to  the  rectangle  contained  by  the  segments 
of  the  otiier  cJwrd, 

Let  ABDC  be  a  circle  and  let  GA^  DB  be  two  chords, 
which  intersect,  when  produced  beyond  A  and  B,  at  the 
point  E  without  the  circle  :  ' 

it  is  required   to   prove   that  the  rectangle  contained  by 
EAy  EC  is  equal  to  the  rectangle  contained  by  EB^  ED. 

Construction.     Find  0  the  centre;  (Prop.  5.) 

draw  OF  at  right  angles  to  AC^    (I.  Prop.  12.) 
and  draw  OE,  00, 


Proof.     Because  OF  is  drawn  from  the  centre  at  right 
angles  to  the  chord  AG, 

therefore  AF  !&  equal  to  FG,  (Prop.  4.) 

And  because  EG  is  the  sum  of  EF,  FGy 
and  EA  is  the  difference  of  EF,  AF,  that  is,  of  EF,  FG, 
therefore  the  rectangle  EA,  EG  is  equal  to  the  difference 

of  the  squares  on  EF,  FG,       (II.  Prop.  6.) 
But  because  the  angles  at  F  are  right  angles, 
the  sum  of  the  squares  on  OF,  FE  is  equal  to  the  square 

on  OE, 
and  the  sum  of  the  squares  on  OF,  FG  is  equal  to  the 
square  on  OG  ;  (I.  Prop.  47.) 

therefore  the  difference  of  the  squares  on  EF,  FG  is  equal 
to  the  difference  of  the  squares  on  OE,  OG, 
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Therefore  the  rectangle  EA,  EG  is  equal  to  the  difference 

of  the  squares  on  OEy  00, 
Similarly  it  can  be  proved  that  the  rectangle  EB^  ED  is 

equal  to  the  difference  of  the  squares  on  OE,  OD, 
that  is,  is  equal  to  the  difference  of  the  squares  on  OE^  OC, 

since  OD  is  equal  to  OC, 
Therefore  the  rectangle  EA,  EG  is  equal  to  the 

rectangle  EB,  ED, 

Wherefore,  if  two  chords-  of  a  circle  &c. 

There  are  two  special  cases  which  should  be  noticed  by  the 
student,  one  case,  when  the  points  0,  F  coincide,  i.e.  when  one  chord 
is  a  diameter;  the  other  case,  when  the  points  B,  D  coincide,  i.e.  when 
one  chord  is  a  tangent.  The  statement  of  the  theorem  in  the  latter 
case  appears  in  the  Corollary. 

Corollary. 

If  a  chord  of  a  circle  he  produced  to  any  point,  tJie 
rectangle  contained  by  the  segments  of  the  chord  is  equal  to 
the  square  on  the  tangent  drawn  to  the  circle  from  the  point. 

This  result  is  seen  at  once  on  considering  the  tangent  as  the 
limiting  position  of  the  secant. 

EXERCISES. 

1.  Prove  the  converse  of  Proposition  36,  i.e.  that,  if  E AC ^  EBB 
be  two  straight  lines  intersecting  at  E  such  that  the  rectangles  £^,£C 
and  EB,  ED  are  equal,  then  -4,  B,  C,  D  lie  on  a  circle. 

2.  If  two  circles  intersect  each  other,  their  common  chord  bisects 
their  common  tangents. 

3.  From  a  given  point  as  centre  describe  a  circle  cutting  a  given 
straight  line  in  two  points,  so  that  the  rectangle  contained  by  their 
distances  from  a  given  point  in  the  straight  line  may  be  equal  to  a 
given  square. 

4.  If  ABC  be  a  triangle  and  B  a  point  in  ^C  such  that  the  angle 
ABB  is  equal  to  the  angle  ACB,  then  the  rectangle  AG^  AD  is  equal 
to  the  square  on  AB, 

5.  If  from  each  of  two  given  points,  a  pair  of  tangents  be  drawn 
to  a  given  circle,  the  middle  points  of  the  chords  joining  the  points  of 
contact  of  each  pair  of  tangents  lie  on  the  circumference  of  a  circle 
passing  through  the  two  given  points. 
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PROPOSITION  37. 

If  from  an  external  point  tJiere  be  dravm  to  a  circle  two 
straight  lines,  one  of  which  cuts  the  circle  in  two  points  and 
the  other  meets  it,  and  if  the  rectangle  contained  by  the  seg- 
ments of  the  chord  on  tJie  line  which  cuts  the  circle  be  equal 
to  the  square  on  the  line  which  m>eets  the  circle,  the  line  which 
meets  the  circle  is  a  tangent  to  it. 

Let  ABCD  be  a  circle  and  E  an  external  point;  and 
let  EAC  be  a  straight  line   cutting  the   circle  at  J,   (7 
and  EB  a  straight  line  meeting  it  at  B,  such  that  the  rect- 
angle contained  by  EA,  EG  is  equal  to  the  square  on  EBi 
it  is  required  to  prove  that  EB  touches  the  circle. 

Construction.     Find  the  centre  0 ;  (Prop.  5.) 

from  E  draw  ED  to  touch  the  circle  at  D ;  (Prop.  17.) 
and  draw  OB,  OD,  OE, 


Pboof.     Because  ED  is  a  tangent,  and  OD  is  the  radius, 
the  angle  EDO  is  a  right  angle.         (Prop.  18.) 
Because  EAC  cuts  the  circle  and  ED  touches  it, 
the  rectangle  EA,  EC  is  equal  to  the  square  on  ED\ 

(Prop.  36,  CoroU.) 
and  the  rectangle  EA,  EG  is  equal  to  the  square  on  EB', 
therefore  the  square  on  EB  is  equal  to  the  square  on  ED] 

therefore  EB  is  equal  to  ED, 
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Again,  because  in  the  triangles  EBO^  EDOy 

EB  is  equal  to  ED, 

and  OB  to  (92>, 

and  OE  to  OE, 

the  triangles  are  equal  in  all  respects ,         (I.  Prop.  8.) 

therefore  the  angle  EBO  is  equal  to  the  angle  EDO. 

But  EDO  is  a  right  angle; 

therefore  the  angle  EBO  is  a  right  angle. 

And  because  BE  is  at  right  angles  to  the  radius  OB, 

BE  touches  the  circle.  (Prop.  16.) 

Wherefore,  if  fr<ym  an  external  point  &c. 


EXERCISES. 

1.  If  three  circles  meet  two  and  two,  the  common  chords  of  each 
pair  meet  in  a  point. 

2.  If  three  circles  touch  two  and  two,  the  tangents  at  the  points 
of  contact  meet  at  a  point. 

3.  If  the  tangents  drawn  to  two  intersecting  circles  from  a  point 
be  equal,  the  common  chord  of  the  circles  passes  through  the  point. 

4.  Describe  a  circle  which  shall  touch  a  given  straight  line  at  a 
given  point,  and  shall  cut  off  from  another  given  straight  line  a  chord 
of  a  given  length. 

5.  On  OPf  the  straight  line  drawn  from  a  given  point  0  to  P  a 
point  on  a  given  straight  line,  a  point  Q  is  taken  such  that  the 
rectangle  OP,  OQ  is  constant:  prove  that  the  locus  of  Q  is  a  circle. 

6.  On  OP,  a  chord  of  a  given  circle  drawn  from  a  given  point  O, 
a  point  Q  is  taken  such  that  the  rectangle  OP,  OQ  is  constant :  prove 
thiat  the  locus  of  Q  is  a  straight  line. 
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PROPOSITION  37  A. 

If  two  triangles  he  equiangular  to  one  another^  the 
rectangle  contained  by  any  side  of  tits  one  and  any  side  of 
the  oih&r  is  equal  to  the  rectangle  contained  by  the  cor- 
responding sides  *. 

Let  ABC,  DEF  be  two  triangles  which  are  equiangular 
to  one  another,  having  the  angles  Sit  A,  B,  C  equal  to  the 
angles  at  i>,  U,  F  respectively  : 

it  is  required  to  prove  that  the  rectangle  AB^  EF  is  equal 
to  the  rectangle  j5C,  DE, 
Construction.     In  AB^  CB  produced  beyond  B,  take 
points  Gy  H such  that  BG  is  ecfual  to  EF,  and  BH  to  ED', 

(I.  Prop.  3.) 
and  draw  GH, 


Proof.     Because  the  angle  GBH  is  equal  to  the  angle 

CBA,  (I.  Prop.  15.) 

and  the  angle  FED  is  equal  to  the  angle  CBA, 

the  angle  GBH  is  equal  to  the  angle  FED. 

Because  in  the  triangles  BGH,  EFD, 

BG  is  equal  to  EF  and  BU  to  ED, 

and  the  angle  GBH  is  equal  to  the  angle  FED, 

the  triangles  are  equal  in  all  respects:    (I.  Prop.  4.) 

therefore  the  angle  BGH  is  equal  to  the  angle  EFD ; 

but  the  angle  EFD  is  equal  to  the  angle  BCA, 

therefore  the  angle  AGH  is  equal  to  the  angle  AGH\ 

therefore  the  points  A,  (7,  G,  H  lie  on  a  circle. 

(Prop.21,Coroll.) 

Therefore  the  rectangle  AB,  BG  is  equal  to  the  rectangle 

CB,  BH'y  (Prop.  35.) 

that  is,  the  rectangle -4-6,  EF  is  equal  to  the  rectangle  BC,  DE, 

Wherefore,  if  two  triangles  &c. 

*  In  two  triangles  which  are  equiangular  to  one  another,  two 
Bides  are  said  to  coTrespond  when  they  are  opposite  to  equal  angles. 
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PROPOSITION   37  B. 

The  rectangle  contained  by  the  diagonals  of  a  convex 
quadHlateral  inscribed  in  a  circle  is  equal  to  the  sum  of  the 
rectangles  contained  by  pairs  of  opposite  sides'^. 

Let  A  BCD  be  a  quadrilateral  inscribed  in  a  circle  and 
AG^  BD  be  its  diagonals  : 

it  is  required  to  prove  that  the  rectangle  -4C,  BD  is  equal  to 
the  sum  of  the  rectangles  AB^  CD  and  BG^  AD, 

Construction.     From  B  in  BA^  on  the  same  side  of  BA 
as  GD^  draw  BE  making  the  angle 
ABE  equal  to  the  angle  GBD^  and 
meeting  AG  in  E,       (I.  Prop.  23.) 

Proof.   Because  the  angle  BAG 

is  equal  to  the  angle  jBi)(7,  (Prop.  21.) 

and  the  angle  ABE  is  equal  to  the 

angle  DBG,  (Constr.) 

therefore  the  triangles  ABEy  DBG 

are  equiangular  to  one  another ; 

(I.  Prop.  32.) 
therefore  the  rectangle  AB,  GD  is  equal  to  the  rectangle 
AE,  BD,  (Prop.  37  A.) 

Again,  because  the  angle  ABE  is  equal  to  the  angle  DBGy 

the  angle  ABD  is  equal  to  the  angle  EBG  j 
and  the  angle  BDA  is  equal  to  the  angle  BGA  (i.e.  BGE), 

(Prop.  21.) 

therefore  the  triangles  ABD,  EBG  are  equiangular  to  one 

another;  (I.  Prop.  32.) 

therefore  the  rectangle  AD,  BG  is  equal  to  the  rectangle 

EG,  BD; 
but  it  has  been  proved  that 

the  rectangle  AB,  GD  is  equal  to  the  rectangle  AE,  BD, 
Therefore  the  sum  of  the  rectangles  AB,  GD  and  A  D,  BG  is 
equal  to  the  sum  of  the  rectangles  AE,  BD  and  EG,  BD, 
that  is,  to  the  rectangle  AG,  BD.   (II.  Prop.  1.) 

Wherefore,  the  rectangle  contained  <fec. 

*  This  theorem  is  attributed  to  Ptolemy,  a  Greek  geometer  of 
Alexandria,  who  died  about  a.d.  160. 
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ADDITIONAL  PROPOSITION. 

If  a  straight  line  he  drawn  through  a  given  point  to  cut  a  given 
circle,  the  intersection  of  the  tangents  at  the  two  points  of  section 
always  lies  on  a  fixed  straight  line*. 

Let  PRS  be  any  straight  line  drawn  through  a  given  point  P  to 
cut  a  given  circle,  whose  centre  is  0,  in  R  and  S. 

Let  QRy  QS  be  the  tangents  at  R,  S. 

Draw  OQ  intersecting  RS  in  M;  and  draw  OP,  and  draw  QH  per- 
pendicular to  OP  or  OP  produced. 


Because  the  angle  at  ilf  is  a  right  angle  (Ex.  3,  page  217), 
and  the  angle  at  IT  is  a  right  angle, 
the  points  P,  H,  M,  Q  lie  on  a  circle ; 

fig.  1  (Prop.  21,  CoroU.)  and  fig.  2  (Prop.  22,  Coroll.) 
therefore  the  rectangle  OH,  OP  is  equal  to  the  rectangle  OM,  OQ, 

(Prop.  36.) 
But  because  QS  is  a  tangent  at  8, 

the  angle  OSQ  is  a  right  angle,  (Prop.  18.) 

and  the  angle  at  JIf  is  a  right  angle, 
therefore  the  rectangle  OM,  OQ  ia  equal  to  the  square  on  OS; 

(I.  Prop.  47.) 

Therefore  the  rectangle  OP,  OH  is  equal  to  the  square  on  OS, 

But  OP  and  OS  are  both  constants, 

therefore  OH  is  a  constant, 

and  the  point  Q  always  lies  on  a  fixed  straight  line, 

i.e.  the  line  drawn  through  the  fixed  point  H  at  right  angles  to  OP, 


*  This  line  is  called  the  polar  of  the  given  point,  and  the  point 
is  called  the  pole  of  the  line  with  respect  to  the  circle. 
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It  has  now  been  proved  that,  if  a  point  and  a  straight  line  be  snch 
that  the  straight  line  joining  the  centre  of  a  circle  to  the  point  is  at 
right  angles  to  the  line,  and  the  rectangle  contained  by  the  distances 
of  the  point  and  the  line  from  the  centre  is  equal  to  the  square  on  the 
radius  of  the  circle,  the  point  is  the  pole  of  the  line,  and  the  line  the 
polar  of  the  point  with  respect  to  the  circle. 


In  the  diagram  0  is  the  centre  of  the  circle:  IT  is  a  point  in  OP 
such  that  the  rectangle  OP,  OH  is  equal  to  the  square  on  the  radius, 
and  HQ  is  at  right  angles  to  OP, 

P  is  the  pole  of  HQ,  and  HQ  is  the  polar  of  P. 
It  will  be  observed  that, 
if  P  be  without  the  circle  (fig.  1),  the  polar  cuts  the  circle : 
if  P  be  on  the  circle  (fig.  2),  the  polar  is  the  tangent  to  the  circle, 
and  if  P  be  within  the  circle  (fig.  3),  the  polar  does  not  out  the  circle. 
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ADDITIONAL  PEOPOSITION. 

If  a  quadrilateral  he  inscribed  in  a  circle ^  the  square  on  the  straight 
line  joining  the  points  of  intersection  of  opposite  sides  is  less  than  the 
sum  of  the  squares  on  the  straight  lines  joining  those  points  to  the 
centre  of  the  circle  by  twice  the  square  on  the  radius  of  the  circle. 

Let  ABCD  be  a  quadrilateral  inscribed  in  a  circle  whose  centre  is 
O ;  and  let  the  sides  ABj  CD  meet  in  Q  and  the  sides  AD^  EG  in  R. 

Draw  QE  and  draw  AS  making  the  angle  RA8  equal  to  the  angle 
RQD  and  meeting  BQ  in  S.  (I.  Prop.  23.) 

R  R 

(1) 


Because  in  the  triangles  RASy  RQD, 

the  angle  RA8  is  equal  to  the  angle  RQD, 
the  angle  RSA  is  equal  to  the  angle  RDQ;  (I.  Prop.  32.) 
therefore  the  points  5,  A,  D,  Q  lie  on  a  circle. 

(Prop.  21  or  20,  Coroll.) 
Therefore  the  rectangle  RS^  RQ  is  equal  to  the  rectangle  RA^  RD. 

(Prop.  36.) 
Also  it  can  be  proved  that  the  points  12,  iS,  ^1,  B  lie  on  a  circle. 
Therefore  the  rectangle  QSj  QR  is  equal  to  the  rectangle  QA,  QB, 

(Prop.  35  or  36.) 
Therefore  the  square  on  QR^ 

in  figure  (1),  being  the  sum  of  the  rectangles  RS^  RQ  and  QS,  QR, 

is  equal  to  the  sum  of  the  rectangles  RA,  RD  and  QAyQB; 

and  in  figure  (2),  being  the  difference  of  the  rectangles  RSt  RQi  and 

QS,  QRf  is  equal  to  the  difference  of  the  rectangles  RAt  RD 

and  QA,  QB. 

Since  the  rectangle  JRii,  RD  is  equal  to  the  difference  of  the  squares  on 

RO  and  the  radius,  (Prop.  36.) 
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and  the  rectangle  QA,  QB  in  figure  (1)  is  equal  to  the  diflference  of  the 
squares  on  QO  and  the  radius,  (Prop.  36.) 

and  in  figure  (2)  is  equal  to  the  difference  of  the  squares  on  the 
radius  and  Q  0 ;  (Prop.  35. ) 

it  follows  that  in  hoth  cases 

the  square  on  QR  is  less  than  the  sum  of  the  squares  on  QO,  RO  by 
twice  the  square  on  the  radius. 


ADDITIONAL  PEOPOSITION. 

« 

If  one  pair  of  opposite  sides  of  a  qimdrilateral  inscribed  in  a  circle 
intersect  at  a  fixed  point ,  tlie  other  pair  of  opposite  sides  intersect  on  a 
fixed  straight  line  *. 

Let  ABGD  be  a  quadrilateral  inscribed  in  a  circle,  whose  centre  is 
O ;  and  let  the  sides  AB,  CD  meet  in  Q  and  ADj  BC  in  R, 


Because  Q  and  R  are  the  intersections  of  opposite  sides  of  a  quadri- 
lateral inscribed  in  the  circle, 
the  square  on  QR  is  less  than  the  squares  on  OQ,  OR  by  twice  the 
square  on  the  radius;  (Add.  Prop,  page  260.) 

therefore  the  difference  of  the  squares  on  QR,  OQ  is  equal  to  the  dif- 
ference of  the  square  on  OR  and  twice  the  square  on  the  radius, 
which  is  a  constant,  if  the  point  R  be  fixed. 
Therefore  the  locus  of  the  point  Q  is  a  straight  line. 

(Ex.  2,  page  125.) 

*  We  leave  to  the  student  as  an  exercise  the  proof  that  this  line  is 
the  polar  of  the  fixed  point. 
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ADDITIONAL  PBOPOSITION. 

If  one  point  lie  on  the  polar  of  another  pointy  the  second  point  lies 
on  the  polar  of  the  first  point. 

Let  P,  Q  be  two  points  such  that  Q  lies  on  the  polar  of  P, 
i.  e,  if  QH  be  drawn  perpendicnlar  to  OP^ 
the  rectangle  OH,  OP  is  equal  to  the  square  on  the  radius. 

Construction.    Draw  PK  perpendicular  to  OQ.         (I.  Prop.  12.) 


Pboof.    Because  the  angles  at  H  and  K  are  right  angles, 

Q,  K,  P,  H  lie  on  a  circle;      (Prop.  22,  Coroll.) 
therefore  the  rectangle  OQ,  OK  is  equal  to  the  rectangle  OH,  OP, 

(Prop.  36.) 

and  therefore  to  the  square  on  the  radius; 

and  KP  is  at  right  angles  to  0K\ 

therefore  KP  is  the  polar  of  Q, 

or,  in  other  words,  P  lies  on  the  polar  of  Q. 
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EXERCISES. 

1.  Prove  that  the  polar  of  a  point  without  a  circle  is  the  straight 
line  joining  the  points  of  contact  of  tangents  drawn  from  the  point  to 
the  cirde. 

2.  If  0  be  the  centre  of  a  circle,  and  the  polar  of  a  point  P  cut 
PO  in  H,  and  any  straight  line  through  P  out  the  circle  in  R  and  £f, 
then  the  polar  bisects  the  angle  JRHS, 

3.  If  a  straight  line  PQR  cut  a  circle  in  Q  and  R  and  cut  the 
polar  of  P  in  JT,  and  if  M  be  the  middle  point  of  QR^  then  the  rect- 
angles PQ,  PR  and  PK,  PM  are  equal. 

4.  If  P,  Q,  R,  8  be  the  points  of  contact  of  the  sides  AB,  BC, 
CD,  DA  of  a  quadrilateral  ^P  CD  with  an  inscribed  circle,  the  straight 
lines  AG,  BD,  PR,  QS  are  concurrent. 

5.  Shew  how  to  draw  two  tangents  to  a  given  circle  from  a  given 
&temal  point  by  means  of  straight  lines  o^y. 

6.  Shew  how  to  draw  a  tangent  to  a  given  circle  at  a  given  point 
on  it  by  means  of  straight  lines  only. 


264 


BOOK  III. 


ADDITIONAL  PROPOSITION. 

The  locus  of  a  point  fr<ym  which  tangents  drawn  to  two  given  circle9 
are  equal  is  a  straight  line*. 

Let  P  be  a  point  such  that 
PQ,  PR  tangents  drawn  to  two 
given  circles  are  equal. 

Find  the  centres  At  B  of  the 
circles;  (Prop.  6.) 

draw  ABt  AP,  AQ,  BP,  BR,  and 
draw  PH  perpendicular  to  AB, 

(I.  Prop.  12.) 
Because  PQ,  PR  are  tangents 

the  angles  at  Q  and  R  are  right  angles. 
Therefore  the  sum  of  the  squares  on  PQ,  AQ  ia  equal  to  the  square 
on  AP,  (I.  Prop.  47.) 

and  the  sum  of  the  squares  on  PR^  BR  is  equal  to  the  square  on  BP; 
therefore  the  difference  of  the  squares  on  AQ^  BR  is  equal  to  the 

difference  of  the  squares  on  AP,  BP. 
But  because  the  angles  at  H  are  right  angles, 

the  difference  of  the  squares  on  AP^  BP 

is  equal  to  the  difference  of  the  squares  on  AHf  HB. 

Therefore  the  difference  of  the  squares  on  AH^  HB  is  equal  to  the 

difference  of  the  squares  on  AQ,  BR,  which  is  a  constant; 

therefore  H  is  a  fixed  point, 

and  the  straight  line  HP  on  which  P  lies  is  drawn  through  H  at 

right  angles  to  AB  the  line  of  the  centres,  and  is  therefore  a  fixed 

straight  line. 


*  This  line  is  called  the  Ba4ical  Axis  of  the  two  circles.  This 
name  was  given  to  the  line  by  L.  Gaultier  de  Tours,  a  French  geo- 
meter.   See  Journal  de  VScole  Polytechnique,  tom.  ix.  p.  139  (1813). 


RADICAL  AXIS,  265 


EXEBCISES. 

1.  Prove  that  the  radical  axis  of  two  intersecting  circles  passes 
through  their  points  of  intersection. 

2.  What  is  the  radical  axis  of  two  circles  which  touch  each  other? 

3.  Prove  that  the  middle  points  of  the  four  common  tangents  of 
two  circles  external  to  each  other  lie  on  a  straight  line. 

4.  Prove  that  the  radical  axes  of  three  circles  taken  two  and  two 
together  meet  in  a  point*. 

5.  Shew  how  to  draw  the  radical  axis  of  two  circles  which  do  not 
meet. 

6.  Draw  a  circle  passing  through  a  given  point  and  cutting  two 
given  circles  so  'that  its  chords  of  intersection  with  the  two  circles 
may  each  pass  through  given  points. 

7.  0  is  a  fixed  point  outside  a  given  circle:  find  a  straight  line 
such  that  each  of  the  tangents  drawn  from  any  point  P  in  that  line 
to  the  circle  shall  he  equal  to  FO, 

8.  Draw  a  straight  line  in  a  given  direction  so  that  chords  out 
from  it  by  two  given  circles  may  be  equal. 

•  9.  Prove  that  the  difference  of  the  squares  of  the  tangents  from 
any  point  to  two  circles  is  equal  to  twice  the  rectangle  under  the  dis- 
tance between  tiieir  centres  and  the  distance  of  the  point  from  their 
radical  axis. 

10.  Through  two  given  points  draw  a  circle  to  cut  a  given  circle 
in  such  a  way  that  the  angle  contained  in  the  segment  cut  off  the 
given  circle  may  be  equal  to  a  given  angle. 


This  point  is  called  the  Radical  Centre  of  the  three  circles. 
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Definition.  Two  circles  or  other  curves,  which  meet  at 
a  pointf  a/re  said  to  meet  at  the  a/ngh  at  which  their  tangents 
a^  the  point  meet. 

Two  circles  or  other  cv/rves  are  said  to  be  orthogonal  or 
to  cut  orthogonally  at  a  point,  when  they  intersect  at  right 
angles  at  the  point. 


ADDITIONAL  PROPOSITION. 

If  the  square  on  the  distance  between  the  centres  of  two  circles  he 
equal  to  the  sum  of  the  squares  on  the^radii,  the  circles  are  orthogonal. 

Let  At  Bhe  the  centres  of  two  circles  CPD,  EPF,  which  intersect 
at  P,  and  are  such  that  the  square  on  AB  is  equal  to  the  sum  of  the 
squares  on  AP,  BP. 


Because  the  square  on  AB  is  equal  to  the  sum  of  the  squares  on 

APt  BPt 

the  angle  APB  is  a  right  angle.  (I.  Prop.  48.) 

And  £P  is  a  radius  of  the  circle  J?P^; 

therefore  AP  touches  the  circle  EPF, 

Similarly  it  can  be  proved  that  BP  touches  the  circle  CPD ; 

therefore  the  circles  CPD,  EPF  are  orthogonal. 

CoBOLLABY.    The  radius  of  each  of  two  orthogonal  circles  drawn  to 
a  point  of  intersection  is  a  tangent  to  the  other  circle. 
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EXERCISES. 

1.  A  circle,  which  passes  through  a  given  point  and  cuts  a  given 
circle  orthogonally,  passes  through  a  second  fixed  point. 

2.  Describe  a  circle  to  cut  a  given  circle  orthogonally  at  two 
given  points. 

3.  Describe  a  circle  through  two  given  points  to  cut  a  given  circle 
orthogonally. 

4.  Two  chords  AD,  BO  of  a  circle  ACDB,  of  which  -4B  is  a 
diameter,  intersect  at  £J :  a  circle  described  round  CDE  will  cut  the 
circle  ACDB  at  right  angles. 

5.  Two  circles  cut  each  other  at  right  angles  ia  A^B;  P  is  any 
point  on  one  of  the  circles,  and  the  lines  PA,  PB  out  the  other  drde 
in  Q,  B:  shew  that  QB  is  a  diameter. 

6.  The  internal  and  external  bisectors  of  the  vertical  angle  A  of 
the  triangle  ABC  meet  the  base  in  D  and  E  respectively.  Prove  that 
the  circles  described  about  the  triangles  ABD  and  ABE  cut  at  right 
angles,  as  also  do  those  described  about  the  triangles  ACD  and  ACE, 
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ADDITIONAL  PROPOSITION. 

Every  circle^  which  cuU  two  given  circles  orthogonaUy,  has  its 
centre  on  the  radical  axis  of  the  given  circles,  and  if  it  cut  the  straight 
line  joining  their  centres,  it  cuts  it  in  two  fixed  points. 

Let  AyB  be  the  centrefl  of  two  given  circles  and  let  P  be  the 
centre  of  a  circle,  which  outs  the  given  circles  orthogonally  at  Q  and  R. 
Draw  AB,  PQ,  PR,  and  draw  PH  perpendicular  to  AB, 
Because    the    circles    cut   ortho- 
gonally at  Q, 

PQ  is  a  tangent  at  Q, 
(Add.  Prop,  page  266,  CoroU.) 
Similarly  it  can  be  proved  that 

PR  is  a  tangent  at  R. 
But  PQ  is  equal  to  PR; 
therefore  P  is  a  point  on  the  radical 
axis  of  the  given  circles, 
and  therefore  H  is  a  fixed  point.  (Add.  Prop,  page  264.) 

Next,  let  the  circle  whose  centre  is  P  cut  the  line  AB  in  M,  N. 
Because  the  circles  cut  orthogonally  at  Q, 

AQiBA  tangent  to  the  circle  QMNR  at  Q, 

and  therefore  the  square  on  AQ  is  equal  to  the  rectangle  AM,  AN; 

but  because  PH  is  at  right  angles  to  MN, 

MH  is  equal  to  NH;  (Prop.  4.) 

and  the  rectangle  AM^  AN  is  equal  to  the  difference  of  the 

squares  on  AH,  MH;  (II.  Prop.  6.) 

therefore  the  square  on  ^Q  is  equal  to  the  difference  of  the 

squares  on  AH,  MH, 
Now  the  lines  AQ,  AH  are  of  constant  length ; 

therefore  MH  (or  NH)  is  of  constant  length. 
Therefore  the  points  M  and  A"  are  at  a  constant  distance  from  H, 
which  is  a  fixed  point; 

therefore  the  points  M  and  N  are  fixed  points. 


ORTHOGONAL  CIRCLES,  269 


We  leave  it  to  the  student  as  an  exercise  to  prove  that : 

if  the  given  circles  be  external  to  each  other,  the  points  M  and  N  are 
real,  one  within  each  of  the  given  circles; 

if  the  circles  touch  externally,  M  and  N  coincide  with  the  point  of 
contact; 

if  the  circles  intersect,  the  circle,  whose  centre  is  P,  does  not  intersect 
the  line  AB  in  real  points ; 

if  one  circle  touch  the  other  internally,  the  points  are  again  real,  and 
they  coincide  with  the  point  of  contact ; 

if  one  circle  lie  wholly  within  the  other,  the  points  M  and  N  are 
both  real,  one  within  both  circles  and  the  other  without  both 
circles. 


EXERCISES. 

1.  Draw  a  circle  to  cut  three  given  circles  orthogonally. 

2.  Prove  that  every  pair  of  circles,  which  cut  two  given  circles 
orthogonally,  has  the  same  radical  axis. 

8.  Of  four  given  circles  three  have  their  centres  in  the  same 
straight  line,  and  the  fourth  cuts  the  other  three  orthogonally;  prove 
that  the  radical  axis  of  each  pair  of  the  three  circles  is  the  same. 

4.  ABCD  is  a  quadrilateral  inscribed  in  a  circle;  the  opposite 
sides  AB  and  DC  are  produced  to  meet  at  F;  and  the  opposite  sides 
BC  and  ^D  at  E :  shew  that  the  circle  described  on  EF  as  diameter 
cuts  the  circle  ABCD  at  right  angles. 

5.  Find  a  point  such  that  its  polar  with  respect  to  each  of  two 
given  circles  is  the  same. 
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ADDITIONAL  PROPOSITIOK. 

The  middle  points  of  the  sides  of  a  triangle  and  the  feet  of  the 
perpendiculars  from  the  angular  points  on  the  opposite  sides  lie  on  a 
circle. 

Let  Z>,  E^  F  be  the  middle  points  of  the  sides  BC^  GA^  AB  of  a 
triangle  ABC,  and  L,  M,  N  the  feet  of  the  perpendiculars  on  them 
from  A,  By  C. 

Draw  FL,  LE,  FD,  DE, 


Then  because  ALB  is  a  right-angled  triangle,  and  F  is  the  middle 

point  of  ABt 

FL  is  equal  to  FA ;  (Ex.  7,  page  87.) 

therefore  the  angle  FLA  is  equal  to  the  angle  FAL.  (I.  Prop.  5.) 

Similarly  it  can  be  proved  that  the  angle  ALE  is  equal  to  the 

angle  LAE ; 

therefore  the  angle  FLE  is  equal  to  the  angle  BAG. 

Again  because  FD  is  parallel  to  AG 

and  DE  to  BA,         (Add.  Prop,  page  101.) 

FAED  is  a  parallelogram, 

and  the  angle  FDE  is  equal  to  the  angle  BA  C;  (I.  Prop.  34.) 

therefore  the  angle  FLE  is  equal  to  the  angle  FDE. 

Therefore  L,  Z),  E,  F  lie  on  a  circle.     (Prop.  21,  Coroll.) 

Similarly  it  can  be  proved  that  M,  D,  E,  F  lie  on  a  circle, 

and  that  N,  D,  E,  F  lie  on  a  circle. 

But  only  one  circle  can  be  described  through  the  three  points  DyE,F\ 

therefore  these  three  circles  are  coincident. 

Therefore  the  six  points  L,  My  N,  D,  Ey  i^  lie  on  a  circle. 


THE  NINE  POINT  CIRCLE, 
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ADDITIONAL  PROPOSITION. 

The  circle  through  the  middle  points  of  the  sides  of  a  tri^/rtgle  passes 
through  the  middle  points  of  the  straight  Unes  joining  the  angular  points 
of  the  triangle  to  the  orthoeentre. 

Let  D,E,F  he  ihe  middle  points  of  the  sides  BGy  GA,  AB  of  a 
triangle  ABG, 

Draw  ALy  BM,  CN  perpendicular  to  JBC,  (7/1,  AB,  intersecting 
at  0.  (Add.  Prop,  page  95.) 

Bisect  AO,  BO,  GO  at  a,  b,  e. 


In  the  triangle  OBG^  D^  c,  5  are  the  middle  points  of  the  sides, 
and  L,  M,  N  are  the  feet  of  the  perpendiculars  from  the  vertices  on 
the  opposite  sides ; 
therefore  L,  D,  c,  M^  N^  b  lie  on  a  circle.   (Add.  Prop,  page  270.) 
Similarly  it  can  be  proved  that 

Lf  c,  El  M,  a,  2«r  lie  on  a  circle, 

and  that  L,  My  a,  N,  JP,  b  lie  on  a  circle. 

But  only  one  circle  can  be  described  through  the  three  points  L^M^N; 

therefore  these  circles  are  coincident. 
Therefore  the  nine  points  L,  D,  c,  JB,  M^  a,  N,  F,  b  lie  on  a  circle  *. 


*  This  circle  is  called  the  Nine  Point  Circle  of  the  triangle. 
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ADDITIONAL  PROPOSITION. 

The  feet  of  the  perpendiculars  drawn  from  any  point  on  a  circle  to 
the  three  sides  of  a  triangle  inscribed  in  the  circle  lie  on  a  straight 
line*. 

Let  ABC  be  a  triangle  and  PL,  PM,  PN 
be  the  perpendiculars  from  a  point  P  on  the 
circle  ABC  to  BC,  CA,  AB. 
Draw  LN,  NM. 

Because  PLB,  PNB  are  right  angles, 
a  circle  can  be  described  about  PNLB ; 

(m.  Prop.  21,  Coroll.) 
therefore  the  angles  PNL^  PBL  are  supple- 
mentary.     (III.  Prop.  22.) 
But  the  angles  PAC,  PBG  are  supplementary;  (III.  Prop.  22.) 
therefore  the  angle  PNL  is  equal  to  the  angle  PAC, 
Again  because  PMA^  PNA  are  right  angles, 

a  circle  can  be  described  about  PNAM;   (HI.  Prop.  22,  Coroll.) 
therefore  the  angle  PNM  is  equal  to  the  angle  PAM. 
Therefore  the  sum  of  the  angles  PNL,  PNM  is  equal  to  the  sum 
of  the  angles  PACy  PAM, 

that  is,  to  two  right  angles.  (I.  Prop.  13.) 

Therefore  LN,  NM  are  in  the  same  straight  line.    (I.  Prop.  14.) 


EXEKCISES. 

1.  If  PL,  PM,  PN  be  the  perpendiculars  drawn  from  P  a  point 
on  the  circle  ABC  to  the  sides  BC,CA,  AB  of  an  inscribed  triangle, 
and  straight  lines  PI,  Pm,  Pn  be  drawn  to  meet  the  sides  in  I,  m,  n 
such  that  the  angles  LPl,  MPm,  NPn  are  equal  and  measured  in  the 
same  sense,  then  I,  m,  n  are  collinear. 

2.  P  is  a  point  on  the  circle  circumscribing  the  triangle  ABC. 
The  pedal  line  of  P  cuts  AG  and  BC  in  M  and  i.  Y  is  the  foot  of 
the  perpendicular  from  P  on  the  pedal  line.  Prove  that  the  rectangles 
PY,  PC,  and  PL,  PM  are  equal. 


*  This  line  is  called  the  Pedal  Line. 

Its  discovery  is  attributed  to  Dr  Bobert  Simson,  and  it  is  in 
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consequence  also  called  Simson's  line. 


MISCELLANEOUS   EXERCISES. 

1.  If  any  point  P  on  a  fixed  oirole  be  joined  to  a  fixed  point  A^ 
and  AQ  be  drawn  equal  to  AP  at  a  constant  inclination  P^Q  to  AP, 
the  locus  of  Q  is  an  equal  circle. 

2.  Draw  a  straight  line  from  one  circle  to  another,  to  be  equal 
and  parallel  to  a  given  straight  line. 

3.  Construct  a  parallelogram,  two  of  whose  angular  points  are 
given  and  the  other  two  lie  on  two  given  circles. 

Discuss  the  number  of  possible  solutions  of  the  problem  in  the 
different  cases  which  may  occur. 

4.  Find  the  locus  of  the  centre  of  a  circle  whose  circumference 
passes  through  two  given  points. 

5.  Shew  that  the  straight  lines  drawn  at  right  angles  to  the  sides 
of  a  rectilineal  figure  inscribed  in  a  circle  from  their  middle  points 
intersect  at  a  fixed  point. 

6.  Determine  the  centre  of  a  given  circle  by  means  of  a  ruler 
with  parallel  edges  whose  breadth  is  less  than  the  diameter  of  the 
circle. 

7.  A  circle  is  described  on  the  radius  of  another  circle  as  diameter. 
Prove  that  any  chord  of  the  greatest  circle  drawn  from  the  point  of 
contact  is  bisected  by  the  lesser  circle. 

8.  Two  circles  DFCt  GEO  whose  centres  are  A  and  B  intersect  at 
(7;  through  C,  DCE  and  FOG  are  drawn  equally  inclined  to  AB: 
shew  that  DE  and  FG  are  equal. 

9.  AB  and  CD  are  two  chords  of  a  circle  cutting  at  a  point  E 
within  the  circle;  AB  is  produced  to  H  so  that  BH  is  equal  to  BE, 
The  circles  AEG  and  ACH  cut  BC  in  ^  and  L\  prove  that  B  is  the 
middle  point  of  KL. 

10.  Through  either  of  the  points  of  intersection  of  two  given 
circles  draw  the  greatest  possible  straight  line  terminated  both  ways 
by  the  two  circumferences. 

11.  Through  two  points  A^  B  on  the  same  diameter  of  a  circle  and 
equidistant  from  its  centre  two  parallel  straight  lines  APy  BQ  are 
drawn  towards  the  same  parts,  meeting  the  circle  in  P  and  Q :  shew 
that  PQ  is  perpendicular  to  AP  and  BQ. 
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12.  ^  is  a  fixed  point  in  the  circumference  of  a  circle  and  ABC  an 
inscribed  triangle  such  that  the  sum  of  the  squares  on  AB^AG'ia 
constant ;  shew  that  the  locus  of  the  middle  point  of  BC  is  a  straight 
line. 

13.  From  one  of  the  points  of  intersection  of  two  circles  straight 
lines  are  drawn  equally  inclined  to  the  common  chord  of  the  circles  : 
prove  that  the  portions  of  these  lines,  intercepted  between  the  other 
points  in  which  they  meet  the  circumferences  of  the  circles,  are  equal. 

14.  Describe  a  circle  of  given  radius  to  touch  two  given  circles. 
Discuss  the  number  of  possible  solutions. 

15.  Describe  three  circles  to  have  their  centres  at  three  given 
points  and  to  touch  each  other  in  pairs. 

How  many  solutions  are  there  ? 

16.  Describe  a  circle  to  touch  two  given  concentric  circles  and  to 
pass  through  a  given  point. 

Discuss  the  number  of  solutions.    Is  a  solution  always  possible? 

17.  If  AB^  CD  be  two  equal  chords  of  a  circle,  one  of  the  pairs  of 
lines  ABy  BG  and  AC^  BD  are  equal,  and  the  other  pair  parallel. 

18.  If  two  equal  chords  AB,  CD  of  a  drde  intersect  at  £,  AE  is 
equal  to  CE  or  DE, 

19.  A  quadrilateral  is  described  about  a  circle :  shew  that  two  of 
its  sides  are  together  equal  to  the  other  two  sides. 

20.  Shew  that  eveiy  parallelogram  described  about  a  circle  is  a 
rhombus. 

21.  If  the  tangents  at  two  points  where  a  straight  line  meets  two 
circles,  one  point  being  on  each  circle,  be  parallel,  ih.e  other  pair  also 
are  parallel. 

22.  Two  straight  lines  ABDy  ACE  touch  a  cirde  at  B  and  C;  if 
DE  be  joined,  DE  is  equal  to  BD  and  CE  together:  shew  that  DE 
touches  the  circle. 

23.  When  an  equilateral  polygon  of  an  even  number  of  sides  is 
described  about  a  circle,  the  alternate  angles  are  equaL 

24.  If  a  quadrilateral  be  described  about  a  circle,  the  angles  sub- 
tended at  the  centre  of  the  circle  by  any  two  opposite  sides  of  the 
figure  are  together  equal  to  two  right  angles. 

25.  Two  radii  of  a  circle  at  right  angles  to  each  other  when  pro- 
duced are  cut  by  a  straight  line  which  touches  the  circle:  shew  that 
the  tangents  drawn  firom  the  points  of  section  are  parallel  to  each 
other. 

26.  If  the  straight  line  joining  the  centres  of  two  circles,  which 
are  external  to  one  another,  cut  them  in  the  jwints  A,  B,  C,  D,  the 
squares  on  the  common  tangents  to  the  two  circles  are  equal  to  the 
rectangles  BD,  AC,  and  BC,  AD. 

What  is  the  corresponding  theorem  for  two  intersecting  circles? 
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27.  APB  is  an  arc  of  a  circle  less  than  a  semicircle ;  tangents  are 
drawn  at  A  and  B  and  at  any  intermediate  point  P;  shew  that  the 
sum  of  the  sides  of  the  triangle  formed  hy  the  three  tangents  is 
invariable  for  all  positions  of  P. 

28.  Given  a  circle,  and  a  straight  line  in  its  plane ;  draw  a  tangent 
to  the  circle,  which  shall  make  a  given  angle  with  the  given  straight 
line. 

29.  Find  the  point  in  the  circumference  of  a  given  circle,  the  sum 
of  whose  distances  from  two  given  straight  lines  at  right  angles  to 
each  other,  which  do  not  cnt  the  circle,  is  the  greatest  or  least 
possible. 

80.  A  straight  line  is  drawn  touching  two  circles :  shew  that  the 
chords  are  parsJlel  which  join  the  points  of  contact  and  the  points 
where  the  straight  line  through  the  centres  meets  the  circumferences. 

31.  From  the  centre  C  of  &  circle,  GA  is  drawn  perpendicular  to 
a  given  straight  line  AB^  which  does  not  meet  the  circle,  and  in  AC  & 
point  P  is  taken,  such  that  AP  is  equal  to  the  length  of  the  tangent 
from  A :  prove  that,  if  Q  be  any  point  in  AB,  QP  is  equal  to  the 
length  of  the  tangent  from  Q. 

32.  If  a  quadrilateral,  having  two  of  its  sides  parallel,  be 
described  about  a  circle,  a  straight  line  drawn  through  the  centre  of 
the  circle,  parallel  to  either  of  the  two  parallel  sides,  and  terminated 
by  the  other  two  sides,  is  equal  to  a  fourth  part  of  the  perimeter  of 
the  figure. 

33.  With  a  given  point  as  centre  describe  a  circle  to  cut  a  given 
circle  at  right  angles.  How  must  the  point  be  situated  that  this  may 
be  possible  ? 

34.  If  two  circles  touch  and  a  chord  be  drawn  through  the  point 
of  contact,  the  tangents  at  the  other  points  where  the  chord  meets  the 
circles  are  parallel. 

35.  From  a  given  point  A  without  a  circle  whose  centre  is  O  draw 
a  straight  line  cutting  the  circle  at  the  points  B  and  G,  so  that  the 
area  BOG  may  be  the  greatest  possible. 

36.  Two  circles  PAB,  QAB  cut  one  another  at  ^  :  it  is  required 
to  draw  through  A  a  straight  line  PQ  so  that  PQ  may  be  equal  to 
a  given  straight  line. 

37.  Two  given  circles  touch  one  another  externally  in  the  point 
P,  and  are  touched  by  the  line  AB  in  the  points  A  and  B  respectively. 
Shew  that  the  circle  described  on  AB  as  diameter  passes  through  the 
point  P,  and  touches  the  line  joining  the  centres  of  the  two  given 
circles. 

38.  From  a  point  without  a  circle  draw  a  line  such  that  the  part 
of  it  included  within  the  circle  may  be  of  a  given  length  less  than  the 
diameter  of  the  circle. 
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39.  When  an  equilateral  polygon  is  described  about  a  circle  it 
must  necessarily  be  equiangular  if  the  number  of  sides  be  odd,  but 
not  otherwise. 

40.  One  circle  touches  another  internally  at  the  point  ^ :  it  ii^ 
required  to  draw  from  A  a  straight  line  such  that  the  part  of  it 
between  the  circles  may  be  equal  to  a  giyen  straight  line,  wluch  is  not 
greater  than  the  difiFerence  between  the  diameters  of  the  circles. 

41.  If  a  hexagon  circumscribe  a  circle,  the  sums  of  its  alternate 
sides  are  equal. 

42.  If  a  polygon  of  an  even  number  of  sides  circumscribe  a  circle, 
the  sum  of  the  alternate  sides  is  equal  to  half  the  perimeter  of  the 
polygon. 

43.  Under  what  condition  is  it  possible  to  describe  a  circle  to 
touch  the  two  diagonals  and  two  opposite  sides  of  a  quadrilateral  ? 

44.  If  a  parallelogram  be  circumscribed  about  a  circle  with  centre 
O,  and  a  line  be  drawn  touching  the  circle  and  cutting  the  sides  of  the 
panillelogram,  or  the  sides  produced  in  ^,  £,  C,  D,  prove  that  the 
angles  AOB^  BOC,  and  COD  are,  each  of  them,  equal  to  a  half  of 
one  or  other  of  the  angles  of  the  parallelogram. 

45.  If  two  equal  circles  be  placed  at  such  a  distance  apart  that 
the  tangent  drawn  to  either  of  them  from  the  centre  of  the  other  is 
equal  to  a  diameter,  they  will  have  a  common  tangent  equal  to  the 
radius. 

46.  Draw  a  straight  line  to  touch  one  given  circle  so  that  the 
part  of  it  contained  by  another  given  circle  shall  be  equal  to  a  given 
straight  line  not  greater  than  the  diameter  of  the  latter  circle. 

47.  AB  is  the  diameter  and  C  the  centre  of  a  semicircle :  shew 
that  0  the  centre  of  any  circle  inscribed  in  the  semicircle  is  equidis- 
tant from  C  and  from  tiie  tangent  to  the  semicircle  parallel  to  AB, 

48.  A  circle  is  drawn  to  touch  a  given  circle  and  a  given  straight 
line.  Shew  that  the  points  of  contact  are  always  in  the  same  straight 
line  with  one  or  other  of  two  fixed  points  in  the  circumference  of  the 
given  circle. 

49.  Describe  a  circle  to  touch  a  given  circle  and  a  given  straight 
line. 

How  many  solutions  are  there? 

50.  A  series  of  circles  is  described  passing  through  one  angular 
point  of  a  parallelogram  and  a  fixed  point  on  the  diagonal  through 
that  angular  point.  Shew  that  the  sum  of  the  squares  on  the  tan- 
gents from  the  extremities  of  the  other  diagonal  is  the  same  for  each 
circle  of  the  series. 

51.  A  quadrilateral  is  bounded  by  a  diameter  of  a  circle,  the 
tangents  at  its  extremities,  and  a  third  tangent :  shew  that  its  area  is 
equal  to  half  that  of  the  rectangle  contained  by  the  diameter  and  the 
side  opposite  to  it. 
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52.  If  the  centres  of  two  ciioles  which  touch  each  other  extemallj 
be  fixed,  the  external  common  tangents  of  ti^iose  circles  will  touch 
another  circle  of  which  the  straight  line  joining  the  fixed  centres  is 
the  diameter. 

53.  TP,  TQ  are  tangents  from  T  to  two  circles  which  meet  in  A 
and  PQ  meets  the  circles  in  P\  Q',  and  the  angles  PAP',  QAQ'  are 
equal ;  find  the  locus  of  T. 

54.  Describe  a  circle  of  given  radius  passing  through  a  given 
point  and  touching  a  given  straight  line. 

How  many  solutions  may  there  be? 

55.  Describe  a  circle  of  given  radius  touching  a  given  straight 
line  and  a  given  circle. 

How  many  solutions  may  there  be? 

56.  Given  one  angle  of  a  triangle,  the  side  opposite  it,  and  the 
sum  of  the  other  two  sides,  construct  the  triangle. 

57.  AOBf  COD  are  two  diameters  of  a  circle  whose  centre  is  0, 
and  they  are  mutually  perpendicular.  If  P  be  any  point  on  the  cir- 
cumference, shew  that  CP  and  DP  are  the  internal  and  external 
bisectors  of  the  angle  APB, 

58.  If  AB  and  CD  be  two  perpendicular  diameters  of  a  circle  and 
P  any  point  on  the  arc  ACB,  shew  that  D  is  equally  distant  from 
PA,  PB. 

59.  If  two  circles  intersect  each  other,  prove  that  each  common 
tangent  subtends,  at  the  two  common  points,  angles  which  are  sup- 
plementary to  each  other. 

60.  From  one  of  the  points  of  intersection  of  two  equal  circles, 
each  of  which  passes  through  the  centre  of  the  other,  a  straight  line 
is  drawn  to  intersect  the  circles  in  two  other  points :  prove  that  these 
points  form  an  equilateral  triangle  with  the  other  point  of  intersec- 
tion of  the  two  circles. 

61.  A  series  of  circles  touch  a  fixed  straight  line  at  a  fixed  point: 
shew  that  the  tangents  at  the  points  where  they  cut  a  parallel  fixed 
straight  line  all  touch  a  fixed  circle. 

62.  Two  points  P,  Q  are  taken  in  two  arcs  described  on  the  same 
straight  line  ABy  and  on  the  same  side  of  it;  the  angles  PAQ,  PBQ 
are  bisected  by  the  straight  lines  AB,  BB  meeting  at  B :  prove  that 
the  angle  ABB  is  constant. 

63.  APB  is  a  fixed  chord  passing  through  P  a  point  of  intersec- 
tion of  two  circles  AQP,  PBB;  and  QPB  is  any  other  chord  of  the 
ch'cles  passing  through  P:  shew  that  AQ  and  BB  when  produced 
meet  at  a  constant  angle. 

64.  A,  By  C,  D  are  four  points  on  a  circle.  Prove  that  the  four 
points  where  the  perpendiculars  from  any  point  O  to  the  straight 
lines  AB  and  CD  meet  AC  and  BD  lie  on  a  circle. 
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65.  Any  number  of  triangles  are  described  on  the  same  base  BG, 
and  on  the  same  side  of  it  having  their  vertical  angles  equal,  and 
perpendiculars,  intersecting  at  i>,  are  drawn  from  B  and  C  on  the 
opposite  sides;  find  the  locus  of  D. 

66.  Let  0  and  C  be  any  fixed  points  on  the  circumference  of  a 
circle,  and  OA  any  chord;  then,  if  ^C7  be  joined  and  produced  to  B, 
so  that  OB  is  equal  to  OA,  the  locus  of  £  is  an  equal  circle. 

67.  If  ABG  be  a  triangle,  AD  and  BE  the  perpendiculars  from 
A  and  B  upon  BG  and  AC,  DF  and  EG  the  perpendiculars  from  D 
and  E  upon  AG  and  BG,  then  FG  is  parallel  to  AB. 

68.  The  four  circles  which  pass  through  the  middle  points  of  the 
sides  of  the  four  triangles  formed  by  two  sides  of  a  quadrilateral  and 
one  of  its  two  diagonals  intersect  in  a  point. 

69.  In  a  circle  two  chords  of  given  length  are  drawn  so  as  not 
to  intersect,  and  one  of  them  is  fixed  in  position;  the  opposite 
extremities  of  the  chords  are  joined  by  straight  lines  intersecting 
within  the  circle:  shew  that  the  locus  of  the  point  of  intersection 
will  be  a  portion  of  the  circumference  of  a  circle,  passing  through 
the  extremities  of  the  fixed  chord. 

70.  The  centre  (7  of  a  circle  BPQ  lies  on  another  circle  APQ  of 
which  PBA  is  a  diameter.    Prove  that  PG  is  parallel  to  BQ, 

71.  Through  one  of  the  points  of  intersection  of  two  circles, 
centres  A  and  B,  a  chord  is  drawn  meeting  the  circles  at  P  and  Q 
respectively.  The  lines  PA,  QB  intersect  in  G.  Find  the  locus 
of  C. 

72.  At  each  extremity  of  the  base  of  a  triangle  a  straight  line 
is  drawn  making  with  the  base  an  angle  equal  to  half  the  sum  of  the 
two  base  angles;  prove  that  these  lines  will  meet  on  the  external 
bisector  of  the  vertical  angle. 

73.  In  the  figure  of  Euclid  i.  47  the  feet  of  the  perpendiculars 
drawn  from  the  centre  of  the  largest  square  upon  the  three  sides  of 
the  given  right  angled  triangle  are  collinear. 

74.  Three  points  A,  jB,  G  are  taken  on  a  circle.  The  tangents  at 
B  and  G  meet  in  T,  If  from  T  a  straight  line  be  drawn  parallel 
to  AB,  it  meets  AG  in  the  diameter  perpendicular  to  AB, 

75.  If  ABG  be  a  triangle  inscribed  in  a  circle,  PQ  a  diameter, 
and  perpendiculars  be  let  fall  from  P  on  the  two  sides  meeting  in  A, 
and  from  Q  on  those  meeting  in  B,  the  lines  joining  the  feet  of  the 
two  sets  of  perpendiculars  will  intersect  at  right  angles. 

76.  Through  any  point  O  on  the  side  PC  of  an  equilateral  tri- 
angle ABC,  OK,  OL  are  drawn  parallel  to  AB,  AG  respectively  to 
meet  AC,  AB  respectively  in  K  and  L:  the  circle  tlirough  0,  K  and  L 
cuts  AB,  AC  again  in  P  and  Q.  Prove  that  OPQ  is  an  equilateral 
triangle. 
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77.  Two  chords  AB,  CD  of  a  circle  intersect  in  E.  From  EB,  EB, 
produced  if  necessary,  parts  EF,  EG  are  cnt  ofiF  respectively  equal  to 
ED,  EB.    Prove  that  FG  is  parallel  to  CA. 

78.  If  ABC  be  an  equilateral  triangle  and  D  be  any  point  on  the 
circumference  of  the  circle  ABG^  then  one  of  the  three  distances  DA, 
DB,  DC  is  equal  to  the  sum  of  the  other  two. 

79.  If  through  E  a  point  of  intersection  of  two  circles  ACE^  BDE 
two  straight  lines  AB  and  CD  be  drawn  terminated  by  the  circles, 
then  AC  and  BD  cut  one  another  at  a  constant  angle. 

80.  If  AD,  BE,  CF  be  the  perpendiculars  from  the  angles  A,B,G 
of  a  triangle  on  the  opposite  sides,  these  lines  bisect  the  angles  of  the 
triuigle  DEF, 

81.  AB  is  a  common  chord  of  the  segments  ACB,  ADEB  of  two 
circles,  and  through  C  any  point  on  ACB  are  drawn  the  straight 
lines  ACE,  BCD:  prove  that  the  arc  DE  is  of  invariable  length. 

82.  Divide  a  circle  into  two  parts  so  that  the  angle  contfuned  in 
one  arc  shall  be  equal  to  twice  the  angle  contained  in  the  other. 

83.  A  quadrilateral  is  inscribed  in  a  circle :  shew  that  the  sum 
of  the  angles  in  the  four  arcs  of  the  circle  exterior  to  the  quadrilateral 
is  equal  to  six  right  angles. 

84.  A,  B,  C,  D  are  four  points  taken  in  order  on  the  circum- 
ference of  a  circle ;  the  straight  lines  AB,  CD  produced  intersect  at  P, 
and  AD,  BC  at  Qi  shew  that  the  straight  lines  which  bisect  the 
angles  APC,  AQC  are  perpendicular  to  each  other. 

85.  A  quadrilateral  can  have  one  circle  inscribed  in  it  and  another 
circumscribed  about  it:  shew  that  the  straight  lines  joining  the 
opposite  points  of  contact  of  the  inscribed  circle  are  perpendicular  to 
each  other. 

86.  If  D,  E,  F  be  three  points  on  the  sides  BC,  CA,  AB  of  a 
triangle,  the  perimeter  of  the  triangle  DBF  is  least  when  D,  E,  F  are 
the  feet  of  the  perpendiculars  from  A,  B,  C  on  BC,  CA,  AB, 

87.  Shew  that  the  four  straight  lines  bisecting  the  angles  of  any 
quadrilateral  form  a  quadrilateral  which  can  be  inscribed  in  a  circle. 

88.  If  a  polygon  of  six  sides  be  inscribed  in  a  circle,  the  sum  of 
three  alternate  angles  is  equal  to  four  right  angles. 

89.  AB  is  a  diameter  of  a  circle,  CD  a  chord  perpendicular  to  it. 
A  straight  line  through  A  cuts  the  circle  in  E,  and  CD  produced  in  F: 
prove  tidat  the  angles  AEC,  DEF  are  equaL 

90.  If  0  be  a  point  within  a  triangle  ABC,  and  CD,  OE,  OF  be 
drawn  perpendicular  to  BO,  CA,  AB,  respectively,  the  angle  BOC  is 
equal  to  the  sum  of  the  angles  BAG,  EDF. 
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91.  AOBy  COD  are  two  chords  of  a  circle  which  intersect  within 
the  circle  at  O.  Through  the  point  A  a  straight  line  AF  is  drawn  to 
meet  the  tangent  to  the  circle  at  the  point  (7,  so  that  the  angle  AFC 
is  eqnal  to  the  angle  BOG.    Prove  that  OF  is  parallel  to  EG, 

92.  The  stuns  of  the  alternate  angles  of  any  polygon  of  an  even 
number  of  sides  inscribed  in  a  circle  are  equal. 

93.  Through  a  point  G  in  the  circumference  of  a  circle  two 
straight  lines  AGB,  DGE  are  drawn  cutting  the  circle  at  B  and  E: 
shew  that  the  straight  line  which  bisects  the  angles  AGEt  DCB  meets 
the  circle  at  a  point  equidistant  from  B  and  B, 

94.  AOB,  GOD  are  two  diameters  of  the  chrole  ABCD,  at  right 
angles  to  each  other.  Equal  lengths  OE,  OF,  are  measured  off  along 
OA,  OD  respectively.  Shew  that  BF  produced  cuts  DE  at  right 
angles,  and  that  these  two  straight  lines,  when  produced,  intercept 
between  them  one  fourth  of  the  circumference  of  the  circle. 

95.  If  the  extremities  of  the  chord  of  a  circle  slide  upon  two 
straight  lines,  which  intersect  on  the  circumference,  every  point  in 
the  circumference  will  trace  out  a  straight  line. 

96.  Any  point  P  is  taken  on  a  given  arc  of  a  circle  described  on  a 
line  ABy  and  perpendiculars  AG  and  BH  are  dropped  on  BP  and  AP 
respectively;  prove  that  GH  touches  a  fixed  circle. 

97.  OA  and  OB  are  two  fixed  radii  of  a  given  circle  at  right 
angles  to  each  other  and  POQ  is  a  variable  diameter;  prove  that  the 
locus  of  the  intersection  of  PA  and  QB  is  a  circle  equal  to  the  given 
one. 

98.  Describe  a  circle  touching  a  given  straight  line  at  a  given 
point,  such  that  the  tangents  drawn  to  it  from  two  given  points  in 
the  straight  line  may  be  parallel. 

99.  Describe  a  circle  with  a  given  radius  touching  a  given  straight 
line,  such  that  the  tangents  drawn  to  it  from  two  given  points  in  the 
strught  line  may  be  parallel. 

100.  Two  circles  intersect  at  the  points  A  and  B,  from  which  are 
drawn  chords  to  a  point  C  in  one  of  the  circumferences,  and  tiiese 
chords,  produced  if  necessary,  cut  the  other  circumference  at  D  and 
E :  shew  that  the  straight  line  DE  outs  at  right  angles  that  diameter 
of  the  circle  ABG  which  passes  through  G, 

101.  If  squares  be  described  externally  on  the  sides  and  the  hypo- 
tenuse of  a  right-angled  triangle,  the  straight  line  joining  the  inter- 
section of  the  diagonals  of  the  latter  square  with  the  right  angle  is 
perpendicular  to  the  straight  line  joining  the  intersections  of  the 
diagonals  of  the  two  former. 

102.  G  is  the  centre  of  a  given  circle,  GA  a  straight  line  less  than 
the  radius ;  find  the  point  of  tiie  circumference  at  whidi  GA  subtends 
the  greatest  angle. 
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103.  If  two  chords  of  a  circle  meet  at  a  right  angle  within  or  with- 
out a  cirole,  the  squares  on  'their  segments  are  together  equal  to  tiie 
square  on  the  diameter. 

104.  On  a  given  base  BC  a  triangle  ABC  is  described  such  that 
AG\&  equal  to  tiie  perpendicular  from  B  upon  AC,  Find  the  locus  of 
the  vertex  A, 

105.  Draw  from  a  given  point  in  the  circumference  of  a  circle,  a 
chord  which  shall  be  bisected  by  its  point  of  intersection  with  a  given 
chord  of  the  circle. 

106.  Through  any  fixed  point  of  a  chord  of  a  circle  other  chords 
are  drawn ;  shew  that  the  straight  lines  from  the  middle  point  of  the 
first  chord  to  the  middle  points  of  the  others  will  meet  them  all  at 
the  same  angle. 

107.  The  two  angles  at  the  base  of  a  triangle  are  bisected  by  two 
straight  lines  on  which  perpendiculars  are  drawn  from  the  vertex: 
shew  that  the  straight  Ime  which  passes  through  the  feet  of  these 
perpendiculars  will  be  parallel  to  the  base  and  will  bisect  the  sides. 

108.  A  point  P  is  taken  on  a  circle  of  which  ^B  is  a  fixed  chord; 
a  parallelogram  is  described  of  which  AB  and  AF  are  adjacent  sides : 
find  the  locus  of  the  middle  points  of  the  diagonals  of  the  paral- 
lelogram. 

Find  the  maximum  length  of  the  diagonal  drawn  through  A, 

109.  ^  is  a  fixed  point  on  a  circle  whose  centre  is  0  and  BOD  is 
a  diameter.  The  tangents  at  A  and  D  meet  in  X>.  Shew  that  the 
locus  of  the  intersection  of  LB  with  the  perpendicular  from  A  on  OB 
is  a  circle. 

110.  ABC  is  a  triangle  inscribed  in  a  circle ;  AD,  BE,  perpendicu- 
lars to  BC  and  ACy  meet  in  0:  AK  is  a  diameter  of  the  circle:  prove 
that  CK  is  equal  to  BO, 

111.  A  straight  line  touches  a  circle  at  the  point  P  and  QR  is  a 
chord  of  a  second  circle  parallel  to  this  tangent;  PQ,  PR  cut  the  first 
drde  in  8,  T,  and  the  second  circle  in  U,  V;  prove  that  ST,  UV  are 
parallel  to  each  other. 

112.  A,B,C  are  three  points  on  a  circle,  the  bisectors  of  the  angle 
BAC  and  the  angle  between  BA  produced  and  AG  meet  BC  and  BC 
produced  in  E  and  F  respectively;  shew  that  the  tangent  at  A  bisects 

EF. 

113.  A  circle  is  described  passing  through  the  right  angle  of  a 
right-angled  triangle,  and  touching  the  hypotenuse  at  its  middle 
point :  prove  that  the  arc  of  this  circle,  cut  off  by  either  side  of  the 
triangle,  is  divided  at  the  middle  point  of  the  hypotenuse  into  two 
parts  one  of  which  is  double  of  the  other. 

114.  If  through  the  point  of  contact  P  of  two  circles  two  straight 
lines  PQq,  PRr  be  drawn  to  meet  the  circles  in  Q,  R,  and  q,  r  respeo* 
tively ;  then  the  triangles  PQR,  Pqr  are  equiangular. 

T.  E.  19 
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115.  The  angle  between  two  chords  of  a  circle,  which  intersect 
within  the  circle,  is  equal  to  half  the  sum  of  the  angles  subtended  at 
the  centre  by  the  intercepted  arcs. 

116.  ABCD  is  a  parallelogram  and  any  straight  line  is  drawn 
cutting  the  sides  AB,  CD  in  P,  Q  respectively.  The  circle  passing 
through  Ay  P,  and  Q  outs  AD  in  £f,  and  AC  in  T.  Shew  that  the 
circles  circumscribing  the  triangle  DSQ^  CTQ  touch  one  another  at 
the  j>oint  Q. 

117.  If  one  circle  touch  another  internally,  any  chord  of  the 
greater  circle  which  touehes  the  less  is  divided  at  the  point  of  its  con- 
tact into  segments  which  subtend  equal  angles  at  the  point  of  contact 
of  the  two  circles. 

118.  Two  circles  are  drawn  touching  a  circle,  whose  centre  is  C,  in 
P  and  Q  respectively  and  intersecting  in  PQ  produced,  and  again  in 
R,    Prove  that  the  angles  CRPf  CRQ  are  equaJ. 

119.  The  angle  between  two  chords  of  a  circle,  which  intersect 
when  produced  without  the  circle,  is  equal  to  half  the  difference  of  the 
angles  subtended  at  the  centre  by  the  intercepted  arcs. 

120.  Construct  a  triangle,  having  given  the  base,  the  vertical  angle, 
and  the  length  of  the  straight  line  drawn  from  the  vertex  to  the 
middle  point  of  the  base. 

121.  ^  is  a  given  point:  it  is  required  to  draw  from  A  two  straight 
lines  which  sluJl  contain  a  given  angle  and  intercept  on  a  given 
straight  line  a  part  of  given  length. 

122.  A  and  B  are  two  points,  XY  a  given  straight  line  of  un- 
limited length,  not  passing  through  Aot  B;  find  the  point  (or  points) 
in  XY  at  which  the  straight  line  AB  subtends  an  angle  equal  to  a 
given  angle. 

Also  state  when  this  problem  is  impossible. 

123.  The  chords  of  two  intersecting  circles  which  are  bisected  at 
any  point  of  the  common  chord  are  equal. 

124.  Find  a  point  in  the  tangent  to  a  circle  at  one  end  of  a  given 
diameter,  such  that  when  a  straight  line  is  drawn  from  this  point  to 
the  other  extremity  of  the  diameter,  the  rectangle  contained  by  the 
part  of  it  without  the  circle  and  the  part  within  the  circle  may  be 
equal  to  a  given  square  not  greater  than  that  on  the  diameter. 

125.  If  perpendiculars  be  drawn  from  the  extremities  of  the 
diameter  of  a  circle  upon  any  chord  or  any  chord  produced,  the  rect- 
angle under  the  perpendiculars  is  equal  to  that  under  the  segments 
between  the  feet  of  the  perpendiculars  and  either  extremity  of  the 
chord. 

126.  Two  circles  intersect  and  any  straight  line  ACBD  cuts  them 
mA,B  and  <7,  D  respectively.  If  E  be  a  point  on  ^e  line  auoh.  that 
the  rectangles  contained  by  AC^BE  and  PD,  CE  are  equal,  l^e  locus 
of  £  is  a  straight  line. 
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127.  ABD  is  an  isosceles  triangle  having  the  side  AB  equal  to  the 
side  BD ;  AC  \b  drawn  at  right  angles  to  AB  to  meet  BB  produced  in 
<7,  and  the  bisector  of  the  angle  B  meets  ^<7  in  O.  Shew  that  the 
square  on  AB  is  equal  to  the  cUfference  of  the  rectangles  CB,  BD  and 
CA,  AO. 

128.  Through  a  given  point  without  a  circle  draw,  when  possible, 
a  straight  line  cutting  the  circle  so  that  the  part  within  the  circle 
may  be  equal  to  the  part  without  the  circle. 

What  condition  is  necessary  in  order  that  a  real  solution  may  be 
possible? 

129.  Two  equal  circles  have  their  centres  at  A  and  B\  0  is  a  fixed 
point  outside  those  circles.  A  is  the  centre  of  a  third  circle  whose 
radius  is  equal  to  OB :  prove  that  a  rigl^t-angled  triangle  can  be  con- 
structed having  its  sides  equal  to  the  tangents  from  O  to  the  three 
circles. 

130.  Prove  that,  if  a  straight  line  drawn  parallel  to  the  side  B€  of 
a  triangle  ABC  cut  the  sides  ABy  AC  in  D,  E  respectively,  the  rect^ 
angle  contained  by  AB,  AE  is  equal  to  the  rectangle  contained  by 
ACy  AD. 

131.  Construct  a  triangle,  having  given  the  base,  the  vertical 
angle,  and  the  length  of  the  straight  line  drawn  from  the  vertex  to  the 
base  bisecting  the  vertical  angle. 

132.  Through  two  given  points  on  the  circumference  of  a  given 
circle  draw  the  two  parallel  chords  of  the  circle  which  shall  contain 
the  greatest  rectangle. 

133.  A  straight  line  PAQ  is  drawn  through  A  one  of  the  points 
of  intersection  of  two  given  circles  to  meet  the  circles  again  in  P  and 
Q:  find  the  line  which  makes  the  rectangle  AP,  AQ  &  maximum. 

134.  Produce  a  given  straight  line  so  that  the  rectangle  contained 
by  the  whole  line  thus  produced,  and  the  part  produced,  shall  be 
equal  to  the  square  on  another  given  line. 

135.  Two  circles  intersect  in  0,  and  through  0  a  straight  line 
ORS  is  drawn  cutting  the  circles  again  in  R  and  S.  SO  is  produced 
to  P,  so  that  the  rectangle  OP,  R8  is  constant.  Shew  that  the  locus 
of  P  is  a  straight  line. 

136.  If  from  the  foot  of  the  perpendicular  from  each  of  the 
angular  points  of  a  triangle  on  the  opposite  side  a  perpendicular  be 
drawn  to  each  of  the  other  sides,  the  feet  of  the  six  perpendiculars  so 
drawn  lie  on  a  circle. 

137.  ABy  CD  are  chords  of  a  circle  intersecting  at  0,  and  AC,  DB 
meet  at  P.  If  circles  be  described  about  the  triangles  AOC,  BOD, 
the  angles  between  their  tangents  at  0  will  be  equal  to  the  angles  at 
P,  and  their  other  common  point  will  lie  on  OP* 

19—2 
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138.  If  ABC  be  a  triangle,  D,  E,F  the  feet  of  the  perpendiculars 
from  A,  Bi  G  on  the  opposite  sides,  O  their  point  of  intersection, 
the  rectangles  DOy  DA^  and  DE^  DF  are  equal. 

139.  A  straight  line  AD  is  drawn  bisecting  the  angle  ^  of  a 
triangle  ABC  and  meeting  the  side  BG  in  D.  Find  a  point  E  in  BC 
produced  either  way  such  that  the  square  on  ED  may  be  equal  to 
the  rectangle  contained  by  EB^  EG, 

140.  If  D,  D';  E,  E';  Fj  F*  be  pairs  of  points  on  the  sides  BC, 
CA,  AB  of  a  triangle  respectively,  such  that  D,  D\  E,  E'  are  con- 
cyclic,  Ey  E'y  Fj  F  are  concyclic,  F,  F,  D,  D'  are  concyclic,  then 
D,  D',  E,  E\  F,  F*  are  concyclic. 

141.  In  the  straight  line  PQ  a  point  B.  is  taken,  and  circles  are 
described  on  FBy  RQ  as  diameters ;  shew  how  to  draw  a  line  through 
P  such  that  tiie  chords  intercepted  by  the  two  circles  may  be  equal. 

142.  If  M  be  the  middle  point  of  PQ,  where  P  and  Q  are  points 
without  a  given  circle,  the  sum  of  the  squares  on  the  tangents  to  the 
circle  from  P  and  Q  is  equal  to  twice  the  sum  of  the  square  on  the 
tangent  from  M  and  the  square  on  PM» 

143.  A  circle  FDG  touches  another  circle  BDE  in  D  and  a  chord 
^P  of  the  latter  in  F:  prove  that  the  rectangle  FA,  FB  is  equal  to 
the  rectangle  contained  by  CE  and  the  diameter  of  EDG,  where  CE  is 
drawn  perpendicular  to  AB  at  its  middle  point  G  and  on  the  same 
side  of  it  as  the  circle  FDG. 

144.  Given  the  base  and  the  vertical  angle  of  a  triangle,  prove 
that  the  locus  of  the  centre  of  the  nine-point  circle  is  a  circle. 

145.  If  a  circle  be  circumscribed  to  a  triangle,  the  middle  point 
of  the  base  is  equally  distant  from  the  orthocentre  and  the  point 
diametrically  opposite  the  vertex.  Also  these  three  points  are  in  the 
same  straight  line. 


BOOK  IV. 


DEFINITIONS. 

Definition  1. 

Afigv/re  of  five     sides  is  called  a    pentagon, 
one  of  six     sides  is  called  a    hexagon, 
one  of  eight  sides  is  called  an  octagon, 
one  of  ten     sides  is  caUed  a    decagon, 
one  of  ttvelve  sides  is  called  a  dodecagon*. 

Definition  2.  WTien  each  of  the  a/ngular  points  of  one 
rectilineal  figure  lies  on  one  of  the  sides  of  a  second  recti- 
lineal figure^  a/nd  each  of  the  sides  of  the  second  figure  passes 
through  <me  of  the  am^ula/r  points  of  the  first  fi^wre^  the  first 
figure  is  said  to  he  inscribed  in  the  second  figv/rCy  and  the 
second  figu/re  is  said  to  he  described  about  the  first  flgv/re. 


*  Derived  from  irArre  "five,"  H  "»«,"  o/cr<6  "eight,"  SiKa  "ten," 
dfbScKa  "twelve,"  respeotively,  and  ytavla  "an  angle." 
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PROPOSITION  1. 

To  draw  a  chord  of  a  given  circle  eqttcU  to  a  given  straight 
line. 

Let  ABC  be  the  given  circle,  and  D  the  given  straight 
line : 

it  is  required  to  draw  a  chord  of  the  circle  ABC  equal 
toi>. 

CoNSTRUcrriON.     Take  any  point  A  on  the  circle  ABCy 
and  from  A  draw  AB  equal  to  />.  (I.  Prop.  2.) 

If  B  lie  on  the  circle  ABC,  what  is  required  is  done,  for  in 
the  circle  ABC  the  chord  AB  is  drawn  equal  to  2>. 
But  if  B  do  not  lie  on  the  circle  ABC, 
with  A  as  centre  and  AB  as  radius  describe  the  circle  BCF 
cutting  the  circle  ABC  at  F, 

Draw  AF, 
AF  is  A  chord  drawn  as  required. 


Proof.     Because  A  is  the  centre  of  the  circle  BCF, 

AF  is  equal  to  AB, 
But  AB  is  equal  to  D.  (Constr.) 

Therefore  AFi&  equal  to  i>, 
and  it  is  a  chord  of  the  circle  ABC, 

Wherefore,  a  chord  A  F  of  the  given  circle  ABC  has  been 
dratcn  equal  to  the  girtn  ^raight  AVm  D, 
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It  is  clear  that  it  is  not  possible  to  draw  a  chord  of  a  given  circle 
to  be  equal  to  a  given  straight  line,  if  the  given  line  be  greater  than 
the  diameter  of  the  circle  (in.  Prop.  8,  Part  1) ;  and  further  that,  if 
a  solution  be  possible,  in  general  two  chords  can  be  drawn  from  a 
given  point  equal  to  the  given  line. 

In  the  diagram,  if  the  two  circles  intersect  in  C,  the  chord  AC 
also  is  equal  to  the  given  line. 


EXERCISES. 

1.  In  a  given  circle  draw  a  chord  parallel  to  one  given  straight 
line  and  equal  to  another. 

2.  On  a  given  circle  find  a  point  such  that,  if  chords  be  drawn  to 
it  from  the  extremities  of  a  given  chord,  their  sum  shall  be  equal  to  a 
given  straight  line. 

How  many  solutions  are  there  in  the  different  cases  which  may 
occur? 


»    '  •  "•* 


\ 
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PROPOSITION  2. 

To  inscribe  in  a  given  circle  a  triangle  equiangular  to  a 
given  triangle. 

Let  ABC   be   the  given   circle,    and   DEF  the  given 
triangle : 

it  is  required  to  inscribe  in  the  circle  ABC  a  triangle  equi- 
angular to  the  triangle  DEF. 

Construction.     Take  any  point  A  on  the  circle, 
and  through  A  draw  the  chord  -4^  to  cut  off  the  arc  ACB 
containing  an  angle  equal  to  the  angle  DFE, 

through  A  draw  the  chord,  -4C  to  cut  off  the  arc  ABC 
containing  an  angle  equal  to  the  angle  DEF*. 
V^  (III.  Prop.  34.) 

]  Draw  BC  : 

f  the  triangle  ABC  is  inscribed  as  required. 


Proof.     Because  the  arc  ACB  contains  an  angle  eqiial 
to  the  angle  DFE,  (Con6tr.) 

and  the  angle  ACB  is  contained  by  the  arc  ACB  J 
the  angle  ACB  is  equal  to  the  angle  DFE.     / 
Similarly  it  can  be  proved  that 

the  angle  ABC  is  equal  to  the  angle  DEF. 
And  because  the  sum  of  three  angles  of  a  triangle  is  equal 
to  two  right  angles,  (I.  Prop.  32.) 

and  the  angles  ACB^  ABC  are  equal  to  the  angles  DFE^ 
DEF  respectively, 

*  It  must  be  noticed  that  the  arcs  ACB^  ABG  are  measured  in 
opposite  directions  along  the  circumference  from  the  point  A. 
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the  remaining  angle  BAG  of  the  triangle  ABC  is  equal 
to  the  remaining  angle  EDF  of  the  triangle  DEF ; 

therefore  the  triangle  ABC  is  equiangular  to  the  triangle 
DEF. 

Wherefore,  a  triangle  ABC  equiangular  to  the  triangle 
DEF  has  been  inscribed  in  the  given  circle  ABC, 

Since  the  arc  ABC  may  be  measured  in  either  direction  along  the 
circumference  from  A^  we  see  that  two  triangles  equiangular  to  a 
given  triangle  can  be  inscribed  in  a  given  circle  so  as  to  have  a  vertical 
angle  equal  to  a  given  angle  of  the  triangle  at  a  given  point  on  the 
circle,  and  that  six  triangle's  equiangular  to  a  given  triangle  can  be 
inscribed  in  a  given  circle,  so  as  to  have  one  of  its  vertical  angles  at 
the  given  point  on  the  circle. 


EXERCISES. 

1.  Prove  that  all  triangles  inscribed  in  the  same  circle  equi- 
angular to  each  other  are  equal  in  all  respects. 

2.  The  altitude  of  an  equilateral  triangle  is  equal  to  a  side  of  an 
equilateral  triangle  inscribed  in  a  circle  described  on  one  of  the  sides 
of  the  origioal  triangle  as  diameter. 

3.  ABC,  A'B'C  are  two  triangles  equiangular  to  each  other  in- 
scribed in  a  circle  ^^'jBB'CC.  The  pairs  of  sides  BC,B'C';  CA,CA'\ 
ABj  A'B'  intersect  in  a,  &,  c  respectively. 

Prove  that  the  triangle  ahc  is  equiangular  to  the  triangle  ABC. 
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PROPOSITION  3. 

To  describe  about  a  given  circle  a  triangle  equianguktr  to 
a  given  triangle. 

Let  ABO    be   the   given    circle   and  DEF  the   given 
triangle : 

it  is  required  to  describe  about  the  circle  ABO  a  triangle 
equiangular  to  the  triangle  DEF. 

Construction.     Find  the  centre  G  of  the  circle  ABO, 

(III.  Prop.  5.) 

and  draw  any  diameter  HGA  meeting  the  circle  in  A, 

At  G  in  GH  draw  the  straight  lines  GB,  GC  on  opposite 

sides  of  GH  making  the  angles  BGH^  CGH  equal  to  the 

angles  EFD,  DEF,  (I.  Prop.  23.) 

meeting  the  circle  in  B,  C, 
Through  A,  B,  0  draw  MAN,  NBL,  LGM  at  right  angles 
to  GA,  GB,  GC  respectively:  (I.  Prop.  11.) 

the  triangle  LMN  is  a  triangle  described  as  required. 


D 


Proof.     Because  the  sum  of  the  angles  of  the  quadri- 
lateral GBNA  is  equal  to  four  right  angles, 

(I.  Prop.  32,  CoroU.) 
and  two  of  the  angles  GAN,  GBN  are  right  angles, 
the  sum  of  the  angles  AGB,  ANB  is  equal  to  two  right 

angles. 
But  the  sum  of  the  angles  AGB,  II GB  is  equal  to  two 

right  angles;  (1.  Prop.  13.) 

therefore  the  sum  of  the  angles  AGB,  ANB  is  equal  to  the 
sum  of  the  angles  AGB,  I1GB\ 

therefore  the  angle  ANB  is  equal  to  the  angle  HGB, 
that  is,  to  the  angle  EFD, 
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Similarly  it  can  be  proved  that 

the  angle  LMN  is  equal  to  the  angle  DEF\ 
therefore  the  remaining  angle  NLM  of  the  triangle  LMN 
is  equal  to  the  remaining  angle  EDF  of  the  triangle  DEF, 

(I.  Prop.  32.) 
Therefore    the    triangle   LMN  is   equiangular   to   the 
triangle  DEF, 

Again,  because  MN  is  drawn  through  A  a  point  on  the 
circle  ABC  at  right  angles  to  the  radius  AG, 

MN  touches  the  circle.      (III.  Prop.  16.) 
Similarly  it  can  be  proved  that  NL,  LM  touch  the  circle. 
Therefore  the  triangle  LMN  is  described  about  the  circle 
ABC, 

Wherefore,  a  tricmgle  LMN  equiangula/r  to  the  given 
triangle  DEF  has  been  described  about  the  given  circle  ABC, 


EXERCISES. 

1.  Prove  that  all  triangles  described  about  the  same  circle  equi- 
angular to  each  other  are  equal  in  all  respects. 

2.  Describe  a  triangle  about  a  given  circle  to  have  its  sides 
parallel  to  the  sides  of  a  given  triangle. 

How  many  solutions  are  there? 

3.  The  angles  of  the  triangle  formed  by  joining  the  points  of  con- 
tact of  the  inscribed  circle  of  a  triangle  with  the  sides  are  equal  to  the 
halves  of  the  supplements  of  the  corresponding  angles  of  the  original 
triangle. 

4.  If  ABGj  A'B'C  be  two  equal  triangles  described  about  a  circle 
in  the  same  sense  and  the  pairs  of  sides  BC'jB'C;  GA,  G'A' ;  ABy  A'B' 
meet  in  a,  &,  c  respectively,  a,  &,  c  are  equidistant  from  the  centre  of 
the  circle. 
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PROPOSITION   4. 

To  in8C7*ibe  a  circle  in  a  given  triangle. 

Let  ABG  be  the  given  triangle  : 
it  is  required  to  inscribe  a  circle  in  the  triangle  ABC. 

Construction.     Bisect  two  of  the  angles  ABC,  BCA  of 

the  triangle  ABC  by  BD,  CD  meeting  at  />,      (I.  Prop.  9.) 

and  from  I)  draw  J)B,  DF,  DG  perpendicular  to  BC,  CA, 

iljB  respectively.  (I.  Prop.  12.) 

With  D  as  centre  and  DE,  DF,  or  DG  as  radius  describe 

a  circle : 

it  will  be  a  circle  described  as  required. 


Proof.     Because  in  the  triangles  DEB,  DGB, 
the  angle  DBE  is  equal  to  the  angle  DBG,     (Constr.) 
and  the  angle  DEB  is  equal  to  the  angle  DGB, 

(I.  Prop.  10  B.) 
and  the  side  BD  is  common, 
the  triangles  are  equal  in  all  respects^ 

(I.  Prop.  26,  Part  2.) 
therefore  DE  is  equal  to  DG. 
Similarly  it  can  be  proved  that  DE  is  equal  to  DF. 
Therefore  the  three  straight  lines  DE,  DF,  DG  are  equal 
to  one  another,  and  the  circle  described  with  D  as  centre, 
and  DE,  DF,  or  DG  as  radius  passes  through  the  ex- 
tremities of  the  other  two ; 
and  touches  the  straight  lines  BC,  CA,  AB,  because  the 
angles  at  the  points  E,  Fy  G  are  right  angles,  and  the 
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straight  line  drawn  through  a  point  on  a  circle  at  right 
angles  to  the  radius  touches  the  circle.  (III.  Prop.  16.) 
Therefore  the  straight  lines  AB,  BC,  CA  do  each  of  them 
touch  the  circle,  and  therefore  the  circle  is  inscribed  in 
the  triangle  ABC, 

Wherefore,  the  circle  EFG  has  been  inscribed  in  the  given 
triangle  ABC. 


EXERCISES. 

1.  The  base  of  a  triangle  is  fixed,  and  the  vertex  describes  a 
circle  passing  through  the  extremities  of  the  base:  find  the  locus  of 
the  centre  of  the  inscribed  circle. 

2.  If  a  polygon  be  described  about  a  circle,  the  bisectors  of  all 
its  angles  meet  in  a  common  point. 

3.  Describe  a  circle  to  touch  a  given  circle  and  two  given  tan- 
gents to  the  circle. 

4.  Construct  a  triangle,  having  given  the  base,  the  vertical  angle 
and  the  radius  of  the  inscribed  circle. 

5.  Find  the  centre  of  a  circle  cutting  off  three  equal  chords  from 
the  sides  of  a  triangle. 

« 

6.  The  triangle  whose  vertices  are  the  three  points  of  contact  of 
the  inscribed  circle  with  the  sides  of  a  triangle,  is  always  acute- 
angled. 
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It  can  be  proved  in  the  same  manner  as  in  Proposition  4 
that,  if  the  angles  at  B  and  C  of  the  triangle  be  bisected 
externally  by  BD^ ,  CD^ ,  meeting  at  D^ ,  and  perpendiculars, 
Dj-^j,  D^F  ,  Dfi^  be  drawn,  the  circle  described  with  D^  as 
centre  and  either  of  the  three  lines  i^,^,,  J^^F^,  ^fi\  *** 
radius  will  touch  the  three  sides  of  the  triangle.  Such  a 
circle  satisfies  the  definition  (III.  Def.  10)  of  an  inscribed 
circle. 

The  circles  are  however  generally  distinguished  thus, 
the  circle  EFG^  which  lies  wholly  within  the  triangle 
ABGy  is  called  the  inscribed  circle,  whereas  the  circle 
F^FG^  is  called  an  escribed  circle,  and  is  said  to  be 
escnbed  beyond  the  side  BG,  to  distinguish  it  from  the 
two  other  circles  which  can,  in  a  similar  manner,  be  escribed 
beyond  CA  and  beyond  AB  respectively. 
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EXEBCISES. 

1.  Prove  that  the  radius  of  the  inscribed  circle  of  a  triangle  is 
less  than  the  radius  of  any  one  of  the  escribed  circles. 

2.  Prove  that  the  greatest  of  the  escribed  circles  of  a  triangle  is 
that  which  is  escribed  beyond  the  greatest  side,  and  the  least,  beyond 
the  least  side. 

3.  If  the  centres  of  the  escribed  circles  of  a  triangle  be  joined,  and 
the  points  of  contact  of  the  inscribed  circle  be  joined,  the  two  tri- 
angles so  formed  are  equiangular  to  each  other. 

4.  A  circle  touches  the  side  BC  of  a  triangle  ABC  and  the  other 
two  sides  produced :  shew  that  the  distance  between  the  points  of  con- 
tact of  the  side  BG  with  this  circle  and  with  the  inscribed  circle,  is 
equal  to  the  difference  between  the  sides  AB  and  AG, 

5.  Construct  a  triangle,  having  given  its  base,  one  of  the  angles 
at  the  base,  and  the  distance  between  the  centre  of  the  inscribed  circle 
and  tiie  centre  of  the  circle  touching  the  base  and  the  sides  produced. 

6.  Prove  that,  if  Jl,  B  be  two  fixed  points  on  a  circle  and  P  a 
variable  point,  the  locus  of  the  centre  of  each  of  the  escribed  circles 
of  the  triangle  APB  is  a  circle. 

7.  The  centre  of  the  inscribed  circle  of  a  triangle  is  the  ortho- 
centre  of  the  triangle  formed  by  the  centres  of  the  escribed  circles. 
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PROPOSITION   5. 

To  describe  a  circle  ahovi  a  given  tricmgle. 

Let  ABG  be  the  given  triangle  ; 
it  is  required  to  describe  a  circle  about  the  triangle  ABG. 

Construction.     Bisect  two  of  the  sides  AB,  AG  oi  the 
triangle  ABG,  at  i),  E,  (I.  Prop.  10.) 

and  draw  DF,  EF  at  right  angles  to  ABj  AG  meeting  at  F. 

(I.  Prop.  12.) 
Draw  FAy  and  with  F  as  centre  and  FA  as  radius  describe 

a  circle: 
this  is  a  circle  described  as  required. 
F  must  lie  either  in  BG  (fig.  2)  or  not  in  BG  (figs.  1  and  3). 
If  F  do  not  lie  in  BG,  draw  FB,  FG. 


PitoOF.     Because  in  the  triangles  FDA,  FDB, 

AD  is  equal  to  BD,  (Constr.) 

and  DF  is  equal  to  DF, 
and  the  angle  ADF  is  equal  to  the  angle  BDF,  (Constr.) 
the  triangles  are  equal  in  all  respects;     (I.  Prop.  4.) 
therefore  FA  is  equal  to  FB, 
Similarly  it  can  be  proved  that  FA  is  equal  to  FG, 
Therefore  the  circle  described  with  F  as  centre  and  FA  as 
radius  passes  through  the  points  B  and  (7,  and  is  de- 
scribed about  the  triangle  ABG. 

Wherefore^  a  circle  ABG  has  been  described  ahovi  the 
given  tricmgle  ABG. 
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The  construction  of  Proposition  5  shews  that  only  one 
circle  can  be  described  about  a  given  triangle,  a  theorem 
which  has  already  been  established  otherwise. 

(III.  Prop.  9,  Coroll.  2.) 

The  circle  ABC  is  often  spoken  of  as  the  circiunscribed 
circle  of  the  triangle  ABC, 

Propositions  4  and  5  solve  problems  of  the  same  nature ;  each 
shews  how  to  describe  a  circle  to  satisfy  three  given  conditions.  The 
problem  of  Proposition  4  to  describe  a  circle  to  touch  three  given 
straight  lines ^  admits  of  4  solutions;  Proposition  5,  to  describe  a  circle 
to  pass  through  three  given  points,  admits  of  but  a  single  solution. 

A  circle  can  be  described  to  satisfy  three  (and  not  more  than 
three)  independent  conditions,  but  it  will  be  found  that  the  solution 
is  not  always  unique:  if  the  problem  be  one  which  can  be  solved  by 
geometrical  methods,  the  number  of  solutions  will  be  found  to  be  1  or 
2  or  4=2  X  2  or  8=2  x  2  x  2  or  some  higher  power  of  2. 

The  number  2  occurs  in  one  of  its  powers  from  the  fact  that  at 
each  step  of  the  solution  where  choice  is  possible,  the  choice  lies 
between  the  two  intersections  of  a  circle  and  a  straight  line  or  the 
two  intersections  of  two  circles. 

If  it  be  required  to  describe  a  circle  to  touch  four  or  more  given 
straight  lines,  or  to  pass  through  four  or  more  given  points,  relations 
of  some  kind  must  exist  between  the  positions  of  the  lines  or  of  the 
points  in  order  that  a  solution  may  be  possible. 


EXEBOISES. 

1.  Inscribe  in  an  equilateral  triangle  another  equilateral  triangle 
having  each  side  equal  to  a  given  straight  line. 

2.  Shew  how  to  cut  off  the  comers  of  an  equilateral  triangle,  so 
as  to  leave  a  regular  hexagon. 

8.  The  sides  AB,  AC  of  b.  triangle  are  produced  and  the  exterior 
angles  are  bisected  by  straight  lines  meeting  in  O:  if  a  circle  be 
described  about  the  triangle  BOG,  its  centre  will  be  on  the  circle 
described  about  the  triangle  ABC, 
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PROPOSITION  6. 

To  inscribe  a  sqtcare  in  a  given  circle. 

Let  ABGD  be  the  given  circle : 
it  is  required  to  inscribe  a  square  in  the  circle  ABCD. 

Construction.     Find  the  centre  E  of  the  circle  ABCD^ 

(III.  Prop.  5.) 
and  draw  two  diameters  AEC,  BED  at  right  angles  to  one 

another.  (I.  Prop.  11.) 

Dmw  AB,  BO,  CD,  LA: 
the  quadrilateral  ABGD  is  a  square  inscribed  as  required. 


Proof.     Because  the  angle  BEC  is  double  of  the  angle 
BAC, 

and  the  angle  AED  is  double  of  the  angle  AOD, 

(III.  Prop.  20.) 
and  the  angle  BEG  is  equal  to  the  angle  AED, 

(I.  Prop.  15.) 
therefore  the  angle  BAG  is  equal  to  the  angle  AGD. 
And  because  AG  meeting  AB,  GD  makes  the  alternate 

angles  BAG,  AGD  equal, 
AB,  GD  are  parallel.  (I.  Prop.  27.) 

Similarly  it  can  be  proved  that  AD,  BG  are  parallel. 
Therefore  the  quadnlateral  ABGD  is  a  parallelogram. 

Again,  because  ABG  is  an  angle  in  a  semicircle  ABG, 

the  angle  ABG  is  a  right  angle.  (III.  Prop.  31.) 
Therefore  the  parallelogram  ABGD  is  a  rectangle. 

(I.  Del  19.) 


PROPOSITION  6.  299 

Again,  because  in  the  triangles  AEB^  CEB^ 

AE  is  equal  to  CE^ 

BE  to  BE, 

and  the  angle  AEB  to  the  angle  CEB, 

the  triangles  are  equal  in  all  respects ;  (I.  Prop.  4.) 

therefore  BA  is  equal  to  BC. 

.  Therefore  the  rectangle  ABCD  is  a  square. 

(I.  Del  20.) 

Wherefore,  a  square  ABCD  has  been  inscribed  in  the 
given  circle  ABCD, 


EXERCISES. 

1.  Inaoribe  a  regular  octagon  in  a  given  oirole. 

2.  Shew  how  to  cut  ofiF  the  comers  of  a  square  so  as  to  leave  a 
regular  octagon. 

8.    Inscribe  in  a  given  square,  a  square  to  have  its  sides  equal 
to  a  given  straight  line. 


20—2 
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PROPOSITION  7. 
To  describe  a  square  abotU  a  given  circle. 

Let  ABCD  be  the  given  circle  : 

it  is  required  to  describe  a  square  about  it. 

Construction.     Find  E  the  centre  of  the  circle  ABGDy 

(III.  Prop.  5.) 
and  draw  two  diameters  A  EC,  BED  at  right  angles  to  one 

another.  (I.  Prop.  11.) 

Draw  GAF,  HGK  paraUel  to  BD,  and  GBH,  FDK  parallel 

tOilC: 
the  quadrilateral  FGHK'\a  a  square  described  as  required. 


r 

"^ 

V 

E           j 

Proof.     Because  GF,  HK  are  each  parallel  to  BD, 

GF,  HK  are  parallel  to  each  other.     (I.  Prop.  30.) 
Similarly  it  can  be  proved  that 

GH,  FK  are  parallel  to  each  other; 
therefore  FGHK  is  a  parallelogram. 

Again,  because  GAEB  is  a  parallelogram,  (Constr.) 

the  angle  AGB  is  equal  to  the  angle  AEB^ 

(I.  Prop.  34.) 
which  is  a  right  angle;  (Constr.) 

therefore  the  paraUelogram  FGHK  is  a  rectangle. 

(I.  Del  19.) 
Again,  because  GBDF  is  a  parallelogram, 

GF  is  equal  to  BD,  a  diameter  of  the  circle. 
Similarly  it  can  be  proved  that 

GH  is  equal  to  AC,  a  diameter  of  the  circle; 
therefore  GF  is  equal  to  GH. 
Therefore  the  rectangle  FGHK  is  a  square.  (I.  Def.  20.) 
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Again,  because  AE  intersects  the  parallel  lines  GFy  BD^ 
the  angle  GAE  \a  equal  to  the  alternate  angle  AED^ 

(I.  Prop.  29.^ 

which  is  a  right  angle ;  (Constr.) 

therefore  G^^^-F  touches  the  circle.  (III.  Prop.  16.) 

Similarly  it  can  be  proved  that  GBH,  HCK,  KBF  touch 

the  circle. 

Wherefore,  a  sqiia/re  FGHK  has  been  described  about  the 
given  circle  A  BCD. 


EXEBCISES. 

1.  Describe  a  regular  octagon  about  a  given  circle. 

2.  Prove  that  the  area  of  a  circumscribed  square  of  a  oirde  is 
double  tiiat  of  an  inscribed  square. 

3.  If  two  circles  be  such  that  the  same  square  can  be  inscribed 
in  one  and  described  about  the  other,  the  cirdes  must  be  concentric. 

Is  any  other  condition  necessary  ? 

4.  If  a  parallelogram  admit  of  a  circle  being  inscribed  in  it  and 
another  circle  being  described  about  it,  the  parallelogram  must  be  a 
square. 
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PROPOSITION   8. 

To  inscribe  a  circle  in  a  given  sqtuxre. 

Let  A  BCD  be  the  given  square : 

it  is  required  to  inscribe  a  circle  in  it. 

Construction.     Draw  AC,  BD  intersecting  in  E. 
From  H  draw  EF,  EG  perpendicular  to  DA,  AB  two 
of  the  sides  of  the  square,  (I.  Prop.  12.) 

and  with  E  as  centre  and  EF  or  EG  as  radius  describe 

a  circle : 
it  is  a  circle  inscribed  as  required. 


Proof.     Because  CD  is  equal  to  AD, 

(1.  Prop.  34,  CoroU.  1.) 
the  angle  CAD  is  equal  to  the  angle  ACD.  (I.  Prop.  5.) 

And  because  AC  meets  the  parallels  AB,  DC, 
the  angle  BAC  is  equal  to  the  alternate  angle  ACD ; 

(I.  Prop.  29.) 
therefore  the  angle  BAC  is  equal  to  the  angle  DAC. 
And  because  in  the  triangles  GAE,  FAE, 
the  angle  GAE  is  equal  to  the  angle  FAE, 
and  the  angle  AGE  to  the  angle  AFE, 

and  AE  equal  to  AE, 
the  triangles  are  equal  in  all  respects ; 

(I.  Prop.  26,  Part  2.) 

therefore  EG  is  equal  to  EF, 

and  therefore  the  circle  described  with  E  as  centre  and 

EF  or  EG  as  radius  passes  through  the  extremity  of  the 

other,  and  touches  the  two  sides  DA^  A  B,  (III.  Prop.  16.) 


PROPOSITION  8.  303 

Similarly  it  can   be  proved  that  this  circle  touches  each 
of  the  sides  BC,  CD : 

it  is  therefore  inscribed  in  the  square  ABOD, 

Wherefore,  a  circle  FGU  has  been  inscribed  in  the  given 
square  ABCD. 


EXERCISES. 


1.  Prove  that  a  cirole  can  be  inscribed  in  any  rhombus. 

2.  Two  opposite  sides  of  a  convex  quadrilateral  are  together 
equal  to  the  other  two.  Shew  that  a  circle  can  be  inscribed  in  the 
quadrilateral. 

3.  AD,  BE  are  common  tangents  to  two  circles  ABC,  DEC, 
that  touch  each  other ;  shew  that  a  circle  may  be  inscribed  in  the 
quadrilateral  ABED,  and  a  circle  may  be  described  about  it. 
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PROPOSITION  9. 

To  describe  a  circle  about  a  gi^en  square. 

Let  ABCD  be  the  given  square: 

it  is  required  to  describe  a  circle  about  it. 
Construction.     Draw  AC^  BD  intersecting  at  E-y 
and  with  E  as  centre  and  EA^  EB,  EC  or  ED  as  radius 

describe  a  circle : 
it  is  a  circle  described  as  required. 


Proof.     Because  in  the  triangles  BAGf  DAG, 

BA  is  equal  to  DA,  (I.  Prop.  34,  Coroll.  1.) 
and  BO  to  DC, 
and  AC  to  AC, 
the  triangles  are  equal  in  all  respects;  (L  Prop.  8.) 
therefore  the  angle  BAC  is  equal  to  the  angle  DAC, 

or  the  angle  BAC  is  half  of  the  angle  BAD. 
Similarly  it  can  be  proved  that 

the  angle  ABD  is  half  of  the  angle  ABC. 
But  the  angle  BAD  is  equal  to  the  angle  ABC; 

(I.  Prop.  29,  Coroll.  and  I.  Prop.  10  B.) 
therefore  the  angle  BAE  is  equal  to  the  angle  ABE. 

Therefore  BE  is  equal  to  AE.         (I.  Prop.  6.) 
Similarly  it  can  be  proved  that  CE  and  DE  are  each  of 

them  equal  to  AE  or  BE. 
Therefore  the  circle  described  with  E  as  centre  and  one  of 
four  lines  EA,  EB,  EC,  or  ED  as  radius  passes  through 
the  extremities  of  the  other  three,  and  is  described  about 
the  square  ABCD, 

Wherefore,  a  circle  ABCD  Jms  been  described  about  the 
given  squa/re  ABCD. 
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EXEBCISES. 

1.  A  point  is  taken  without  a  square  suph  that  the  angles  sub- 
tended at  it  by  three  sides  of  the  square  are  equal :  shew  that  the 
locus  of  the  point  is  the  circumference  of  the  circle  circumscribing 
the  square. 

2.  Find  the  locus  of  a  point  at  which  two  given  sides  of  a  square 
subtend  equal  angles. 

3.  If  a  quadrilateral  be  capable  of  having  a  quadrilateral  of 
minimum  perimeter  inscribed  in  it,  it  must  admit  of  a  circle  being 
inscribed  in  it. 

4.  ABCD  is  a  quadrilateral  inscribed  in  a  circle,  and  its 
diagonals,  AC^  BD  intersect  at  right  angles  in  E;  K,  L,  M,  N  are  the 
feet  of  the  perpendiculars  from  E  on  the  sides  of  the  quadrilateral. 
Shew  that  KLMN  can  have  circles  inscribed  in  it  and  described 
about  it. 
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PROPOSITION   10. 

To  construct  a  triangle  having  ea>ch  of  tivo  angles  dovhle 
of  the  third  angle. 

Construction.     Take  any  straight  line  AB, 
and  divide  it  at  (7,  so  that  the  rectangle  AB,  BG  may  be 

equal  to  the  square  on  AC,     (II.  Prop.  11.) 
With  centre  A  and  radius  AB  describe  the  circle  BDE, 
and  draw  a  chord  BD  equal  to  -4(7,         (Prop.  1.) 
and  draw  DA : 
the  triangle  ABD  is  a  triangle  constructed  as  required. 
Draw  i>(7,  and  about  the  triangle  ACD  describe  the  circle 

ACD,  (Prop.  6.) 


Proof.     Because  the  rectangle  AB^  BC  is  equal  to  the 
square  on  AC,  and  AC  va  equal  to  BD, 

the  rectangle  AB^  BG  is  equal  to  the  square  on  BD, 
And  because  from  the  point  B  without  the  circle  ACD, 
BGA  is  drawn  cutting  it  in  G  and  A,  and  BD  is  drawn 

meeting  it  in  D, 
and  the  rectangle  AB,  BG  is  equal  to  the  square  on  BD, 
therefore  BD  touches  the  circle  ACD,     (III.  Prop.  37.) 
And  because  BD  touches  the  circle  ACD,  and  DC  is  drawn 

from  the  point  of  contact  D, 
the  angle  BDG  is  equal  to  the  angle  DAG.   (III.  Prop.  32.) 

To  each  of  these  add  the  angle  CD  A ; 
then  the  whole  angle  BDA  is  equal  to  the  sum  of  the  angles 

GDA,  DAG. 
But  the  angle  BCD  is  equal  to  the  sum  of  the  angles  GDA, 

DAG]  (I.  Prop.  32.) 

therefore  the  angle  BDA  is  equal  to  the  angle  BCD, 
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But  because  AD\&  equal  to  AB, 
the  angle  ABD  is  equal  to  the  angle  ADB;    (1,  Prop.  5.) 
therefore  the  angle  DBA  is  equal  to  the  angle  BCD. 
And  because  the  angle  DBC  is  equal  to  the  angle  BGD^ 

DC  is  equal  to  DB,  (I.  Prop.  6.  ^ 

But  DB  is  equal  to  CA]  (Constr.) 

therefore  CA  is  equal  to  (72); 
therefore  the  angle  CD  A  is  equal  to  the  angle  GAD, 

(I.  Prop.  6.) 
Therefore  the  sum  of  the  angles  GAD,  CD  A  is  double  of  the 

angle  GAD, 
But   the  angle  BCD  is   equal  to   the  sum  of  the  angles 

GAD,  GDA'y  (I.  Prop.  32.) 

therefore  the  angle  BCD  is  double  of  the  angle  GAD, 
And  the  angle  BCD  has  been  proved  equal  to  each  of  the 

angles  BDA,  DBA ; 
therefore  each  of  the  angles  BDA,  DBA  is  double  of  the 

angle  BAD, 

Wherefore,  a  triomgle  ABD  has  been  constructed  having 
each  of  two  angles  ABD,  ADB  doitble  of  the  third  angle 
BAD, 

It  will  be  observed  that  the  smaller  angle  of  the  triangle  constructed 
in  this  proposition  is  equal  to  a  fifth  of  two  right  angles. 


EXERCISES. 

1.  Describe  an  isosceles  triangle  having  each  of  the  angles  at 
the  base  one  third  of  the  vertical  angle. 

2.  Divide  a  right  angle  into  five  equal  parts. 

8.  In  the  figure  of  Proposition  10,  if  the  two  circles  cut  again  at 
E,  then  DE  is  equal  to  DC. 

4.  In  the  figure  of  Proposition  10,  the  circle  AGD  is  equal  to  the 
circle  described  about  the  triangle  ABD. 

5.  In  the  figure  of  Proposition  10,  if  AF  be  the  diameter  of  the 
smaller  circle,  DF  is  equal  to  a  radius  of  the  circle  which  circum- 
scribes the  triangle  BCD, 

6.  If  in  the  figure  of  Proposition  10,  the  circles  meet  again  in 
Ef  then  CE  is  parallel  to  BD. 
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PROPOSITION    11. 

To  inscribe  a  regtUa/r  pentagon  in  a  given  circle. 

Let  ABODE  be  the  given  circle  : 
it  is  required  to  inscribe  a  regular  pentagon  in  the  circle 
ABODE. 

Construction.  Construct  a  triangle  FGH  having  each 
of  the  angles  at  Gy  H  double  of  the  angle  at  Fy  (Prop.  10.) 
in  the  circle  ABODE^  inscribe  the  triangle  AODy  equi- 
angular to  the  triangle  FGH,  so  that  the  angles  GAD,  ADC, 
DO  A  may  be  equal  to  the  angles  GFH,  FHG,  EOF  re- 
spectively. (Prop.  2.) 
Bisect  the  angles  AGD,  ADO  by  the  straight  lines  OE,  DB, 

(I.  Prop.  9.) 
and  draw  OB,  BA,  AE,  ED  : 
then  ABODE  is  a  pentagon  inscribed  as  required. 


Proof.     Because  each   of  the   angles  AOD,  ADO  is 

double  of  the  angle  GAD,  (Constr.) 

and  they  are  bisected  by  OE,  DB, 

the  five  angles  ADB,  BDG,  CAD,  DOE,  EGA  are  equal 

But  equal  angles  at  the  circumference  of  a  circle  stand  on 

equal  arcs;    (III.  Prop.  26,  CoroU.) 
therefore  the  five  arcs  AB,  BO,  OD,  DE,  EA  are  equal. 
And  the  chords,  by  which  equal  arcs  are  subtended,  are  equal; 

(III.  Prop.  29,  CorolL) 
therefore  the  five  straight  lines  AB,  BO,  OD,  DE,  EA  are 

equal; 
therefore  the  pentagon  ABODE  is  equilateral. 

Again,  the  arc  ED  is  equal  to  the  arc  BA ; 
to  each  of  these  add  the  arc  AE] 
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then  the  whole  arc  AED  is  equal  to  the  whole  arc  BAE, 
And  the  angle  AED  is  contained  by  the  arc  AEDy  and 
the  angle  BAE  by  the  arc  BAE; 
therefore  the  angle  AED  is  equal  to  the  angle  BAE, 

(III.  Prop.  27,  CorolL) 
Similarly  it  can  be  proved  that  each  of  the  angles  ABCfy 
BCD,  CDE  is  equal  to  the  angle  AED  or  BAE) 
therefore  the  pentagon  ABODE  is  equiangular. 
Therefore  ABODE  is  a  regular  pentagon. 

"Wherefore,  a  regvlar  pentagon  ABODE  has  been  inscribed 
in  the  given  circle  ABODE, 

The  following  is  a  complete  Geometrical  construction  for  inscribing 
a  regular  decagon  or  pentagon  in  a  given  circle. 

Find  0  the  centre. 

Draw  two  diameters  AOG,  BOD  at 
right  angles  to  one  another. 

Bisect  OD  in  E, 

Draw  AE  and  cut  off  EF  equal  to 
OE, 

Place  round  the  circle  ten  chords 
equal  to  AF, 

These  chords  will  be  the  sides  of 
a  regular  decagon.     Draw  the  chords 
joining  five  alternate  yertices  of  the  decagon ;  they  will  be  the  sides  of 
a  regular  pentagon. 

We  leave  the  proof  of  this  as  an  exercise  for  the  student. 


EXERCISES. 

1.  A  regular  pentagon  is  inscribed  in  a  circle,  and  alternate 
angular  points  are  joined  by  straight  lines.  Prove  that  these  lines 
will  form  by  their  intersections  a  regular  pentagon. 

2.  If  ABjGDE  be  a  regular  pentagon,  ACEBD  is  a  regular  star 
shaped  pentagon,  each  of  whose  angles  is  equal  to  two-fifths  of  a  right 
angle. 

3.  ABODE  is  a  regular  pentagon;  draw  J (7  and  jBD,  and  let  BD 
meet  AG  &i  F;  shew  that  AO  is  equal  to  the  sum  of  AB  and  BF, 

4.  If  ABf  BO,  and  CD  be  sides  of  a  regular  pentagon,  the  circle 
which  touches  AB  and  CD  at  B  and  0  passes  through  the  centre  of 
the  circle  inscribed  in  the  pentagon. 
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PROPOSITION   12. 

To  describe  a  regular  pentagon  about  a  given  circle. 

Let  ABODE  be  the  given  circle  : 
it  is  required  to  describe  a  regular  pentagon  about  the 
circle  ABODE, 

Construction.    Let  A,  B,  OfD,Ehe  the  angular  points 
of  a  regular  pentagon  inscribed  in  the  circle ;       (Prop.  11.) 
so  that  AB,  BOy  OD,  DE,  EA  are  equal  arcs. 

Find  the  centre  F;  (III.  Prop.  5.) 

draw  FA,  FB,  FO,  FD,  FE, 
and  draw  GAff,  HBK,  KOL,  LDM,  MEG  at  right  angles 
to  FA,  FBy  FOy  FD,  FE  respectively;  (I.  Prop.  11.) 
then  GHKLM  is  a  pentagon  described  as  required. 

Draw  FK,  FL, 


Proof.     Because  in  the  triangles  FBK,  FOR, 
FB  is  equal  to  FO,  and  FK  to  FK, 
and  the  angle  FBK  equal  to  the  angle  FOK, 

each  being  a  right  angle,     (I.  Prop.  10  B.) 
and  each  of  the  angles  FEB,  FRO  therefore  is  less  than 

a  right  angle,  (T.  Prop.  17.) 

the  triangles  are  equal  in  all  respects ; 

(I.  Prop.  26  A,  CoroU.) 

therefore  KB  is  equal  to  KO, 

and  the  angle  BFK  equal  to  the  angle  OFK, 

and  the  angle  BKF  to  the  angle  OKF -, 

therefore  KF  bisects  each  of  the  angles  BFO,  BKO, 

Similarly  it  can  be  proved  that  LF  bisects  each  of  the 

angles  OFD,  OLD, 
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Again,  because  the  arc  BG  is  equal  to  the  arc  CD^ 
the  angle  BFG  is  equal  to  the  angle  CFD, 

(HI.  Prop.  27,  Coroll.) 

And  because  the  angle  KFG  is  half  of  the  angle  BFG^ 

and  the  angle  LFG  is  half  of  the  angle  CFD ; 

therefore  the  angle  KFG  is  equal  to  the  angle  LFG, 

Now  because  in  the  triangles  KFG,  LFG, 

the  angle  KFG  is  equal  to  the  angle  LFG, 

and  the  angle  KGF  to  the  angle  LGF, 

and  FG  to  FG, 

the  triangles  are  equal  in  all  respects;   (I.  Prop.  26,  Part  1.) 

therefore  KG  is  equal  to  LG, 

and  the  angle  FKG  equal  to  the  angle  FLG. 

Now  it  has  been  proved  that  KB  is  equal  to  KG, 

and  that  KL  is  double  of  KG ; 

and  it  can  similarly  be  proved  that  KH  is  double  of  KB ; 

therefore  UK  is  equal  to  KL, 
Similarly  it  can  be  proved  that  any  two  consecutive  sides 

of  GHKLM  are  equal ; 
therefore  the  pentagon  GHKLM  is  equilateral. 
And  because  it  has  been  proved  that  the  angles  FKG,  FLG 

are  equal, 
and  that  the  angle  BKG  is  double  of  the  angle  FKG, 

and  the  angle  GLD  double  of  the  angle  FLG, 

therefore  the  angle  BKG  is  equal  to  the  angle  GLD, 

Similarly  it  can  be  proved  that  any  two  consecutive  angles 

of  GHKLM  are  equal. 

Therefore  the  pentagon  GHKLM  is  equiangular. 

The  pentagon  is  therefore  regular. 

And  because  each  side  is  drawn  at  right  angles  to  a  radius 

of  the  circle  at  its  extremity,  it  touches  the  circle; 

(III.  Prop.  16.) 
therefore  the  pentagon  is  described  about  the  circle  ABODE, 

Wherefore,  a  regvla/r  pentagon  GHKLM  has  been  de- 
scribed about  the  given  circle  ABODE, 
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PROPOSITION    13. 

To  iriscrihe  a  circle  in  a  given  regular  pentagon. 

Let  ABODE  be  the  given  regular  pentagon : 
it  is  required  to  inscribe  a  circle  in  ABODE, 

CoNSTBUCTiON.     Bisect  any  two  consecutive  angles  of 
the  pentagon  ABC,  BOD  by  BF,  OF  (I.  Prop.  9.) 

meeting  at  F', 
dra.w  FG,  FU,  FK,  FL,  iW  perpendicular  to  AB,  BO,  OD, 

DE,  EA  respectively.  (I.  Prop.  12.) 

With  F  as  centre  and  FG,  FH,  FK,  FL  or  FM  as  radius 

describe  a  circle: 

it  is  a  circle  inscribed  as  required. 

Draw  AF, 


C         K         D 
Proof.     Because  in  the  triangles  ABF,  OBF, 

AB  is  equal  to  OB,  (Hypothesis.) 

a,nd  BF  to  BF, 
and  the  angle  ABF  to  the  angle  OBF,    (Constr.) 
the  triangles  are  equal  in  all  respects ; 

(I.  Prop.  4.) 
therefore  FA  is  equal  to  FC, 
and  the  angle  BAF  is  equal  to  the  angle  BCF, 

Again,  because  the  angle  BAE  is  equal  to  the  angle  BOD, 

(Hypothesis.) 
and  the  angle  BAF  has  been  proved  equal  to  the  angle 

BOF, 
and  the  angle  BOF  is  half  of  the  angle  BOD,    (Constr.) 
therefore  the  angle  BAF  is  half  of  the  angle  BAE, 
or  AF  bisects  the  angle  BAE, 
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Similarly  it  can  be  proved  that  EF,  DP  bisect  the  angles 

AED,  EDO', 
therefore  the  bisectors  of  all  the  angles  of  the  pentagon 

meet  in  a  point. 

Again,  because  in  the  triangles  FGH,  FCK, 
the  angle  FHG  is  equal  to  the  angle  FKG, 
and  the  angle  FCH  to  the  angle  FGK^    (Constr.) 

and  FG  to  FG, 
the  triangles  are  equal  in  all  respects; 

(I.  Prop.  26,  Part  2.) 
therefore  FH  is  equal  to  FK, 
Similarly  it  can  be  proved  that  the  perpendiculars  on  any 

two  consecutive  sides  are  equal  to  one  another : 
therefore  FG,  FH,  FK,  FL,  FM  are  equal,  and  the  circle 
described  with  F  as  centre  and  one  of  the  five  lines  FG, 
FH,  FK,  FL  or  FM  as  radius  passes  through  the  ex- 
tremities of  the  other  four ;  and  because  the  angles  at 
G,  H,  K,  L,  M  are  right  angles,  it  touches  AB^  BG,  CD, 
DE,  EA.  (III.  Prop.  16.) 

Wherefore,  a  circle  GHKLM  lias  been  inscribed  in  the 
given  regular  pentagon  ABODE, 


1.  How  many  conditions  are  necessary  in  order  that  a  given 
pentagon  may  admit  of  a  circle  being  inscribed  in  it  ? 

2.  Prove  that  the  bisectors  of  all  the  angles  of  any  regular 
polygon  meet  in  a  point. 
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PROPOSITION   14. 
To  describe  a  circle  about  a  given  regvla/r  pentdgon. 

Let  ABODE  be  the  given  regular  pentagon  : 
it  is  required  to  describe  a  circle  about  ABODE, 

Construction.     Bisect  any  two  consecutive  angles  of 
the  pentagon  ABO,  BCD,  by  BF,  OF    (I.  Prop.  9.) 
meeting  at  F,  and  draw  FA,  FE,  FD ; 
with  F  as  centre  and  FA,  FB,  FO,  FD  or  FE  a    radius 

describe  a  circle : 
it  will  be  a  circle  described  as  required. 


Proof.     Because  the  angle  ABO. is  equal  to  the  angle 

.      JBOD,  (Hypothesis.) 

and  the  angle  FBO  is  half  of  the  angle  ABO, 
and  the  angle  FOB  is  half  of  the  angle  BCD, 
therefore  the  angle  FBO  is  equal  to  the  angle  FOB; 

therefore  FO  is  equal  to  FB.         (I.  Prop.  6.) 

Again,  because  in  the  triangles  ABF,  CBF, 

AB  is  equal  to  OB,  (Hypothesis.) 

BF  to  BF, 
and  the  angle  ABF  to  the  angle  OBF,      (Constr.) 
the  triangles  are  equal  in  all  respects ; 

(I.  Prop.  4.) 
therefore  FA  is  equal  to  FO, 
and  the  angle  FAB  to  the  angle  FOB. 
And  because  the  angle  FAB  is  equal  to  the  angle  FOB, 
and  the  angle  BAE  to  the  angle  BOD, 

(Hypothesis.) 
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and  the  angle  FOB  is  half  of  the  angle  BGDy 

(Constr.) 
therefore  the  angle  FAB  is  half  of  the  angle  BAE; 

and  FA  bisects  the  angle  BAE, 
Similarly  it  can  be  proved  that  FDy  FE  bisect  the 
angles  CDE^  DEA  respectively, 

and  that  FJD  and  FE  are  each  of  them  equal  to  FA  or  FC; 
therefore  FA,  FB,  FQ  FD,  FE  are  all  equal,  and  the 
circle  described  with  F  as  centre  and  one  of  the  five 
lines  FA,  FB,  FC,  FD,  FE  as  radius  passes  through  the 
extrfc&ities  of  the  other  four,  and  is  described  about  the 
penttigon  ABODE, 

Wherefore,  a  circle  ABODE  has  been  described  about  the 
given  regxdar  pentagon  ABODE, 


£1XEBCISES, 

1.  pesoribe  a  regular  decagon  to  have  five  of  its  vertices  coin^ 
oident  with  those  of  a  given  regular  pentagon. 

2.  How  many  conditions  are  necessary  in  order  that  a  given 
pentagon  may  admit  of  a  circle  being  described  about  it?  State  the 
conditions. 

3.  Shew  how  to  cut  off  the  corners  of  a  regular  pentagon  so  as 
to  leave  a  regular  decagon. 
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PROPOSITION   15. 

To  inscribe  a  regular  Iiexagon  in  a  given  circle. 

Let  ABC  DBF  be  the  given  circle : 
it  is  required  to  inscribe  a  regular  hexagon  in  the  circle 

ABCDEF, 

Construction.     Find  G  the  centre  of  the  circle ; 

(III.  Prop.  5.) 
draw  any  diameter  AGD^ 
and  with  A  as  centre  and  ^6^  as  radius  describe  the  circle 

GBF  intersecting  the  circle  ABC  DBF  in  B  and  F, 
Draw  BG,  FG  and  produce  them  to  meet  the  circle  again 
in  E  and  G,  and  draw  AB,  BC,  CD,  BE,  EF,  FA : 
then  ABCDEF  is  a  hexagon  inscribed  as  required. 


Proof.     Because  G  is  the  centre  of  the  circle  ABCDEF, 

GB  is  equal  to  GA, 
And  because  A  is  the  centre  of  the  circle  BGF, 

AB  is  equal  to  AG, 

Therefore  AB,  BG,  GA  are  all  equal. 

Therefore  the  angles  ^Kri?,  BAG,  GBA  are  all  equal. 

(I.  Prop.  5,  CoroU.  1.) 
But  the  sum  of  these  three  angles  is  equal  to  two  right 

angles;  (I.  Prop.  32.) 

therefore  the  angle  AGB  is  equal  to  one-third  of  two  right 

angles. 
Similarly  it  can  be  proved  that  the  angle  FGA  is  equal  to 

one-third  of  two  right  angle& 
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But  the  sum  of  the  three  angles  EGA,  AGF^  FGE  is  equal 

to  two  right  angles;  (I.  Prop.  13  ) 

therefore  the  angle  FGE  is  one-third  of  two  right  angles, 
and  therefore  the  angles  BGA^  AGF^  FGE  are  equal. 
And  because  opposite  vertical  angles  are  equal, 

(I.  Prop.  15.) 
the  angles  opposite  to  these  are  equal ; 
therefore  all  the  angles  AGF,  FGE,  EGD,  DGC,  CGB,  EGA 

are  equal. 
Therefore  the  arcs  AF,  FE,  ED,  DC,  CB,  BA  are  equal. 

(III.  Prop.  26,  CoroU.) 
Therefore  the  chords  AF,  FE,  ED,  DC,  CB,  BA  are  equal. 

(HI.  Prop.  29,  Coroll.) 
Therefore  the  hexagon  ABCDEF  is  equilateral. 
Again,  because  the  arcs  BAF,  AFE,  FED,  EDO,  DGB, 
CBA  are  equal, 

the  angles  BAF,  AFE,  FED,  EDO,  DCB,  CBA  in  those 
arcs  are  equal.  (III.  Prop.  27,  Coroll.) 

Therefore  the  hexagon  ABCDEF  is  equiangular : 
it  is  therefore  regular,  and  it  is  inscribed  in  the  circle 

ABCDEF, 

Wherefore,   a  regvXar  hexagon  ABCDEF  has  been  in- 
scribed in  the  given  circle  ABCDEF. 


EXEKCISES. 

1.  Inscribe  a  regnlftr  dodecagon  in  a  given  circle. 

2.  If  ABCDEF  be  a  regular  hexagon,  and  AC,  BD,  CE,  DF, 
EAj  FB  be  drawn,  they  will  form  another  regular  hexagon  of  one 
third  the  area. 

3.  The  perimeter  of  the  inscribed  equilateral  triangle  of  a  circle  is 
three  quarters  the  perimeter  of  the  circumscribed  regular  hexagon. 

4.  Six  equal  circles  can  be  described  each  touching  a  given  circle 
and  two  of  the  others. 
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PROPOSITION   16. 

To  inscribe  a  regular  polygon  of  fifteen  sides  in  a  given 
circle. 

Let  A  BCD  be  the  given  circle : 
it  is  required  to  inscribe  a  regular  polygon  of  fifteen  sides 
in  the  circle  A  BCD, 

Construction.     Let  A,  C  he  two  angular  points  of  an 
equilateral  triangle  inscribed  in  the  circle,  (Prop.  2.) 

and  let  ^,  ^,  i>  be  three  angular  points  of  a  regular  pentagon 

inscribed  in  the  circle.  (Prop.  11. 

Draw  CD, 
and  place  round  the  circle  fifteen  chords  -4Z,  LM.,,  each 

equal  to  OD. 
The  figure  ALM ,,,  is  a  polygon  inscribed  as  required. 


Proof.     If  the  whole  circle  contain  fifteen  equal  parts, 
the  arc  ABC,  which  is  a  third  of  the  circle,  contains  five 

such  parts, 
and  the  arc  ABD,  which  is  made  up  of  the  arcs  AB,  BD, 
each  of  which  is  a  fifth  of  the  circle,  contains  six  such 
parts; 
therefore  the  arc  CD,  which  is  the  difference  of  the  arcs 
ABD,  ABC,  consists  of  one  such  part; 

therefore  the  arc  CD  is  one-fifteenth  of  the  circle. 

And  because  the  arcs  AL,  LM,  ...,  which  are  the  shorter 

arcs  cut  off  by  equal  chords  AL,  LM,  ...,  are  equal, 

(in.  Prop.  28,  CorolL) 
each  of  the  arcs  AL,  LM, ...,  is  one  fifteenth  of  the  circle. 
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Therefore  the  extremity  of  the  last  chord  coincides  with 
the  point  -4,  and  the  extremities  of  the  chords  which  have 
been  placed  round  the  circle  exactly  divide  the  circle  into 
fifteen  equal  parts. 

The  figure  ALM,.,  therefore  is  equilateral. 
And  as  each  of  the  angles  is  contained  by  an  arc  made  up 

of  two  of  the  fifteen  equal  parts, 
all  the  angles  are  equal ; 

(III.  Prop.  27,  Coroll.) 
therefore  the  figure  ALM...  is  equiangular. 

Wherefore,  a  regular  polygon  of  fifteen  sides  has  been  in- 
scribed in  the  given  circle  ABCD. 


EXERCISES. 

1.  Prove  that  in  the  figure  of  Proposition  16  a  vertex  of  the 
inscribed  regular  polygon  of  fifteen  sides  coincides  with  each  of  the 
vertices  of  the  regular  figures  used  in  the  construction. 

'  2.  Prove  that,  if  all  but  one  of  the  bisectors  of  the  angles  of  a 
polygon  meet  in  a  point,  they  all  do  so,  and  a  circle  can  be  inscribed 
in  the  polygon. 

3.  Prove  that,  if  all  but  one  of  the  rectangular  bisectors  of  the 
sides  of  a  polygon  meet  in  a  point,  they  all  do  so,  and  a  circle  can  be 
described  about  the  polygon. 
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When  a  regular  polygon  of  any  number  of  sides  is  given,  we  can 
inscribe  a  regular  polygon  of  the  same  number  of  sides  in  a  given 
circle,  and  we  can  also  describe  a  regular  polygon  of  the  same 
number  of  sides  about  a  given  circle. 

Moreover  we  can  always  inscribe  a  circle  in  a  given  regular 
polygon  and  describe  a  circle  about  it. 

Methods  have  now  been  given  for  the  construction  of  regular 
figures  of  3,  4,  5,  6,  and  15  sides.  When  any  regular  polygon  is  given 
we  can  construct  a  regular  polygon  of  double  the  number  of  sides 
by  describing  a  circle  about  the  polygon  and  bisecting  the  smaller 
arcs  subtended  by  the  sides  of  the  given  polygon,  and  so  on  in 
succession  for  each  duplication  of  the  number  of  sides.  Thus  we  see 
that  we  can  by  Euclid's  methods  construct  regular  polygons  of  3  x  2*^, 
4  X  2*,  6  X  2*  and  15  x  2*  sides,  where  n  is  any  positive  integer,  in> 
eluding  zero.  It  was  proved  by  Gauss*  in  the  year  1801  that  by 
purely  geometrical  methods  those  regular  polygons  can  be  con- 
structed, the  number  of  whose  sides  is  a  prime  +  number  of  the  form 
2^  +  1.  This  general  law  relating  to  the  number  of  sides  includes  the 
case  of  the  triangle  (n=l)  and  the  pentagon  (71= 2);  the  next  two 
cases  are  those  of  the  polygons  which  have  17  sides  (n=4)  and 
257  sides  (n=7)  respectively. 


*  Disquisitiones  Arithmetics  (sectio  septima). 
t  A  prime  number  is  an  integer  which  is  not  divisible  without 
remainder  by  any  integer  except  itself  and  unity. 
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1.  To  inscribe  a  square  in  a  given  parallelogram. 

2.  On  a  given  circle  find  a  point  such  that,  if  chords  be  drawn  to 
it  from  the  extremities  of  a  given  chord  of  the  circle,  their  difference 
shall  be  equal  to  a  given  straight  line  less  than  the  given  chord. 

3.  AB  is  a  fixed  chord  of  a  circle  whose  centre  is  O,  and  CD  is 
any  other  chprd  equal  to  AB,  The  extremities  of  these  chords  are 
joined  by  straight  lines.  Prove  that,  if  the  joining  lines  meet  each 
other,  their  point  of  intersection  lies  on  the  circle  which  circumscribes 
the  triangle  AOB, 

4.  Through  each  angular  point  of  a  triangle  two  straight  lines 
are  drawn  parallel  to  the  straight  lines  joining  the  centre  of  the  cir- 
cumscribed circle  to  the  other  angular  points  of  the  triangle.  Prove 
that  these  six  straight  lines  form  an  equilateral  hexagon,  which  has 
three  pairs  of  equal  angles. 

5.  If  two  equilateral  triangles  be  described  about  the  same  circle, 
they  will  form  an  equilateral  hexagon  whose  alternate  angles  are 
equaL 

6.  Describe  about  a  given  circle  a  quadrilateral  equiangular  to  a 
given  quadrilateral. 

7.  If  the  diameter  of  one  of  the  escribed  circles  of  a  triangle  be 
equal  to  the  perimeter  of  the  triangle,  the  triangle  is  right-angled. 

8.  The  diameter  of  the  inscribed  circle  of  a  right-angled  triangle 
is  equal  to  the  difference  between  the  sum  of  the  two  smaller  sides 
and  the  hypotenuse. 

9.  Construct  a  triangle  having  given  the  centres  of  its  inscribed 
circle  and  of  two  of  its  escribed  circles. 

10.  The  side  AB  of  a  triangle  ABC  touches  the  escribed  circles 
at  Gj,  G^,  G^:  prove  that  G^G^  is  equal  to  BC,  and  GiG^  to  CA. 

11.  If  a  circle  be  inscribed  in  a  right-angled  isosceles  triangle, 
the  distance  from  the  centre  of  the  circle  to  the  right  angle  will  be 
equal  to  the  difference  between  the  hypotenuse  and  a  side. 
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12.  Describe  a  oirole  to  touch  each  of  two  given  straight  lines 
and  to  have  its  centre  at  a  given  distance  from  a  third  given  straight 
line. 

13.  Three  circles  are  described,  each  of  which  toaches  one  side  of 
a  triangle  ABC,  and  the  other  two  sides  produced.  If  D  be  the  point 
of  contact  of  the  side  BC,  E  that  of  A  C,  and  i^  that  of  AB,  then  AE 
is  equal  to  BD,  BF  to  CE,  and  CD  to  AF. 

14.  If  the  diagonals  of  the  quadrilateral  ABCD  intersect  at  right 
angles  at  0,  the  sum  of  the  radii  of  the  inscribed  circles  of  the  tri- 
angles AOB,  BOCy  COD,  DO  A  is  equal  to  the  difference  between  the 
sum  of  the  diagonals  and  the  semi-perimeter  of  the  quadrilateral. 

15.  Having  given  the  hypotenuse  of  a  right-angled  triangle  and 
the  radius  of  the  inscribed  circle,  construct  the  triangle. 

16.  If  the  inscribed  circle  of  a  triangle  ABC  touch  the  sides  AB, 
AC  &i  the  points  D,  E,  and  a  straight  line  be  drawn  from  A  to  the 
centre  of  the  circle  meeting  the  circumference  at  G,  the  point  O  is  the 
centre  of  the  inscribed  circle  of  the  triangle  ADE, 

17.  Two  sides  of  a  triangle  whose  perimeter  is  constant  are  given 
in  position :  shew  that  the  third  side  always  toaches  a  fixed  circle. 

18.  The  points  of  contact  of  the  inscribed  circle  of  a  triangle  are 
joined ;  and  from  the  angular  points  of  the  triangle  so  formed  perpen- 
diculars are  drawn  to  the  opposite  sides :  shew  that  the  triangle  of 
which  the  feet  of  these  perpendiculars  are  the  angular  points  has  its 
sides  parallel  to  the  sides  of  the  original  triangle. 

19.  Four  triangles  are  formed  by  three  out  of  four  given  points 
on  a  given  circle :  shew  that  a  circle  may  be  described  so  as  to  pass 
through  the  centres  of  the  inscribed  circles  of  the  four  triangles. 

20.  The  rectangle  of  the  segments  of  the  hypotenuse  of  a  right- 
angled  triangle  made  by  the  point  of  contact  of  the  inscribed  circle  is 
equal  to  the  area  of  the  triangle. 

21.  If  on  the  sides  of  any  triangle  three  equilateral  triangles  be 
constructed,  the  centres  of  the  inscribed  ciides  of  these  triangles  are 
the  vertices  of  an  equilateral  triangle. 

22.  Describe  three  equal  circles  to  touch  each  other  and  a  given 
oirole. 

23.  Construct  an  isosceles  triangle,  having  its  base  equal  to  the 
greater,  and  the  diameter  of  its  inscribed  circle  equal  to  &e  less  of 
two  given  straight  lines. 

24.  In  a  given  right-angled  triangle,  the  lengths  of  the  sides  con- 
taining the  right  angle  are  6  and  8  feet  respectively.  Find  the  lengths 
of  the  segments  into  which  the  hypotenuse  is  divided  by  the  oirole 
inscribed  in  the  triangle. 
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25.  Two  triangles  ABC^  DEF  are  inscribed  in  the  same  circle  so 
that  ADf  BE,  CF  meet  in  one  point  0 ;  prove  that,  if  0  be  the  centre 
of  the  inscribed  circle  of  one  of  the  triangles,  it  will  be  the  ortho- 
centre  of  the  other. 

26.  A  circle  B  passes  through  the  centre  of  another  circle  A ;  a 
triangle  is  described  circumscribing  A  and  having  two  angular  points 
on  B :  prove  that  the  third  angular  point  is  on  the  line  of  centres. 

27.  A  circle  is  escribed  to  the  side  BG  of  a  triangle  ABG  touching 
the  other  sides  in  F  and  G,  A  tangent  BE  is  drawn  parallel  to  BC 
meeting  the  sides  in  Z),  E,  BE  is  found  to  be  three  times  BC  m 
length.    Shew  that  BE  is  twice  AF, 

28.  The  sum  of  the  diameters  of  the  inscribed  and  the  circum- 
scribed circles  of  a  right-angled  triangle  is  equal  to  the  sum  of  i}^Q 
sides  containing  the  right  angle. 

29.  Prove  that  two  circles  can  be  described  with  the  middle  point 
of  the  hypotenuse  of  a  right-angled  triangle  as  centre  to  touch  the 
two  circles  described  on  the  two  sides  as  diameters. 

30.  The  perpendicular  from  A  on  the  opposite  side  £C7  of  a 
triangle  ABC,  meets  the  circumference  of  the  circumscribed  circle  in 
G,  If  P  be  the  point  in  which  the  perpendiculars  from  the  angles 
upon  the  opposite  sides  intersect,  then  PG  is  bisected  by  BC, 

31.  Through  C,  the  middle  point  of  the  arc  i4CB  of  a  circle,  any 
chord  CP  is  drawn,  cutting  the  straight  line  AB  in  Q,  Shew  that  the 
locus  of  the  centre  of  the  circle  circumscribing  the  triangle  BQP  is  a 
straight  line. 

32.  The  distance  of  the  orthocentre  of  a  triangle  from  any 
vertex  is  double  of  the  distance  of  the  centre  of  the  circumscribed 
circle  from  the  opposite  side. 

33.  Two  equilateral  triangles  ABC,  BEF  are  inscribed  in  a  circle 
whose  centre  is  0.  AC,  BF  intersect  in  P,  and  AB,  BE  in  Q,  Prove 
that  either  POQ  is  a  straight  line,  or  a  circle  can  be  described  about 
APOQB. 

34.  Given  the  base,  the  difference  of  the  angles  at  the  base  and 
the  radius  of  the  circumscribing  circle  of  a  triangle,  shew  how  to  con- 
struct the  triangle. 

35.  From  the  vertices  of  a  triangle  draw  straight  lines  which 
shall  form  an  equilateral  hexagon  whose  area  is  double  that  of  the 
triangle. 

36.  If  on  each  side. of  an  acute-angled  triangle  as  base,  an 
isosceles  triangle  be  constructed  the  sides  of  each  being  equal  to  the 
radius  of  the  circumscribed  circle,  the  vertices  of  these  triangles  form 
the  vertices  of  a  triangle  equal  in  all  respects  to  the  original  triangle. 

37.  If  O  be  the  orthocentre  of  the  triangle  ABC,  the  triangle 
formed  by  the  centres  of  the  circles  OBCj  OCA,  OAB  is  equal  to  the 
triangle  ABC  in  all  respects. 


324  BOOK  IV, 

88.  The  ends  of  a  straight  line  AB  moye  along  two  fixed  straight 
lines  in  a  plane ;  prove  that  there  is  a  point,  in  rigid  connection  with 
ABf  which  describes  a  circle. 

39.  The  circle  throngh  B,  C  and  the  centre  of  the  circle  inscribed 
in  the  triangle  ABC  meets  the  sides  ABj  AG  again  in  E^  F;  prove  that 
EF  touches  the  inscribed  circle. 

40.  Let  ABC  be  a  triangle,  0  the  centre  of  the  inscribed  circle, 
and  0\  0",  0"\  the  centres  of  the  escribed  circles  situated  in  the 
angles  At  B^  C,  respectively;  prove  (1)  that  the  circumscribed  circle 
passes  through  the  middle  points  of  the  lines  00\  00",  00"'; 
(2)  that  the  four  points  0,  B,  C,  O'  lie  on  a  circle  which  has  its 
centre  on  the  circumscribed  circle ;  (3)  that  the  points  0",  B,  C,  O"' 
lie  on  a  circle  whose  centre  is  on  the  circumscribed  circle. 

41.  The  triangle  of  least  perimeter  which  can  be  inscribed  in  a 
given  acute-angled  triangle  is  the  triangle  formed  by  joining  the  feet 
of  the  perpendiculars  from  tbe  angular  points  on  the  opposite  sides. 

42.  Describe  a  circle  to  touch  a  given  straight  line,  and  pass 
through  two  given  points. 

43.  Describe  a  circle  to  pass  through  two  given  points  and  cut 
oft  from  a  given  straight  line  a  chord  of  given  length. 

44.  Describe  a  circle  to  pass  through  two  given  points,  so  that 
the  tangent  drawn  to  it  from  another  given  point  may  be  of  a  given 
length. 

45.  If  J,  0  be  the  centres  of  the  inscribed  and  the  circumscribed 
circles  of  a  triangle  ABC,  and  if  ^1 1  be  produced  to  meet  the  circum- 
scribed circle  in  F,  then  OF  bisects  BC, 

46.  If  I  be  the  centre  of  the  inscribed  circle  of  the  triangle  ABC, 
and  AI  produced  meet  the  circumscribed  circle  at  J^,  FB,  FI,  and  FC 
are  all  equal. 

47.  Construct  a  triangle  having  given  one  angular  point  and  the 
centres  of  the  inscribed  and  the  circumscribed  oirdes. 

48.  0  is  the  centre  of  the  circumscribed  circle  of  a  triangle  ABC; 
D,  E,  F  are  the  feet  of  the  perpendiculars  from  A,  B,  C,  on  the  op- 
posite sides:  shew  that  OA,  OB,  OC  are  respectively  perpendicular 
to  EF,  FD,  BE, 

49.  The  four  circles  each  of  which  passes  through  the  centres  of 
three  of  the  four  circles  touching  the  sides  of  a  triangle  are  equal  to 
one  another. 

50.  Construct  a  triangle  having  given  an  angle  and  the  radii  of 
the  inscribed  and  the  circumscribed  circles. 

51.  From  the  vertex  of  a  triangle  draw  a  straight  line  to  the  base 
BO  that  the  square  on  the  straight  line  may  be  equal  to  the  rectangle 
contained  by  the  segments  of  the  base. 
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52.  Fonr  triangles  are  formed  by  three  out  of  four  given  straight 
lines ;  shew  that  the  circumscribed  circles  of  these  triangles  all  pass 
through  a  common  point. 

53.  The  straight  line  joining  the  middle  points  of  the  arcs  of  a 
circle  cut  off  by  two  sides  of  an  inscribed  equilateral  triangle  is. 
trisected  by  those  sides. 

54.  The  perpendicular  from  an  angle  of  an  equilateral  triangle 
on  the  opposite  side  is  equal  to  three  quarters  of  the  diameter  of  the 
circumscribed  curcle. 

55.  If  the  inscribed  and  the  circumscribed  circles  of  a  triangle  be 
concentric,  the  triangle  is  equilateral. 

56.  The  angle  C  of  the  triangle  ABC  is  a  right  angle.  P  is  the 
intersection  of  &e  diagonals  of  a  square  on  AG,  and  Q  of  those  of  a 
square  on  BC,  Prove  that  the  circumscribed  circle  of  the  triangle 
ABC  passes  through  the  intersection  of  PQ  with  a  perpendicular  to 
AB  drawn  through  the  middle  point  of  AB. 

57.  Describe  three  circles  to  touch  in  pairs  at  three  given  points. 

58.  A  rhombus  is  described  about  a  given  rectangle.  Prove  that 
its  centre  coincides  with  that  of  the  rectangle  and  that  each  of  its 
angular  points  lies  either  on  a  fixed  straight  line  or  on  a  fixed  circle. 

59.  Describe  an  isosceles  triangle  such  that  three  times  the  verti- 
cal angle  shall  be  four  times  either  of  the  other  angles. 

60.  If  ABODE  be  a  regular  pentagon,  and  AC,  BD  intersect  at 
Oy  then  ^0  is  equal  to  DO,  and  the  rectangle  AC,  00  is  equal  to  the 
square  on  BO, 

61.  Prove  that  the  difference  of  the  squares  on  a  diagonal  and  on 
a  side  of  a  regular  pentagon  is  equal  to  the  rectangle  contained  by 
them. 

62.  If  with  one  of  the  angular  points  of  a  regular  pentagon  as 
centre  and  one  of  its  diagonals  as  radius  a  circle  be  described,  a  side 
of  the  pentagon  will  be  equal  to  a  side  of  the  regular  decagon  inscribed 
in  the  circle. 

63.  If  ABODE  be  a  pentagon  described  about  a  circle,  and  F  be 
the  point  of  contact  of  AB,  then  twice  AFia  equal  to  the  difference  of 
the  sum  of  AB,  AE,  CD  and  the  sum  of  BO,  DE. 

64.  AOA\  BOB"  are  two  diameters  of  a  circle  at  right  angles  to 
one  another.  jBO  is  bisected  at  O  and  AC  cuts  the  circle  on  BO  as 
diameter  in  D  and  E.  Circles  having  A  as  centre  and  AD,  AE  as 
radii  are  described  cutting  the  original  circle  in  F  and  F^,  G  and  G'l 
prove  that  A'GFF'G'  is  a  regular  pentagon. 

65.  A  regular  hexagon  ABODEF  is  inscribed  in  a  circle.  A 
second  circle  is  described  through  A  and  B  to  cut  the  first  circle  at 
right  angles :  and  a  third  circle  is  described  through  A  and  O  to  cut 
the  first  circle  at  right  angles.  Prove  that  the  diameter  of  the  third 
oirde  is  three  times  that  of  the  second. 
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66.  If  the  alternate  angles  of  an  equilateral  hexagon  be  equal  to 
one  another,  a  circle  can  be  inscribed  in  the  hexagon. 

67.  Construct  a  regular  polygon  of  2n  sides  of  equal  perimeter 
with  a  given  regular  polygon  of  n  sides. 

68.  Any  equilateral  figure  which  is  inscribed  in  a  circle  is  also 
equiangular. 

69.  Prove  that  a  polygon  which  is  described  about  one  and 
inscribed  in  another  of  two  concentric  circles  must  be  regular. 

70.  Shew  that  it  is  always  possible  to  describe  about  a  circle  a 
polygon  equiangular  to  any  given  polygon.  Will  the  two  polygons  be 
necessarily  similar? 

71.  Find  the  locus  of  the  centre  of  the  circumscribing  circle  of  a 
triangle,  when  the  vertical  angle  and  the  sum  of  the  sides  containing 
it  are  given. 

72.  Given  the  circumscribed  circle,  an  escribed  circle  and  the 
centre  of  the  inscribed  circle,  construct  the  triangle. 

73.  Given  an  angular  point,  the  circumscribing  circle  and  the 
orthooentre,  construct  the  triangle. 

74.  Describe  a  square  about  a  given  quadrilateral. 
How  many  solutions  are  there? 

75.  Construct  a  square  so  that  each  side  shall  touch  one  of  fouir 
given  circles. 

How  many  solutions  are  there? 
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DEFINITIONS. 

Definition  1.  If  one  magnitvde  he  equal  to  another 
magnitude  of  the  same  hind  repeated  twice,  thrice  or  any 
number  of  times,  the  first  is  said  to  be  a  mtiltiple  of  the 
second,  and  the  second  is  said  to  be  an  aliquot  part  or  a 
measure  of  the  first. 

If  one  magnitude  A  be  equal  to  m  times  another  magnitude  B 
of  the  same  kind  (m  being  an  integer,  i.e.  a  whole  number),  A  is  said 
to  be  the  m^  multiple  of  B,  and  B  the  m^  part  of  A. 

If  ^  be  any  multiple  of  jB  and  if  C  be  the  same  multiple  of  D,  then 
A  and  C  are  said  to  be  equimultiples  of  B  and  D. 

The  magnitudes  treated  of  in  Book  V.  are  not  necessarily  Geome- 
trical magnitudes:  but  they  are  assumed  to  be  such  that  any  magnitude 
can  be  supposed  to  be  repeated  as  often  as  desired,  in  other  words, 
that  any  multiple  we  please  of  a  magnitude  can  be  taken.  They  are 
assumed  also  to  be  such  that  any  one  taken  twice  is  greater  than  it 
is  alone ;  such  quantities  as  those  which  are  called  in  Algebra  either 
negative  or  imaginary  are  excluded  from  consideration. 

The  capital  letters  A,B,OtD  &c,  will  be  used  to  denote  magnitudes, 
and  the  small  letters  m^n^pyq  <&c.  to  denote  whole  numbers. 

When  a  magnitude  A  is  spoken  of,  the  letter  A  is  supposed  to  repre- 
sent the  magnitude  itself. 

Definition  2.  The  relation  of  one  magnitude  to  anotlier 
of  the  savfie  kind  with  respect  to  the  m/ultiples  of  the  second  or 
of  aliquot  parts  of  the  second,  which  tlie  first  is  greater  than, 
equal  to,  or  less  tham^  is  caUed  the  ratio  of  the  first  to  the 
second. 

It  is  difficult  to  convey  a  precise  idea  of  "ratio"  by  a  definition. 
The  student  will  gradually  acquire  a  firmer  grasp  of  the  meaning  of 
the  term  as  he  proceeds.  It  is  important  to  bear  in  mind  that 
the  difference  between  two  magnitudes  is  not  their  ratio. 
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Whenever  the  ratio  of  one  magnitude  to  another  is  spoken  of,  it 
is  necessarily  implied,  although  it  may  not  always  be  ezpresa^y  stated, 
that  the  two  magnitudes  are  of  the  same  kind. 

In  the  ratio  of  one  Tnagnitvde  to  a/nother^  the  first  is 
called  the  antecedent  and  the  second  the  consequent  of  the 
ratio. 

In  the  ratio  of  Aio  B,  A  is  the  anteoedent  and  B  the  oonsequent. 

The  ratio  of  a  mctgnitvde  to  cm  eqtml  magnittuie  is 
called  a  ratio  of  equality,  cmd  is  said  to  be  eqttal  to  tmity; 

the  ratio  of  a  magnittide  to  a  less  magnitude  is  called 
a  ratio  of  greater  inequality,  and  is  said  to  he  greater 
than  unity; 

the  ratio  of  a  ma>gnitude  to  a  greater  magnitude  is 
called  a  ratio  of  less  inequality,  aiid  is  said  to  he  less  tham, 
unity. 

The  ratio  of  one  diameter  to  another  diameter  of  the  same  cirole 
is  a  ratio  of  equality: 

the  ratio  of  a  diagonal  to  a  side  of  a  square  is  a  ratio  of  greater 
inequality: 

the  ratio  of  the  area  of  a  cirole  to  the  area  of  a  square  described 
about  the  circle  is  a  ratio  of  less  inequality. 

Definition  3.  If  one  m^nitude  repeated  cmy  number 
of  times  he  greater  than^  equal  to,  or  less  than  a  second  magni- 
tude repeated  any  other  number  of  tim^s,  the  ratio  of  the 
first  magnitude  to  the  second  magnitude  is  said  to  he 
greater  than,  equal  to,  or  less  than  the  ratio  of  the  second 
numher  to  the  first  number. 

It  Af  B  he  two  magnitudes  such  that  m  times  A  is  equal  to  n 
times  £,  the  ratio  of  ^  to  £  is  equal  to  the  ratio  of  n  to  m. 

Similarly,  if  m  times  A  be  greater  than  n  times  £,  the  ratio  of 
Aio  B  IB  greater  than  that  of  n  to  m ;  and  if  m  times  A  be  less  than 
n  times  B^  the  ratio  of  J  to  B  is  less  than  that  of  n  to  m. 

Definition  4.  When  two  m^nitudes  of  the  scmie  kind 
are  such  that  some  msasv/re  of  the  first  is  equal  to  some 
measure  of  the  second,  the  two  magnitudes  a/re  said  to  he 
commensurable. 

Two  mxignitudes  of  the  same  kind,  which  are  not  com- 
mensurable, are  said  to  he  incommensurable. 
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liA,ByChQ  three  magnitndes  of  the  same  kind  such  that  C  is  the 
nt*^  part  of  A  and  C  is  the  n^  part  of  £,  or,  in  other  words,  such  that 
A  is  equal  to  m  times  C  and  B  is  equal  to  n  times  C,  then  ^  and  B 
have  a  common  measure  C,  and  therefore  are  commeiuiiirable. 

If  the  ratio  of  il  to  £  he  equal  to  the  ratio  of  one  integer  to^ 
another,  say  that  of  n  to  m,  and  the  ratio  of  (7  to  Z>  be  also  equal  to 
that  of  n  to  m,  the  ratio  of  ^  to  £  is  equal  to  that  of  C  to  D  :  and 
similarly,  if  the  ratio  of  il  to  £  be  equal  to  that  of  n  to  m,  and  the 
ratio  of  C  to  D  be  greater  or  less  than  that  of  n  to  m,  the  ratio  of 
il  to  B  is  less  or  greater  respectively  than  that  of  G  to  D. 

Acomplete  method  is  thus  afforded  of  testing  the  equality  or  the 
inequality  of  the  ratios  of  pairs  of  commensurable  magnitudes:  but 
the  same  method  is  not  applicable  to  incommensurable  magnitudes. 

Kow  it  will  be  manifest  from  what  has  been  said  that,  if  we  have 
four  magnitudes  A^  B,  G,  J),  of  which  A  and  B  are  incommen- 
surable, the  ratio  of  C  to  D  cannot  be  equal  to  that  of  A  to  P,  unless 
C  and  D  be  also  incommensurable. 

It  is  possible  to  find  two  magnitudes  of  the  same  kind  that  are 
not  commensurable.  It  can  be  proved  that  a  diagonal  and  a  side  of 
the  same  square  are  such  a  pair  of  magnitudes,  and  also  that  the 
circumference  and  a  diameter  of  the  same  circle  are  another  such  pair 
of  magnitudes.  The  question  arises  how  the  ratios  of  two  pairs  of 
such  incommensurable  magnitudes  are  to  be  compared. 

It  is  easy  to  prove  that  a  diagonal  of  a  square  is  greater  than  once 
and  less  than  twice  a  side ;  these  inequalities  give  a  very  rough 
comparison  of  the  lengths  of  the  two  lines.  It  can  be  proved  that 
10  times  a  diagonal  is  greater  than  14  times  and  less  than  15  times 
a  side :  these  inequalities  give  a  less  rough  comparison  of  the  lengths. 
Again,  it  can  be  proved  that  100  times  a  diagonal  is  greater  than 
141  times  and  less  than  142  times  a  side:  these  inequalities  give 
a  still  less  rough  comparison  of  the  lengths  of  the  two  lines. 

These  facts  are  represented  by  saying  that  the  ratio  of  a  diagonal 
to  a  side  is  greater  than  the  ratio  of  1  to  1  and  less  than  that  of  2  to  1 : 
greater  than  the  ratio  of  14  to  10  and  less  than  that  of  15  to  10 : 
greater  than  the  ratio  of  141  to  100  and  less  than  that  of  142 
to  100. 

Pairs  of  ratios  of  greater  and  greater  numbers  might  be  quoted, 
between  which  the  ratio  of  a  diagonal  to  a  side  always  lies:  but  no 
two  numbers  can  be  found  such  that  the  ratio  in  question  is  equal  to 
the  ratio  of  the  numbers. 

T.  E.  22 
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In  the  following  definition  of  the  equality  of  two  ratios,  the  ease 
of  incommensurable  magnitudes  is  included  as  well  as  that  of  com- 
mensurable magnitudes. 


Definition  5.  If  fov/r  nicbgnitudes  he  8uch  that^  when 
any  equimultiples  whatever  of  the  first  amd  the  third  a/re 
taken,  and  also  any  equimultiples  whatever  of  the  second  and 
the  fourth,  the  multiples  of  the  first  a/nd  tihe  third  a/re  siinuX- 
ta/neously  either  both  greater  than,  or  both  equal  to,  or  both 
less  than  the  multiples  of  the  second  and  the  fov/rth  respec- 
tively, the  ratio  of  the  fi/rst  mMgnii/ude  to  the  second  is  said  to 
be  equal  to  the  ratio  of  the  third  to  thefou/rth. 

When  the  ratio  of  the  fi/rst  of  faar.  magnitudes  to  the 
second  is  eqvM  to  that  of  the  third  to  the  fou/rth,  the  mag- 
nitudes are  said  to  be  proportionals  or  in  proportion. 

When  four  magnitudes  are  'proj>ortionals,  the  first  is  said 
to  be  to  the  second  as  the  third  to  the  fourth. 

Let  A^B,  C,  DhQ  four  magnitudes,  of  which  A  and  B  are  of  the 
same  kind,  and  C  and  D  are  of  the  same  kind,  and  let  any  equimul- 
tiples whatever  of  A  and  C,  say  m  times  A  and  m  times  C,  be  taken,  and 
any  equimultiples  whatever  of  B  and  D,  say  n  times  B  and  n  times  D ; 
then,  if  m  times  A  be  greater  than  n  times  B  and  also  m  times  C 
greater  than  n  times  D,  or  else  m  times  A  be  equal  to  n  times  B  and 
also  m  times  G  equal  to  n  times  D,  or  else  m  times  A  be  less  than  n 
times  B  and  also  m  times  C  less  than  n  times  D,  for  every  possible 
pair  of  whole  numbers  m  and  n,  the  ratio  of  il  to  P  is  equal  to  the 
ratio  of  C  to  D,  and  A,B,  C,D  are  proportionals. 

The  fact  that  four  magnitudes  A^  B,  C,  D  are  in  proportion  is 
denoted  by  saying  that  A  has  to  B  the  same  ratio  that  C  has  to  D,  or 
that  the  ratio  of  ^  to  £  is  equal  to  that  of  C  to  D,  or  that  A  is 
to  £  as  C7  to  D :  it  is  expressed  still  more  concisely  by  the  notation 

A  iB-CiD. 
Note.    It  will  be  observed  that  when  four  magnitudes  A ,  U,  C,  Z) 
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are  defined  in  order  as  proportionals,  i.e.  ^  is  to  £  as  C  to  D,  they 
are  at  the  same  time  defined  as  proportionals  also  in  the  three  several 
orders £,  A,  D,  C;  C,  Dy  A,  B;  and  D,  G,  B,  A;  that  is  to  say,  it 
follows  from  the  definition  that,  if  any  one  of  the  four  proportions 

A:B  =  C:D,    B:A=:D:C,     C:D  =  A:B,    D:C  =  BiA 

exist,  the  other  three  exist  also. 

It  follows  at  once  from  Definition  5  that  if,  of  ^,  By  C,  D,  four 
magnitudes,  A  be  equal  to  C  and  B  be  equal  to  D,  the  ratio  of  ^  to  £ 
is  equal  to  the  ratio  of  C7  to  D ;  and  further  that  i^  of  Ay  By  C7,  three 
magnitudes,  A  be  equal  to  B,  the  ratio  of  J  to  C7  is  equal  to  the  ratio 
of  £  to  C,  and  also  the  ratio  of  C7  to  ^1  is  equal  to  the  ratio  of  C  to  £. 

Definition  6.  When /our  magrdtvdea  cure  proj>ortional8, 
the  first  and  the  third,  the  antecedents,  a/re  so/id  to  he 
homologous  to  one  a/nother,  and  the  second  and  the  fourth, 
the  consequents,  a/re  also  said  to  be  homologous  to  one  an- 
other. 

In  the  proportion  il  is  to  £  as  C  to  D,  the  antecedents  A  and  C 
are  homologoiu  to  one  another  and  the  consequents  B  and  Z>  are 
homAlogoaB  to  one  another. 

Definition  7.  If  it  he  possible  to  take  equimultiples  of 
the  first  a/nd  the  third  offov/r  magnitudes  and  equimultiples 
of  the  second  a/nd  the  fov/rth,  such  that  the  multiple  of 
the  first  is  greater  than  that  of  the  second  and  the  multiple 
of  the  third  not  greater  than  that  of  the  fowrth,  the  ratio  of 
ihe  first  to  the  second  is  said  to  be  greater  than  that  of  the 
third  to  the  fowrth  ;  amd  ihe  ratio  of  the  third  to  the  fowrth 
is  said  to  he  less  than  the  ratio  of  the  first  to  the  seco^id. 

As  an  example  the  ratios  of  the  numbers  2  to  3  and  6  to  8  may 
be  taken. 

If  the  5*^  multiples  of  the  first  and  the  third  be  taken  and  the  3*^ 
multiples  of  the  second  and  the  fourth,  the  multiples  in  order  are 
10,  9,  25,  24 :  here  10  is  greater  than  9  and  25  greater  than  24 :  but 
equality  between  the  ratios  is  not  thereby  established. 

22—2 
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If  the  11**^  mnltipleB  of  the  first  and  the  third  be  taken,  and  the  7*^ 
mtdtiplee  of  the  second  and  the  fourth,  the  multiples  in  order  are 
22,  21,  55,  56 :  here  22  is  greater  than  21  and  55  not  greater  than  56 : 
and  the  fact  is  established  that  the  ratio  of  2  to  8  is  greater  than  that 
of  5  to  8. 


Definition  8.  The  ratio  of  tlie  first  of  three  magnitudea 
of  the  same  kind  to  the  thvrd  is  said  to  be  compounded  of  the 
ratio  of  the  first  to  the  second  and  the  rcUio  of  the  second  to 
the  third. 

The  ra^io  of  the  first  of  three  magnitudes  of  the  same  kind 
to  the  third  is  also  said  to  be  the  ratio  of  the  ratio  of  tlie  first 
magnUude  to  the  second  to  the  ratio  of  the  third  magnitude 
to  the  second, 

II  Af  Bf  C  he  three  magnitudes  of  the  same  kind,  the  ratio  of 
^  to  C  is  oompounded  of  the  ratio  AtoB  and  the  ratio  B  to  C, 

Further,  the  ratio  of  ^4  to  C  is  said  to  be  the  ratio  of  the  ratio  A 
to£  to  the  ratio  C  to  B. 

Definition  9.  If  the  first  of  a  number  of  magnitudes 
of  the  same  kind  be  to  the  second  a«  tlie  second  to  die  third 
and  as  the  third  to  the  fourth  and  so  orij  the  magnitiules  are 
said  to  be  in  continued  proportion. 

If  a  number  of  magnitudes  be  in  continued  proportion, 
the  ratio  of  the  first  to  t/ie  third  is  said  to  be  duplicate  of 
the  ratio  of  the  first  to  the  second,  and  the  ratio  of  the  first  to 
the  fourth  is  said  to  be  triplicate  of  the  ratio  of  t/ie  first 
to  the  second. 

If  four  magnitudes  be  in  proportion^  the  fvrst  amd  the 
fourth  a/re  called  the  extremes  awJ  the  second  cmd  the  f(mrth 
the  means  of  the  proportion^ 

If  three  tnagnitudes  be  in  contimued  proportion,  the  first 
and  the  third  a/re  called  the  extremes  and  the  second  the 
mean  of  the  proportion;  also  the  second  is  caUed  a  mean 
proportional  between  the  first  and  tlie  third,  and  the  third  is 
called  a  third  proportional  to  the  first  and  the  second. 
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PROPOSITION  1.     [Euclid  Elbm.  Prop.  4.] 

If  four  mctgnitvAJks  in  order  he  proportionals  and  any 
equimultiples  of  the  antecedents  he  taken,  and  any  equi- 
multiples  of  the  consequents,  the  four  multiples  are  pro- 
portionals in  the  same  order  as  the  magnitudes** 

Let  the  magnitudes  A,  B,  C,  D  be  proportionals,  and 
let  m,  n  be  two  given  numbers : 

it  is  required  to  prove  that  m  times  A,  n  times  By  m  times  (7, 
n  times  D  are  proportionals. 

Construction.  Let  p,  q  he  any  two  numbers,  and  let 
m  times  ^  be  ^,  n  times  B  he  F,  m  times  C  he  G  and  n 
times  Dhe  H. 

Proof.     Because  Ej  G  are  equimultiples  of  A,  G, 
p  times  By  p  times  G  are  equimultiples  of  A,  G, 
no  matter  what  number  p  may  be ; 

and  because  Fy  R  are  equimultiples  of  By  2>, 
q  times  Fy  q  times  H  are  equimultiples  of  By  Dy 
no  matter  what  number  q  may  be ; 

and  because  ^isto^as(7to2>, 
p  times  E  and  p  times  G 
are  both  greater  than,  both  equal  to  or  both  less  than 
q  times  F  and  q  times  H  respectively, 

for  all  values  oip  and  q-,  (Def.  5.) 

therefore  E  \ato  F  ba  G  Xo  H;  (Def.  5.) 

that  is,  m  times  il  is  to  n  times  ^  as  m  times  G  U>n  times  D. 

Wherefore,  iffowr  magnitudeSy  &c. 

*  Algebraioally.    If  a :  b=c  :  d,  then  ma  :  nb=mc  :  nd. 
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PROPOSITION  2.     [Euclid  Elem.  Prop.  8.] 

The  greater  of  two  inagnUudes  has  to  a  third  inagnUvde 
a  greaier  ratio  duin  the  less  has;  and  a  third  magnitiuie 
has  to  the  less  of  two  other  magnitudes  a  greater  ratio  than 
it  has  to  the  greater*. 

Let  Ay  By  0  \ie  three  magnitudes  of  the  same  kind,  of 
which  A  is  greater  than  B : 
it  is  required  to  prove  that  A  has  to  (7  a  greater  ratio  than 

B  hsts  to  (7,  and  that  C  has  to  ^  a  greater  ratio  than  G 

has  to  A, 

Construction.     Let  the  excess  of  A  over  ^  be  i>; 
take  the   m^  equimultiples   of  B^  2),  such  that  each  is 
greater  than  C^  and  of  the  multiples  of  G  let  the  p^^ 
multiple  be  the  first  which  is  greater  than  m  times  B^ 
and  let  n  be  the  number  next  less  than  p. 

Proof.    Because  m  times  B  is  not  less  than  n  times  Q 
and  m  times  D  is  greater  than  (7;       (Constr.) 
therefore  the  sum  of  m  times  B  and  m  times  D  is  greater 
than  the  sum  of  n  times  G  and  (7, 
that  is,  m  times  A  is  greater  than  p  times  G ; 

and  m  times  B  is  less  than  p  times  (7;      (Constr.) 
therefore  A  has  to  (7  a  greater  ratio  than  B  has  to  G, 

(Del  7.) 
Next,  because  p  times  G  is  less  than  m  times  A^ 
and  />  times  G  is  greater  than  m  times  ^, 
therefore  C  has  to  ^  a  greater  ratio  than  G  has  to  A, 

(Def.  7.) 
Wherefore,  the  greater,  &c. 

*  Algebraioally.    If  a>&,  then  a  lob  :e  and  c  :  &>e  :  a. 
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PROPOSITION  3.     [Euclid  Elem.  Prop.  9.] 

If  the  ratio  of  the  first  ofthtee  magnitudes  to  tlie  third  he 
equal  to  the  ratio  of  the  second  to  the  third,  the  first  magni- 
tude is  equal  to  the  second** 

Let  A,  B,  G  he  three  magnitudes  of  the  same  kind  such 
that  ^  is  to  (7  as  ^  is  to  C: 

it  is  required  to  prove  that  A  is  equal  to  B. 

Proof.  Because,  any  magnitude  greater  than  B  has 
to  (7  a  greater  ratio  than  B  has  to  C,  (Prop.  2.) 

and  A  has  to  G  the  same  ratio  as  B  to  G, 
A  cannot  be  greater  than  B. 

Again,  because  any  magnitude  less  than  B  has  to  0  a 

less  ratio  than  B  to  G,  (Prop.  2.) 

and  A  has  to  G  the  same  ratio  as  B  to  G, 

A  cannot  be  less  than  B. 

Therefore  A  must  be  equal  to  B, 

Wherefore,  if  the  ratio  of  the  first,  <kc. 

*  Algebraically.    If  a  :  c  =  6  :  c,  then  a =6. 
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PROPOSITION  4.     Part  1.    [Euclid  Elem.  Prop.  10.] 

If  the  ratio  of  the  firat  of  three  mcbgnitudee  to  the  third 
he  greater  than  the  ratio  of  the  second  to  the  third,  the  fret 
magnittuie  is  grecUer  than  the  second*. 

Let  A,  By  G  he  three  magnitudes  of  the  same  kind,  such 
that  A  has  to  (7  a  greater  ratio  than  B  to  C: 
it  is  required  to  prove  that  A  is  greater  than  B, 

Proof.  Because  the  ratio  of  ^  to  C  is  greater  than 
that  of  ^  to  C, 

there  are  some  equimultiples,  say  the  m^^  multiples,  of 
Ay  B  and  some  multiple,  say  the  n^  multiple,  of  Cy  such 
that  m  times  A  is  greater  than  n  times  Cy 
and  m  times  B  not  greater  than  n  times  C;  (Del  7.) 

therefore  there  is  some  number  m  such  that  m  times  A  is 
greater  than  m  times  B; 

therefore  A  is  greater  than  B, 

Wherefore,  if  the  ratio  of  the  first,  Ac. 

PROPOSITION  4.     Part  2.     [Euclid  Elem.  Prop.  10.] 

If  the  raUo  ofthefvrst  of  three  magnitudes  to  the  second 
he  greater  than  the  ratio  of  the  first  to  the  third,  the  second 
magnitude  is  less  than  the  M,rd^, 

Let  Ay  By  C  he  three  magnitudes  of  the  same  kind,  such 
that  A  has  to  jS  a  greater  ratio  than  A\k>  C: 
•    it  is  required  to  prove  that  B  is  less  than  G. 

Proof.  Because  the  ratio  of  ^  to  ^  is  greater  than  that 
oi  Ato  Gy  there  is  some  multiple,  say  the  m^^  multiple,  of 
Ay  and  there  are  some  equimultiples,  say  the  n^  multiples, 
of  By  Gy  such  that  m  times  A  is  greater  than  n  times  By 

and  m  times  A  not  greater  than  n  times  G',  (Def.  7.) 
therefore  there  is  some  number  n  such  that  n  times  C  is 
greater  than  n  times  B ; 

therefore  G  is  greater  than  B, 

Wherefore,  if  the  raUo  of  the  first,  kc. 

*  Algebraioally.    If  a  :  c>5  :  c,  then  a>5. 
t  Algebraioally.    If  a :  6>a  :  c,  then  5<c. 
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PROPOSITION  6.    [Euclid  Edbm.  Prop.  11.] 

HatiaSf  which  a/re  equal  to  the  sa/me  ratio,  are  eqtictl  to 
one  a/nother*. 

Let  A,  B,  Gy  D,  E,  j^  be  six  magnitudes,  such  that 

-4  is  to  jB  as  C  to  i>, 
and  also  ^  is  to  jP'  as  (7  to  i> : 
it  is  required  to  prove  that 

^  is  to  ^  as  JS^  to  i^. 

Proof.     Because  -4  is  to  jB  as  (7  to  i>, 
m  times  A  and  m  times  C 
are  both  greater  than,  both  equal  to  or  both  less  than 
n  times  B  and  n  times  D  respectively, 
for  all  values  of  m  and  n;  (Def.  5.) 

and  because  ^  is  to  ^  as  (7  to  /), 
m  times  E  and  m  times  Q 
are  both  greater  than,  both  equal  to,  or  both  less  than 
n  times  F  and  n  times  D  respectively, 
for  all  values  of  m  and  n; 

therefore  m  times  A  and  m  times  E 
are  both  greater  than,  both  equal  to  or  both  less  than 
n  times  B  and  n  times  F  respectively, 
for  all  values  of  m  and  n; 

therefore  ^  is  to  ^  as  ^  to  jPl  (Def.  5.) 

Wherefore,  ratios,  which  a/re  equal,  &c. 

*  Algebraioally.    If  a  :  b=c  :  (2,  and  e  :  /=so  :  d, 
then  a  :  &=«  :/. 


338  BOOK   V. 


PROPOSITION  6.    [Euclid  Elem.  Prop.  12.] 

If  €vny  number  of  raitios  he  equals  each  ratio  w  equal  to 
the  ratio  of  the  sum  ofihe  aniecedenis  to  the  eum  of  the  eon- 
eequenie^* 

Let  Aj  B^  Cf  Df  £^  F  he  any  number  of  magnitudes 
of  the  same  kind,  such  that  the  ratios  of  il  to  ^,  C  to  2>, 
^  to  i^are  equal: 

it  is  required  to  prove  that 

il  is  to  ^  as  the  sum  of  A,  C,  JE  to  the  sum  of  B^  2>,  F. 

CoNSTBUcnoir.  Take  any  equimultiples,  say  the  m^ 
multiples,  of  ^,  C,  F^  and  any  equimultiples,  say  the  n^ 
multiples,  of  B,  i>,  F^ 

Proof.     Because  ^isto^asCtoi),  and  also  as  J^  to  jP, 
therefore  tn  times  A,  m  times  C  and  m  times  F 
are  simultaneously  all  greater  than,  all  equal  to  or  all  less 
than  n  times  B,  n  times  D  and  n  times  F  respectively, 

for  all  values  of  m  and  n;  (Del  5.) 

therefore  m  times  A  and  m  times  the  sum  oi  A,  C,  F 
are  simultaneously  all  greater  than,  all  equal  to  or  aJl  less 
than  n  times  B  and  n  times  the  sum  of  B,  2>,  ^respectively, 
for  all  values  of  m  and  n. 
Therefore 
^  is  to  jS  as  the  sum  of  A,  C,  F  to  the  sum  of  By  i>,  F. 

(Del  5.) 
Wherefore,  if  am/y  number  ofraiios^  &a 

Ck>ROLLABT.  The  ratio  of  two  magnitudes  is  equal  to  the 
ratio  of  any  two  equimtdtiples  ofthem,^, 

*  Algebnueally.    If  a  :  h=e  :  d=e  :/, 
then  a  :  h=a+e  +  e  :  &+<!+/. 

t  Algdbiaioally.    a  :  h=ma  :  mb. 
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PROPOSITION  7.     [Euclid  Elem.  Prop.  13.] 

If  the  first  of  three  rcUios  be  equal  to  the  second  cmd  the 
second  ^eater  than  the  third,  the  first  is  greater  iham,  the  third*  • 

Let  Ay  B,  C,  By  ^,  F  he  six  magnitudes,  such  that  the 
ratio  of  ^  to  J9  is  equal  to  that  of  (7  to  2),  and  the  ratio  of 
C  to  2)  is  greater  thaji  that  of  JE  to  F: 

it  is  required  to  prove  that  the  ratio  of  ^  to  ^  is  greater 
than  that  of  i^  to  ^. 

Proof.  Because  the  ratio  of  (7  to  2>  is  greater  than 
that  of  ^  to  Fy  it  is  possible  to  find  some  equimultiples,  say 
the  m^^  multiples,  of  C  and  By  and  some  equimultiples,  say 
the  n^  multiples,  of  2>  and  Fy  such  that 

m  times  C  is  greater  than  n  times  D 
and  m  times  F  not  greater  than  n  times  F.     (Dei,  7.) 

Again,  because  ilisto^as(7to2), 

m  times  A  and  m  times  G 
are  simultaneously  both  greater  than,  both  equal  to,  or  both 
less  than  n  times  £  and  n  times  D  respectively, 

for  all  values  of  m  and  n,  (Dei.  5.) 

Therefore  for  some  values  of  m  and  n 

m  times  A  is  greater  than  n  times  B 
and  m  times  F  not  greater  than  n  times  F. 
Therefore  the  ratio  of  ^  to  jS  is  greater  than  that  of  F 
to  F.  (Dei.  7.) 

Wherefore,  if  the  first  of  three  ratios,  <kc. 

*  Algebraioally.    If  a  :  &=c  :  d,  and  c  :  d>«  :/, 
then  a  :  &>«  :/. 
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PROPOSITION  10.     [Euclid  Elem.  Prop.  17.] 

If  the  Slim  of  the  first  cmd  the  second  of  four  magnitudes 
be  to  the  second  as  the  sum  of  the  third  and  tlie  fourt/i  to  the 
fowrthy  the  first  is  to  the  second  as  the  third  to  the  fourth*. 

Let  Ay  Bj  Cy  D  he  four  magnitudes,  A  and  B  being  of 
the  same  kind  and  C  and  D  of  the  same  kind,  such  that 

the  sum  of  A  and  ^  is  to  ^  as  the  sum  of  C  and  J)  to  D: 
it  is  required  to  prove  that 

ilistoJ^asCtoi). 

Construction.  Take  any  equimultiples,  say  the  tw*** 
multiples,  oi  A,  By  Cy  D  and  any  equimultiples,  say  the  n*^ 
multiples,  of  -6,  I); 

then  the  sums  of  m  times  B  and  n  times  B  and  of  m  times 
D  and  n  times  D  are  equimultiples  of  B  and  D  respectively. 

Proof.     Because  the  sum  of  A  and  J?  is  to  J?  as  the  sum 

of  C  and  D  to  Z>,  (Hypothesis.) 

therefore  m  times  the  sum  of  A  and  B 

and  m  times  the  sum  of  C  and  D  are  simultaneously 
both  greater  than,  both  equal  to  or  both  less  than 

the  sum  of  m  and  n  times  B 
and  the  sum  of  m  and  n  times  D  respectively, 

for  all  values  of  m  and  n:  (Del  5.) 

therefore  m  times  A  and  m  times  C 
are  simultaneously  both  greater  than,  both  equal  to  or  both 
less  than  n  times  B  and  n  times  2)  respectively, 

for  all  values  of  m  and  n ; 
therefore  ^isto^asCtoZ).  (Def.  5.) 

Wherefore,  if  the  sumy  Ac. 
*  Algebraically.    If  a+b  :  b=e  +  d  :  d,  then  a  :  b=e  :  d. 
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PROPOSITION  11.    [Euclid  Elem.  Pkop.  18.] 

If  the  first  of  fov/r  magnitudes  be  to  tlie  second  as  the 
third  to  thefov/rihf  then  the  sum,  of  the  first  amd  the  second  is 
to  the  second  as  the  sum%  of  the  third  cmd  the  fourth  to  the 
fou/rth*. 

Let  A,  By  Gy  D  be  four  magnitudes,  A  and  B  being  of 
the  same  kind,  and  G  and  D  of  the  same  kind,  such  that 
il  is  to  ^  as  (7  to  2): 

it  is  required  to  prove  that 
the  sum  of  A  and  i?  is  to  ^  as  the  sum  of  G  and  D  to  D, 

Construction.  Take  any  equimultiples,  say  the  m^^ 
multiples,  of  ^,  C  and  any  equimultiples,  say  the  n^^ 
multiples,  of  B,  D, 

Proof.     Because  il  is  to  -B  as  (7  to  i>,       (Hypothesis.) 
therefore  m  times  A  and  m  times  G 
are  simultaneously  both  greater  than,  both  equal  to  or  both 
less  than  n  times  B  and  n  times  D  respectively, 
for  all  values  of  m  and  n]  (Def.  5.) 

therefore  m  times  the  sum  of  A  and  B 
and  m  times  the  sum  of  G  and  D 
are  simultaneously  both  greater  than,  both  equal  to  or  both 
less  than  the  sum  of  m  and  n  times  B 

and  the  sum  of  m  and  n  times  D  respectively, 
for  all  values  of  m  and  n. 
And  it  is  manifest  that 

m  times  the  sum  of  A  and  B 
and  m  times  the  sum  of  G  and  D 
are  simultaneously  both  greater  than 

p  times  B  and  p  times  D  respectively, 
for  all  values  of  m  and  j9,  where  m  is  not  less  than  p. 
Therefore  m  times  the  sum  of  A  and  B 
and  m  times  the  sum  of  G  and  D 
are  simultaneously  both  greater  than,  both  equal  to  or  both 
less  than  p  times  B  and  p  times  D  respectively, 
for  all  values  of  m  and  p) 
therefore  the  sum  of  A  and  ^  is  to  ^  as  the  sum  of  G 
and  Z>  to  Z>.  (Def.  5.) 

Wherefore,  ifthefirsty  <kc. 

*  Algebraically.    If  a  :  &=c  :  d,  then  a+b  :  &=c+d  :  d. 
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PROPOSITION   12.     [Euclid  Elkm.  Prop.  19.] 

If  the  sum  of  the  first  and  the  second  of  four  magnitudes 
he  to  the  sum  of  the  third  and  the  fourth  (m  the  second  to  the 
fourthy  the  first  is  to  the  second  as  tJie  third  to  the  fourth*. 

Let  Ay  Bj  Cj  D  he  four  magnitudes  of  the  same  kind, 
such  that 
the  sum  of  A  and  ^  is  to  the  sum  of  C  and  D  as  B  to  D : 
it  is  required  to  prove  that  AiatoBaaCtoD, 

Proof.     Because 
the  sum  of  A  and  J9  is  to  the  sum  of  C  and  D  aa  B  to  D, 
the  sum  of  A  and  j9  is  to  ^  as  the  sum  of  C  and  D  to  D. 

(Prop.  9.) 
Therefore  ii  is  to  J?  as  (7  is  to  2).      (Prop.  10.) 

Wherefore,  if  the  sum,  <fec. 


*  Algebraically.    If  a+b :  c+dsb  :  d,  then  a  :  5=c  :  d. 
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PROPOSITION  13.     [Euclid  Elem.  Prop.  20.] 

If  the  first  of  six  rriagnitudes  he  to  the  second  as  the  fourth 
to  thefifthf  and  the  second  be  to  the  thvrd  as  the  fifth  to  the 
sixth,  then  the  first  and  the  fourth  are  both  greater  than, 
both  eqvjol  to,  or  both  less  than  the  third  and  the  sixth 
respectively*. 

Let  -4,  By  Gy  D,  Ey  Fhe  six  magnitudes,  A,  B,  C  being 
of  the  same  kind  and  i>,  E,  F  of  the  same  kind,  such  that 

-4  is  to  ^  as  i>  to  ^,  and  -5  is  to  (7  as  ^  to  i^: 
it  is  required  to  prove  that  A  and  D  are  both  greater  than, 
both  equal  to  or  both  less  than  G  and  F  respectively. 

Proof.     First,  let  A  be  greater  than  (7. 

Because  A  i&  to  B  a,^  D  U>  E,     (Hypothesis.) 
and  the  ratio  oi  Ato  B  is  greater  than  that  of  G  to  B, 

(Prop.  2.) 

the  ratio  of  -D  to  j&  is  greater  than  that  of  G  toB;  (Prop.  7.) 

and  because  C  is  to  -5  as  /^  to  j&;  (Def.  5,  Note.) 

the  ratio  of  i>  to  -5^  is  greater  than  that  of  i^to  ^;  (Prop.  7.) 

therefore  D  is  greater  than  F.         (Prop.  4.) 
Secondly,   because  the    magnitudes    are   proportionals 
when  taken  in  the  orders  A,  B,  D,  E ;  B,  G,  E,  F,  they 
are  also  proportionals  when  taken  in  the  orders  D,  E,  A,  B ; 
E,  F,B,G;  (Def.  5,  Note.) 

therefore  by  the  first  case, 

if  -^  be  greater  than  F,  A  is  greater  than  G, 
Lastly.     The  magnitudes  are  also  proportionals  when 
taken  in  the  orders  G,  B,  F,  E;  B,  A,  E,  B ;  (Def.  5,  Note.) 
therefore  by  the  first  and  second  cases, 

if  (7  be  greater  than  ^,  i^  is  greater  than  D, 
and  if  -F  be  greater  than  B,  G  is  greater  than  A  ; 
therefore  A  and  D  are  both  greater  than,  both  equal  to  or 
both  less  than  G  and  F  respectively. 
Wherefore,  if  the  first,  &c. 

*  Algebraically.     If  a  :  b=d  :  e  and  6  :  c=e  :/, 
then  a>  =  <c  according  as  c2>  =  </. 

T.  E.  23 
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PROPOSITION  14.     [Euclid  Elem.  Prop.  22.] 

If  ths  first  of  six  magnitudes  he  to  the  second  as  thsfov/rth 
to  the  fifthy  a/nd  the  second  he  to  the  third  as  the  fifth  to  the 
sioeth,  then  thefi/rst  is  to  the  Hard  as  the  fourth  to  the  sixth*. 

Let  A,  By  C,  Dj  H,  Fhe  six  magnitudes,  A,  B,  C  being 
of  the  same  kind  and  2),  j^,  F  of  the  same  kind,  such  that 

^  is  to  ^  as  i>  to  ^,  and  i?  is  to  C  as  ^  to  i^: 
it  is  required  to  prove  that  ^  is  to  0  as  i>  to  i^. 

CoNSTKUCrriON.     Take   any  equimultiples,  say  the   m^ 
multiples,  of  -4,  i>, 

and  any  equimultiples,  say  the  n*^  multiples,  of  By  Ey 
and  any  equimultiples,  say  the  p^  multiples,  of  (7,  F, 

Proof.     Because  -4  is  to  J5  as  i)  to  -i^, 

and  -5  is  to  C  as  -^  to  ^; 

therefore  m  times  ^1  is  to  n  times  ^  as  m  times  Dion  times  Ey 

and  n  times  j8  is  to  p  times  C7  as  n  times  E  to  p  times  F, 

(Prop.  1.) 
Therefore  m  times  A  and  m  times  D 
are  both  greater  than,  both  equal  to  or  both  less  than 
p  times  C  and  p  times  F  respectively, 

for  all  values  of  m  and  p.  (Prop.  13.) 

Therefore  ^  is  to  C7  as  2>  to  i^.  (Bef.  5.) 

Wherefore,  ifthefirsty  <fec. 

Corollary.  Ratios  which  a/re  duplicate  of  equal  radios 
are  eqiudf. 


*  Algebraically.    If  a  :  6=d  :  e  and  b  :  e=e  :  /,  then  a  :  c=d  :/. 
t  Algebraically.    If  a  :  b=h  :  c  and  d  :  e=e  :/and  a  :  h=sd  :  e, 

then  a  :  c=d  :/. 
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PROPOSITION  15. 

If  tlkA  first  of  six  magnitvdea  have  to  the  second  a  greater 
ratio  than  the  fiyu/rth  to  the  fifth,  and  the  second  have  to  the 
third  a  greater  ratio  than  the  fifth  to  the  sixth,  then  the  first 
has  to  the  third  a  greater  ratio  tha/n  thefov/rth  to  the  sixth*. 

Let  Ay  B,  C,  D,  E,  Fhe  six  magnitudes,  A,  B,  C  being 
of  the  same  kind,  and  B,  E,  F  of  the  same  kind,  such  that 
A  has  to  ^  a  greater  ratio  than  D  to  E^ 
and  B  has  to  (7  a  greater  ratio  than  E  to  F: 
it  is  required  to  prove  that 

A  has  to  C  a,  greater  ratio  than  D  to  F, 

Construction.  Because  the  ratio  of  ^  to  ^  is  greater 
than  that  of  2>  to  J^,  it  is  possible  to  find  some  equi- 
multiples, say  the  m^  multiples,  of  A  and  D,  and  some  equi- 
multiples, say  the  n^  multiples,  of  B  and  E,  such  that 
m  times  A  is  greater  than  n  times  B, 
and  m  times  D  not  greater  than  n  times  E;  (Def.  7.) 
and  because  the  ratio  oi  B  to  C  \b  greater  than  that  of  E 
to  F,  it  is  possible  to  find  some  equimultiples,  say  the 
p^  multiples,  of  B  and  E,  and  some  equimultiples,  say  the 
q^  multiples,  of  C  and  F,  such  that 

p  times  B  is  greater  than  q  times  (7, 
and  p  times  E  not  greater  than  q  times  F,    (Def.  7.) 
Let  p  times  m  be  r  and  n  times  qhe  s, 
and  let  n  times  B  he  II  and  p  times  Bhe  K, 

Proof.     Because  m  times  A  is  greater  than  n  times  B, 
and  p  times  m  is  r,  and  n  times  B  is  H, 
therefore  r  times  A  is  greater  than  p  times  ff; 
and  because  j9  times  B  is  greater  than  q  times  G, 
and  jo  times  B  is  K  and  n  times  ^  is  s, 
therefore  n  times  K  is  greater  than  a  times  G; 
and  because  n  times  B  is  II,  and  />  times  J?  is  K, 
p  times  ZT  is  equal  to  n  times  K; 
therefore  r  times  -4  is  greater  than  s  times  G, 
Similarly  it  can  be  proved  that 

r  times  D  is  not  greater  than  s  times  F; 
therefore  A  has  to  (7  a  greater  ratio  than  D  toF,    (Del  7.) 
Wherefore,  if  the  first,  &c, 

*  Algebraically.     If  a  :  6 > d  :  e  and  6  :  c> c  :  /, 
then  a  :  c>d  :/. 

23—2 
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PROPOSITION  16. 
RatioSy  of  which  equaZ  ratios  a/re  duplicate,  are  equal*. 

Let  -4,  J5,  (7,  i>,  E,  F  be  six  magnitudes,  -4,  ^,  C  being 
of  the  same  kind,  and  D^  E,  F  of  the  same  kind,  such  that 

^  is  to  ^  as  ^  to  (7, 
and  2>  is  to  jF  as  ^  to  J^, 
and  also  ^  is  to  C  as  i)  to  ^: 
it  is  required  to  prove  that 

^  is  to  ^  as  Z>  to  ^. 

Proof.     If  the  ratio  of  -4  to  -B  were  greater  than  that 
of  2)  to  ^, 

then  also,  since  il  is  to  ^  as  jB  to  (7, 
and  Z>  is  to  ^  as  -fi^  to  i^, 
the  ratio  oi  B  to  C  would  be  greater  than  that  oi  E  to  F; 

(Prop.  7.) 

therefore  the  ratio  of  ^  to  0  would  be  greater  than  that  of 

i>  to  ^.  (Prop.  15.) 

Similarly,  if  the  ratio  of  -4  to  ^  were  less  than  D  to  E, 

then  the  ratio  of  -4  to  0  would  be  less  than  that  oi  J)  to  F; 

therefore  A  iatoBasDtoE, 

Wherefore,  ratios,  of  which  &c. 


*  Algebraically.     If  a  :  c  =  d  :/and  a  :  6  =  6  :  c  and  d  :  e=e  :/, 
then  a  :  h=d  :  «, 


negative  quantities  being  exdaded. 
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DEFINITIONS. 

It  is  often  oonvenient  to  speak  of  closed  rectilineal  figures  as  a 
class.  The  wording  of  definition  15  of  Book  i.  (page  11)  implies 
that  the  term  polygon  does  not  include  a  triangle  or  a  quadrilateral 
This  restriction  for  the  future  will  not  be  maintained,  and  any  closed 
rectilineal  figure,  no  matter  what  the  number  of  its  sides  may  be, 
will  be  included  under  the  term  polygon. 

Definition  1.  When  the  cmgles  of  one  polygon  taken  in 
order  are  equal  to  the  angles  of  another  taken  in  order,  the 
two  polygons  an^e  said  to  he  eauiangnlax  to  one  another. 


The  polygons  ABODE,  FOHKL  are  equiangular  to  one  another, 
if  the  angles  at  ^,  ^,  C,  D,  E  be  equal  to  the  angles  at  F^  O,  H,  K, 
L  respectively. 

Pairs  of  vertices  A^F;  B^G;  (&c.,  at  which  the  angles  are  equal,  are 
oorrespondinff  vertices:  and  pairs  of  sides  AB,  FG;  BC,  GH;  <fec. 
joining  corresponding  pairs  of  vertices  are  corresponding  sides. 

In  this  definition  there  is  one  more  condition  of  equality  than  is 
necessary.  If  n  - 1  of  the  angles  of  a  polygon  of  n  sides  be  equal  to 
n  - 1  of  the  angles  of  another  polygon  of  n  sides,  the  remaining  angles 
must  be  equal.    (See  I.  Prop.  82,  CoroU.) 

Dbpinition  2.  When  the  ratio  of  a  side  of  one  of  iwo 
polygons,  which  are  equiangular  to  one  amx>iher,  to  the  cor- 
responding side  of  the  other  is  the  same  for  all  pairs  of  cor- 
responding sides,  tJie  polygons  are  said  to  he  similar  to 
one  another. 
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The  iKdjgom  ABCDE,  FGHKL  toe  wbrnDa*  to  cmb  aaoUia;  if 
tiie  ftDC^  at  A,  By  C,  A  -^  1w  equal  to  the  nng^  aft  F,  G,  H,  £,  X 

(7 


rotpeeftiTely,  and  if  also  all  the  xatiofl  of  AB  to  FG,  BC  to  GH, 
CD  to  HK,  BE  to  JTX,  EA  to  XF  be  equal  to  one  another. 

It  will  be  teen  hereafter  that  there  are  in  this  definition  three 
more  conditions  oi  equality  than  are  necessary.  One  nnneoessaiy 
condition  is  contained  in  the  statement  that  the  polygons  are  eqoi- 
ingnlar  to  one  another.  Other  two  unnecessary  conditions  are  con- 
tained in  the  statement  that  aU  the  ratios  are  equal.  For  it  can  be 
proYed  that  in  general,  if  in  two  equiangtUar  polygons  all  but  two  of 
the  ratios  of  corresponding  sides  be  equal,  all  the  ratios  are  equaL 

DEFlNlTloir  3.  If  in  each  of  two  given  finite  straig/U 
lines  a  point  be  taken  auch  that  the  segments  of  the  fi/rst  line 
a/re  in  the  same  ratio  as  the  segments  of  the  second  line^  the 
two  lines  are  said  to  be  cnt  inroportionally  by  the  points. 

(1)  (2)  „ 
P  B 
^    —B  A » P 


+ 


t 


D 


D 


In  the  diagram  (figure  1)  the  points  P,  Q  cut  the  straight  lines 
ABt  CD  proportionally,  if  AP  be  to  PB  as  CQ  to  QD, 

This  definition  is  extended  also  to  the  case,  where  the  points  P 
and  Q  are  in  the  lines  AB,  CD  produced  (figure  2).  It  must  however 
be  noticed  that  both  points  P,  Q  must  be  in  the  lines  themselves,  or 
both  points  in  the  lines  produced:  otherwise  the  lines  are  not  said  to 
be  cnt  proportionally. 

In  figure  1  the  points  P,  Q  are  said  to  cut  the  lines  AB,  CD 
Intcmally;  in  figure  2  the  points  P,  Q  are  said  to  cut  the  lines 
OD  tztenuUy. 
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Definition  4.  In  wtne  cctses^  where  one  side  of  a  ^^^ 
angle  is  specially  distinguished  from  the  other  two  stdes,  that 
side  is  called  the  base  of  the  triangle  and  the  perpendicular^ 
upon  that  sidefr'onh  the  opposite  vertex  is  called  the  altitude 
ofthetrian^. 

Similarly,  one  side  of  a  paralldogram  is  sometimes  called 
the  base  cmd  the  perpendicular  distance  between  it  and  tl^e 
opposite  side  the  dtitude  of  the  parallelogram. 

Definition  5.  When  a  straight  line  is  divided  into  two 
parts,  so  that  the  whole  is  to  one  part  as  that  part  to  the 
other  party  the  line  is  said  to  be  divided  in  extreme  and 
mean  ratio. 

Definition  6.  The  figure  formed  of  an  arc  of  a  circle 
and  the  radii  drawn  to  its  ea^remities  is  called  a  sector  of 
the  circle. 

The  a/ngle  between  the  radUy  uMch  is  subtended  by  the 
a/rc,  is  called  the  angle  of  the  sector. 

B 


_  C  A 

B^ 

If  0  be  the  centre  of  the  circle,  of  which  the  arc  ABC  is  a  part, 
and  OAy  OC  be  radii,  the  figure  OABC  is  a  sector. 

In  fignre  1  the  angle  of  the  sector  is  less  than  two  right  angles, 
in  figure  2  the  angle  of  the  sector  is  greater  than  two  right  angles. 

Definition  7.  Points  lying  on  a  straight  line  are  said 
fo  be  collinear.     A  set  of  such  points  is  called  a  range. 

Straight  Unes  passing  through  a  point  are  said  to  be 
concnrrent.  A  set  of  such  lines  is  called,  a  penciL  Tlie 
lines  are  called  the  rays  of  tlie  pencil  and  the  point  is  called 
the  vertex  of  the  pencil, 

A  set  of  points  ABCD...  lying  on  a  straight  line  is  called  tlie 
range  ABCD.... 

*  (Seel.  Def.  11,  p.  9.) 
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A  set  of  straight  lines  drawn  from  a  point  0  to  a  series  of  points 
A,  B,  C,  D...  is  caUed  the  pendl  0  (IBCD...). 

Definition  8.  Fowr  points  on  a  straight  line^  stich  that 
one  pair  divide  the  straight  line  joining  the  other  pavr 
intemaUy  and  externally  in  the  same  ratio,  are  called 
a  hannonic  range. 

In  the  diagram,  if  ilP  be  to  PB  as  ^IQ  to  QB,  then  A,  P,  B,  Q 
is  a  harmonic  range. 

. 1 — I ^ 


Beoanse  ^P  is  to  PB  as  ilQ  to  QB,  therefore  QB  ib  to  BP  m  QA  to 
AP  (V.  Def.  5,  Note,  and  Y.  Prop.  %  that  is,  the  points  B,  A  diyide 
the  distance  QP  internally  and  externally  in  the  same  ratio. 

The  ttvo  points  which  form  either  pair  of  a  ha/rmonic 
ramie  a/re  said  to  be  conjugate  to  one  another. 

The  points  A,  B  and  P,  Q  are  two  pairs  of  conjugate  points. 

Definition  9.  A  pencil  of  fowr  rays  passing  through 
the  fowr  points  of  a  ha/rmonic  ro/nge  is  called  a  harmonic 
pencil 

Two  rays,  which  pass  throitgh  a  pair  of  conjugate  points 
of  a  ha/nnonic  range,  a/re  called  conjugate  rays  of  the  pencil. 

Definition  10.  Fonr  points  on  a  straight  line,  such  that 
one  pair  divide  the  straight  line  joining  the  other  pair 
internally  and  externally  in  different  ratios,  are  called 
an  anharmonic  range. 

The  ratio  of  the  ratio  of  internal  division  to  the  ratio  of 
external  division  is  called  t/ie  ratio  of  the  anha/nnonic  ra/nge. 

If  two  arOho/rmonic  ranges  have  eqiud  ratios,  they  are 
called  like  anharmonic  ranges. 

Definition  11.  A  pencil  of  four  rays  passing  through 
tlie  four  points  of  am,  ariha/rmonic  range  is  called  an  anhar- 
monic penciL 
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The  rtUio  of  the  rcmge  is  also  said  to  he  the  ratio  of  the 
pendL 

If  two  pevunls  have  equal  ratios,  they  are  eaUed  like  an- 
harmonic  pendls. 

Qoadrilaterals  are  often  divided  into  ihree  olasses  (1)  convex, 
(2)  re-entrant,  (8)  cross,  the  natures  of  which  appear  from  the  adjoin- 
ing diagrams. 


If  the  sides  of  a  quadrilateral  be  produced  both  ways,  the  character 
of  the  complete  figure  which  is  so  formed  is  independent  of  the  class 
to  which  the  quadrilateral  belongs,  as  is  evident  from  the  adjoining 
diagram. 


Such  a  figure  is  called  a  complete  quadrilateral,  of  which  the 
following  is  a  definition. 

Definition    12.     The  figwre  formed  by  four  infinite 
straight  lines  is  called  a  complete  quadrilateraL 

TJie  straight  line  joining  the  intersection  of  one  pair  of 
lines  to  the  intersection  of  the  other  pair  is  caUed  a  diagonal. 

There  are  three  such  diagonals.    In  the  last  diagram  PP\  QQ', 
KR'  are  diagonals  of  the  complete  quadrilateral  there  represented. 


PROPOSITION  1. 

The  ratio  of  Uoo  briangUa  of  t/ie  tame  aiUtude  U  equal 
to  the  ratio  of  their  bases. 

Let  the  triangles  ASC,  ADE  be  two  triangles  of  the 
Bame  altitude,  that  is,  having  a  common  vertex  A  and  their 
bases  BC,  DE  in  a  straight  line: 

it  is  reqiiired  to  prove  that  the  triangle  ABC  la  to  the 
triangle  ADE  as  BG  ia  DE. 

CoNSTBUcnoN.     In  CB  produced,  take  any  namber  (A 
straight  lines  BF,  F6  each  equal  to  5C,  and  in  'DE  pro- 
duced, any  number  Efl,  HE,  KL  each  equal  to  DE; 
and  draw  AF,  AG,  AH,  AK,  AL. 


Proof.    Because  BC,  FB,  CFare  equal, 
the  triangles  J5C,  A*^,  ^  (?^ are  equal  (I.  Prop.38,CorolL) 
Therefore  the  triangle  AGC  is  the  same  multiple  of  the 
triangle  ABC,  that  tf (7  is  of  BC. 
Similarly  it  can  be  proved  that 
the  triangle  ADL  is  the  same  multiple  of  the  triangle  ADB^. 
that  DL  is  of  DE. 
Again,  if  GC  be  equal  to  DL, 

the  triangle  AGC  is  equal  to  the  triangle  ADL, 

(I.  Prop.  38,  Coroll.) 

and  if  GC  be  greater  or  less  than  DL,  the  triangle  AGC  is 

greater  or  less  respectively  than  the  triangle  ADL. 

Therefore  since  of  the  four  magnitudes  the  triangles 

ABC,  ADE  and  the  lines  BC,  DE,  the  triangle  AGC  and 

the  line  6C  are  any  equimultiples  whatever  of  the  fimt  and 
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PROPOSITION  2.     Pabt  1. 

If  a  straight  line  he  pa/raUel  to  one  side  of  a  tricmgle, 
it  cuts  the  other  aides  proportionally. 

Let  the  straight  line  DE  be  parallel  to  the  side  BO  of 
the  triangle  ABCy  and  cut  the  sides  AB^  AC  or  these 
sides  produced  in  2),  E  respectively : 

it  is  required  to  prove  that  BD  is  to  DA  as  CE  to  EA, 

CoNSTBUCTiON.     Draw  BE^  CD, 


Proof.     Because  the  two  triangles  BDE,  CDE  have 
the  side  DE  common,  and  BC  is  parallel  to  DE^ 

the  triangles  BDE,  CDE  are  equal.  (I.  Prop.  37.) 

Therefore  the  triangle  BDE  is  to  the  triangle  ADE  as 

the  triangle  CDE  to  the  triangle  ADE,    (V.  Def.  5,  Note.) 

But  the  triangle  BDE  is  to  the  triangle  ADE  as  BD  to 

DA;  (Prop.  1.) 

and  the  triangle  CDE  is  to  the  triangle  ADE  as  CE  to 

EA ;  (Prop.  1.) 

therefore  BD\Bto  DA  as  CE  to  EA,  (V.  Prop.  5.) 

Wherefore,  if  a  straight  line  &c. 

Corollary.     Because  BC  is  parallel  to  DE  a  side  of 
the  triangle  ADE,  it  follows  that 

DB  is  to  BA  as  EC  to  CA; 
therefore  also  J i?  is  to  AD  as  AC  to  A E. 

(V.  Props.  10,  and  11.) 
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PROPOSITION  2.     Part  2. 

If  a  straight  line  cut  two  aides  of  a  triangle  proportion- 
ally, it  is  parallel  to  the  third  side. 

Let  the  straight  line  DE  cut  the  sides  AB,  AC  of.  the 
triangle  ABCy  or  these  sides  produced,  proportionally  in 
i>,  E  respectively,  so  that  BD  is  to  DA  as  CE  to  EA : 
it  is  required  to  prove  that  DE  is  parallel  to  BC, 

Construction.     Draw  BE,  CD. 


Proof.     Because  BD  is  to  DA  as  CE  to  EA, 

(Hypothesis.) 
and  as  BD  to  DA  so  is  the  triangle  BDE  to  the  triangle 
ADE,  (Prop.  1.) 

and  as''  CE  to  EA  so  is  the  triangle  CDE  to  the  triangle 
ADE;  (Prop.  1.) 

therefore  the  triangle  BDE  is  to  the  triangle  ADE 
as  the  triangle  CDE  to  the  triangle  ADE;      (V.  Prop.  5.) 
i.e.  the  triangles  BDE,  CDE  have  the  same  ratio  to  the 
triangle  ADE ; 
therefore  the  triangles  BDE,  CDE  are  equal. 

(V.  Prop.  3.) 
But  these  triangles  have  a  common  side  DE  and  lie  on  the 
same  side  of  it; 

therefore  BC  is  parallel  to  DE.    (I.  Prop.  39.) 

Wherefore,  if  a  str<dght  line  (kc. 
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Corollary.     If  AB  be  to  AD  as  AG  to  AE^ 
it  follows  that  BD  \ato  DA  9a  CE  to  EA 

(V.  Props.  10  and  11.) 
and  therefore  BC  is  parallel  to  AD, 


EXERCISES. 

1.  Prove  that  there  is  only  one  point  which  divides  a  given 
straight  line  internally  in  a  given  ratio,  and  only  one  point  which 
divides  a  given  straight  line  externally  in  a  given  ratio. 

2.  If  BEF  be  a  triangle  inscribed  in  a  triangle  ABC  and  have  its 
sides  parallel  to  those  of  ABC,  then  D,  E^  F  mast  be  the  middle 
points  of  BC,  CA,  AB, 

8.  From  a  point  E  in  the  common  base  of  two  triangles  ACB^ 
ADB,  straight  Unes  are  drawn  parallel  to  AC^  AD,  meeting  BC,  BD 
aXF.Q:  shew  that  FG  is  parallel  to  CD, 

4.  If  two  given  distances  PQ,  RS  be  measured  off  on  two  fixed 
parallel  straight  lines,  then  the  locus  of  the  intersection  of  each  of 
the  pairs  PS,  QR  and  PR^  QS  is  a  parallel  straight  line. 

5.  On  three  straight  lines  OAP,  OBQ^  OCR  the  points  are  chosen 
so  that  ABf  PQ  are  parallel  and  BC,  QR  are  panJlel;  prove  that 
ACt  PR  also  are  parallel. 

6.  If  two  opposite  sides  AB,  DC  of  a  quadrilateral  ABCD  be 
parallel,  any  straight  line  PQ  which  cuts  AD,  BC  proportionally  must 
be  parallel  to  AB  and  DC, 

7.  Take  D,  E,  the  middle  points  of  the  sides  CA,  CB  of  a  triangle ; 
join  D  and  E,  and  draw  AE,  BD,  intersecting  in  0 ;  then  the  areas  of 
the  triangles  DOE,  EOB,  BOA  are  in  continued  proportion. 


360  BOOK  VL 


PROPOSITION  3.    Part  1. 

If  an  cmgle  of  a  triangle  be  bisected  internally  or 
externally  by  a  straight  line  which  cute  the  opposite  side  or 
that  side  produced^  the  raiio  of  the  segments  of  that  side  is 
eqvxd  to  the  ratio  of  the  other  sides  of  the  triangle. 

Let  the  angle  BAG  of  the  triangle  ABC  be  bisected 
internally  or  externally  by  the  straight  line  AD  which  cuts 
in  D  the  opposite  side  BC  (fig.  1)  or  BG  produced  (fig.  2): 
it  is  required  to  prove  that  BD  is  to  DG  as  BA  to  AG. 

Construction.  Through  G  draw  GB  parallel  to  DA  to 
meet  BA  produced  or  BA  in  B;  and  take  in  BA  or  BA 
produced  a  point  F  on  the  side  of  A  away  from  H. 


Proof.     Because  AG  intersects  the  parallels  AD,  EG, 
the  angle  DAG  is  equal  to  the  angle  AGE]  (T.  Prop.  29.) 

and  because  FAE  intersects  the  parallels  AD,  EG, 
the  angle  FAD  is  equal  to  the  angle  AEG.  (I.  Prop.  29.) 
And  the  angle  DAG  is  equal  to  the  angle  FAD; 

(Hypothesis.) 
therefore  the  angle  AEG  is  equal  to  the  angle  AGE; 

therefore  AG  ia  equal  to  AE.      (I.  Prop.  6.) 
Now  because  AD  is  parallel  to  EG,  one  of  the  sides  of 
the  triangle  BEG, 

BDia  to  DG  as  BA  to  AE;  (Prop.  2.) 

and  AG  has  been  proved  equal  to  AE; 

therefore  BD  is  to  DG  as  BA  to  AC. 

Wherefore,  ifoM  am>gle  &g. 


PROPOSITION  3.     PART  I  361 


EXERCISES. 

1.  ABC  is  a  triangle  which  has  its  base  BG  bisected  in  D.  DE, 
DF  bisect  the  angles  ADCy  ADB  meeting  AG,  AB  in  jB,  F.  Prove 
that  EF  is  parallel  to  BG. 

2.  If  AI>  bisect  the  angle  BAG,  and  meet  BG  in  D,  and  DJS,  DF 
bisect  the  angles  ADG,  ADB  and  meet  AG,  AB  va  E,  F  respectively, 
then  the  triangle  BEF  is  to  the  triangle  CEF  as  BA  is  to  AG, 

3.  An  internal  point  0  is  joined  to  the  vertices  of  a  triangle  ABG, 
The  bisectors  of  the  angles  BOG,  GOA,  AOB  meet  BG,  GA,  AB 
respectively  va.  D,  E,  F\  prove  that  the  ratio  compounded  of  the 
ratios  AE  to  EG,  GJ)  to  DB,  and  BF  to  FA  is  unity. 

4.  One  circle  touches  another  internally  at  O.  A  straight  line 
touches  the  inner  circle  at  G,  and  meets  the  outer  one  vo.  A,B\  prove 
that  OA  is  to  OB  &&  AG  to  GB, 

5.  The  angle  ^  of  a  triangle  ABG  is  bisected  by  AD  which  cuts 
the  base  at  D,  and  0  is  the  middle  point  of  BG:  shew  that  02) 
has  the  same  ratio  to  OB  that  the  difference  of  the  sides  has  to 
their  sum. 

6.  AD  and  AE  bisect  the  interior  and  the  exterior  angles  at  A  of 
a  triangle  ABG,  and  meet  the  base  at  D  and  E ;  and  0  is  the  middle 
point  of  BG:  shew  that  OB  is  a  mean  proportional  between  OD 
and  OE. 

7.  If  A,  B,  G  be  three  points  in  a  straight  line,  and  D  a  point 
at  which  AB  and  BG  subtend  equal  angles,  then  the  locus  of  D  is 
a  circle. 


T.  B. 
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PROPOSITION  3.     Part  2. 

If  a  straight  Une  drawn  through  a  vertex  of  a  tria/ngle 
cut  the  opposite  side  or  that  side  produced,  so  thai  the  ra^io 
of  the  segments  of  that  side  is  equal  to  the  raiio  of  the  other 
sides  of  the  triangley  the  straight  line  bisects  tits  vertical  amgle 
internally  or  externally. 

Let  the  straight  line  AD  drawn  through  A  one  of  the 
vertices  of  the  triangle  ABC  cut  the  opposite  side  BC  or  BC 
produced  in  D,  so  that  BD  is  to  DC  as  BA  to  AG: 

it  is  required  to  prove  that  AD  bisects  the  angle  at  A 
internally  or  externally. 

Construction.  Through  C  draw  CE  paraUel  to  DA  to 
meet  BA  produced  (fig.  1)  or  BA  (fig.  2)  in  ^;  and  take  iii 
BA  or  BA  produced  a  point  F  on  the  side  of  A  away  from  E, 


Proof.     Because  DA  is  parallel  to  CM  one  of  the  sides 
of  the  triangle  BBC, 

BD  is  to  DC  as  BA  to  AB,  (Prop.  2.^ 

And  BD  is  to  DC  as  BA  to  AC;  (Hypothesis, 
therefore  BA  ia  to  AC  as  BA  toAB;  (V.  Prop.  5. 
therefore  AB  is  equal  to  AC;     (V.  Prop.  3.) 
therefore  the  angle  ACB  is  equal  to  the  angle  ABC, 

(I.  Prop.  5.) 

Again,  because  AC  intersects  the  parallels  AD,  BC, 
the  angle  DAC  is  equal  to  the  angle  ACB;  (I.  Prop.  29.) 

and  because  FAB  intersects  the  parallels  AD,  BC, 
the  angle  FAD  is  equal  to  the  angle  ABC;  (I.  Prop.  29.) 

therefore  the  angle  DAC  is  equal  to  the  angle  FAD, 

Wherefore,  if  a  straight  line  &c. 
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EXERCISES. 

1.  The  bisector  of  the  angle  BAG  of  a  triangle  ABC  meets  BC  in 
D;  a  straight  line  EGF  parallel  to  BC  meets  AB,  AD,  AC  in  E,  G,  F 
respectively;  prove  that  EG  is  to  QF  as  BD  to  DC. 

2.  The  sides  AB,  AC  oi  9k  given  triangle  ABC  are  produced  to 
any  points  D,  E,  so  that  I>E  is  parallel  to  BC,  The  straight  hne  DE 
is  divided  at  F  so  that  I>F  is  to  EE  as  BD  is  to  CE :  shew  that  the 
locus  of  E  is  a  straight  line. 

3.  If  a  chord  of  a  circle  AB  be  divided  at  C  so  that  ^0  is  to  CB  as 
AP  to  PBy  where  P  is  a  point  on  the  circle :  then  a  circle  can  be  de- 
scribed to  touch  AB  at  C  and  the  given  circle  at  P. 

4.  ABCD  is  a  quadrilateral :  if  the  bisectors  of  the  angles  at  A 
and  C  meet  in  BD^  then  the  bisectors  of  the  angles  at  B  and  D  meet 
in^a. 

5.  liAyByCiDhe  four  points  in  order  on  a  straight  line,  such 
that  AB  is  io  BC  as  AD  to  DC,  and  P  be  any  point  on  the  circle 
described  on  BD  as  diameter,  then  PB^  PD  are  the  bisectors  of  the 
angle  APC, 
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PROPOSITION  4. 

If  two  triangles  be  equiangular  to  one  another^  they  a/re 
aimilar. 

Let  the  triangles  ABC,  DEF  be  equiangular  to  one  an- 
other: 
it  is  required  to  prove  that  the  ratios 

AB  to  DE,  BG  to  EF  and  GA  to  FD  are  equal. 

Construction.  Of  the  two  lines  BA,  ED  let  BA  be  the 
greater*.  In  BA  take  BG  equal  to  ED,  and  in  BG  take 
BH  equal  to  EF\  and  draw  GH. 


Proof.     Because  in  the  triangles  GBH^  DEF, 

BG  is  equal  to  ED,  and  BH  to  EF, 

and  the  angle  GBH  to  the  angle  DEF, 

the  triangles  are  equal  in  all  respects;  (I.  Prop.  4.) 

therefore  the  angle  BGH  is  equal  to  the  angle  EDF; 

and  the  angle  EDF  is  equal  to  the  angle  BAG; 

(Hypothesis.) 
Hence  the  angle  BGH  is  equal  to  the  angle  BAG, 

and  AG  is  parallel  to  GH ;  (I.  Prop.  28.) 
therefore  BA  is  to  BG  as  BG  to  BH; 

(Prop.  2,  Part  1,  CoroU.) 
and  GB  is  equal  to  DE,  and  BH  to  EF; 
therefore  AB  is  to  DE  as  BG  to  EF. 
Similarly  it  can  be  proved  that  either  of   these  ratios  is 
equal  to  the  ratio  GA  to  FD. 

Wherefore,  if  two  triangles  <kc, 

*  The  casQ  when  BA  is  equal  to  ED  has  already  been  dealt  with. 
(I.  Prop.  26.) 
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EXERCISES. 

1.  A  oommon  tangent  to  two  circles  cuts  the  straight  line  joining 
the  centres  externally  or  internally  in  the  ratio  of  the  radii. 

2.  If  ABj  CDf  two  parallel  straight  lines,  he  divided  proportionally 
by  P,  Q,  so  that  AP  is  to  PB  as  CQ  to  QD,  then  AC,  PQ,  BD  meet 
in  a  point. 

3.  ABCD  is  a  parallelogram ;  P  and  Q  are  points  in  a  straight 
line  parallel  to  AB;  PA  and  QB  meet  at  R,  and  PD  and  QC  meet  at 
8 ;  shew  that  RS  is  parallel  to  AD, 

4.  The  tangents  at  the  points  P  and  Q  of  a  circle  intersect  in  T: 
if  from  any  other  point  R  of  the  circle  the  perpendiculars  RM,  RN 
be  drawn  to  the  tangents  TP  and  TQ,  and  the  perpendicular  RL  be 
drawn  to  the  diord  PQ,  then  RL  is  a  mean  proportional  between 
JIM  and  RN, 

5.  A  straight  line,  parallel  to  the  side  BG  of  a  triangle  ABC, 
meets  the  sides  ABj  AC  (or  those  sides  produced)  at  D  and  E,  On 
DE  is  constructed  a  parallelogram  DEFO,  and  the  straight  lines 
BG,  CF  (produced  if  necessary)  meet  each  other  at  8,  Prove  that 
AS  is  parallel  to  DO  or  EF, 

6.  Inscribe  an  equilateral  triangle  in  a  given  triangle,  so  as  to 
have  one  side  parallel  to  a  side  of  the  given  triangle. 

7.  If  two  triangles  have  their  bases  equal  and  in  the  same 
straight  line,  and  tdso  have  their  vertices  on  a  parallel  straight 
line,  any  straight  line  parallel  to  their  bases  will  cut  off  equal  areas 
from  the  two  triangles. 

8.  In  a  given  triangle  ABC  draw  a  straight  line  PQ  parallel  to 
AB  meeting  AC,  BC  in  P,  Q,  so  that  PQ  may  be  a  mean  proportional 
between  BQ,  QC. 

9.  Two  circles  intersect  at  A,  and  a  straight  line  is  drawn  bisect- 
ing the  angle  between  the  tangents  at  A,  Prove  that  the  segments  of 
the  line  cut  off  by  the  circles  are  proportional  to  the  radii 

10.  If  ACB,  BCD  be  equal  angles,  and  DB  be  perpendicular  to  BC 
and  BA  to  AC,  then  the  triangle  DBC  is  to  the  triangle  ABC  as  DC 
is  to  CA. 
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PROPOSITION  5. 

If  the  ratios  of  the  three  sides  of  one  triangle  to  the  three 
sides  of  another  triangle  he  equals  the  tria/ngles  are  equi- 
angular to  one  another. 

Let  the  given  triangles  ABC,  DBF  be  such  that  the 
ratios  AB  to  DB,  BG  to  BF  and  GA  to  FB  are  equal: 
it  is  required  to  prove  that  the  triangles  ABG,  DBF  are 
equiangular  to  one  another. 

Construction.  On  the  side  of  BF  away  from  D  draw 
BG,  FG  making  the  angles  FBG,  BFG  equal  to  the  angles 
CBAy  BGA  respectively.  (I.  Prop.  23.) 


Proof.     Because  in  the  triangles  ABG,  GBF, 
the  angles  ABC,  BGA  are  equal  to  the  angles  GBF,  BFG, 
the  triangles  ABC,  GBF  are  equiangular  to  one  another, 

(I.  Prop.  32.) 

and  therefore  AB  is  to  GB  as  BG  to  BF,  (Prop.  4.) 

And  ^^  is  to  i>^  as  BG  to  BF,    (Hypothesis.) 

therefore  AB  is  to  GB  9i&  AB  to  DB-,  (V.  Prop.  5.) 

therefore  GB  is  equal  to  DB.      (V.  Prop.  3.) 

Similarly  it  can  be  proved  that  GF  is  equal  to  DF. 

Then  because  in  the  triangles  DBF,  GBF, 
DE,  BF,  FD  are  equal  to  GB,  BF,  FG  respectively, 

the  triangles  are  equal  in  all  respects;  (I.  Prop.  8.) 
therefore  the  triangles  DBF,  GBF  are  equiangular  to  one 

another ; 
and  the  triangle  GBF  was  constructed  so  as  to  be  equi- 
angular to  the  triangle  ABC ; 
therefore   the   triangles  ABC,    DBF  are  equiangular   to 
one  another. 

Wherefore,  if  the  ratios  <kc. 
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PROPOSITION  5.  A. 

If  one  pair  of  angles  of  two  tricmgles  he  equal  and  another 
pair  of  angles  he  sfu/pplementary^  the  ratios  of  the  sides  opposite 
to  these  pairs  of  angles  are  equal. 

Let  ABO,  DBF  be  two  triangles  in  which  the  angles 
ABC,  DEF  are  equal,  and  the  angles  ACB,  DFE  are  sup- 
plementary : 

it  is  required  to  prove  that  AB  is  to  BE  as  -4  C  to  DF. 

Construction.  Of  the  two  angles  AGS,  DFE,  let  AGB 
be  the  less.  "With  A  as  centre  and  AC  as  radius  describe  a 
circle  cutting  BC  in  G ;  and  draw  AG. 


Proof.     Because  AC  is  equal  to  AG, 
the  angle  AGC  is  equal  to  the  angle  ACG ;  (I.  Prop.  5.) 
and  the  angle  AGB  is  the  supplement  of  the  angle  AGC, 
and  the  angle  DFE  is  the  supplement  of  the  angle  ACB ; 

(Hypothesis.) 
therefore  the  angle  AGB  is  equal  to  the  angle  DFE; 
and  the  angle  ABG  is  equal  to  the  angle  DEF ; 

(Hypothesis.) 
therefore  the  triangles  ABG,  DEF  are  equiangular  to  one 

another;  (I.  Prop.  32.) 

therefore  AB  is  to  DE  as  AG  to  DF;  (Prop.  4.) 

and  AC  is  equal  to  AG ;  (Constr.) 

therefore  AB  is  to  DE  as  AC  to  DF, 

Wherefore,  if  one  pair  of  angles,  <fec. 
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PROPOSITION  6. 

If  the  ratios  of  two  aides  of  one  triangle  to  two  sides  of 
anotlier  triangle  he  eqiuily  and  also  the  angles  contained  by 
those  sides  be  eqical,  the  triangles  are  equia/rigula/r  to  one 
another. 

Let  ABC,  DBF  be  two  triangles  in  which  AB  is  to  DE 
as  BC  to  EF, 

and  the  angle  ABC  is  equal  to  the  angle  DEF: 
it  is  required  to  prove  that  the  triangles  ABC,  DEF  are 
equiangular  to  one  another. 

Construction.  Of  the  two  lines  BA,  ED  let  BA  be  the 
greater*.  In  BA  take  BG  equal  to  ED,  and  in  BC  take 
BH  equal  to  EF;  and  draw  GH, 


Proof.     Because  BA  is  to  ED  as  BC  to  EF, 
and  BG  is  equal  to  ED,  and  BH  to  EF, 
therefore  BA  is  to  BG  as  BC  to  BH; 
therefore  GHia  parallel  to  AC,  (Prop.  2,  Part  2,  CoroU.) 
and  the  angle  BGH  is  equal  to  the  angle  BAC 

(I.  Prop.  29.) 

Again,  because  in  the  triangles  DEF,  GBH, 
ED  is  equal  to  BG  and  EF  to  BH, 
and  the  angle  DEF  to  the  angle  GBH, 
the  triangles  are  equal  in  all  respects ;  (I.  Prop.  4.) 

*  The  case  when  BA  is  equal  to  ED  has  already  been  dealt  with, 
(i.  Prop.  4.) 
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therefore  the  angle  EDF  is  equal  to  the  angle  BGH, 
and  therefore  to  the  angle  BAC. 
And  the  angles  at  B  and  E  are  equal ;  (Hypothesis.) 
therefore  the  triangles  ABC,  DEF  are  equiangular  to  one 
another.  (I.  Prop.  32.) 

Wherefore,  if  the  rcUios  <fec. 


EXERCISES. 

1.  Shew  that  the  locus  of  the  middle  points  of  straight  lines 
parallel  to  the  base  of  a  triangle  and  termioated  by  its  sides  is  a 
straight  line. 

2.  CABf  CEB  are  two  triangles  having  the  angle  B  common  and 
the  sides  CA,  CE  equal ;  if  BAE  be  produced  to  D  and  ED  be  taken 
a  third  proportional  to  BA,AG,  then  the  triangle  BDC  is  similar  to  the 
triangle  BilC. 

3.  From  a  point  E  in  the  common  base  of  the  triangles  ACB^ 
ADB,  straight  lines  are  drawn  parallel  to  AC,  AD^  meeting  BG,  BD  in 
F  and  G  ;  shew  that  FG,  GD  are  parallel. 

4.  C  is  a  point  in  a  given  straight  line  AB^  and  AB  is  produced 
to  0,  so  that  GO  Is  a  mean  proportional  between  AC  and  BO,  If  P 
be  any  point  on  a  circle  described  with  centre  0  and  radius  OGy  then 
the  angles  APG,  BPG  are  equal. 

5.  If  a  point  O  be  taken  within  a  parallelogram  ABGD^  such  that 
the  angles  OBA^  ODA  are  equal,  then  the  angles  OAD^  OGD  are 
equal. 

6.  If  two  points  P,  Q  be  such  that  when  four  perpendiculars  PM, 
Prrif  QNy  Qn  are  dropped  upon  the  straight  lines  AMN,  Amn,  PM  is  to 
Pm  as  QN  to  Qn,  then  P  and  Q  lie  on  a  straight  line  through  A. 

7.  If  on  the  three  sides  of  any  triangle,  equilateral  triangles  be 
described  either  all  externally  or  all  internally,  the  centres  of  the 
circles  inscribed  in  these  triangles  are  the  vertices  of  an  equilateral 
triangle. 

8.  The  straight  line  OP  joining  a  fixed  point  0  to  a  variable 
point  P  on  a  fixed  circle  is  divided  in  Q  in  a  constant  ratio ;  prove 
that  the  locus  of  Q  is  a  circle. 

9.  Given  the  base  and  the  vertical  angle  of  a  triangle,  find  the 
locns  of  the  intersection  of  bisectors  of  sides. 
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PROPOSITION  7. 

If  the  ratios  of  ttvo  sides  of  one  tricmgle  to  two  sides  of 
(mother  triangle  be  equal,  cmd  also  the  angles  opposite  to 
one  pair  of  these  sides  he  eqiud,  the  angles  opposite  to  the 
other  pair  of  sides  a/re  equal  or  supplemental^. 

Let  ABC,  DEF  be  two  triangles,  in  which 
AB  is  to  DE  as  BC  to  EF, 
and  the  angle  BAG  is  equal  to  the  angle  EDF\ 
it  is  required  to  prove  that  the  angles  ACB,  DFE  are  either 
equal  or  supplementary. 

Construction.     On  the  side  of  EF  away  from  i>, 
draw  EG  making  the  angle  FEG  equal  to  the  angle  GBA^ 
and  draw  FG  making  the  angle  EFG  equal  to  the  angle 
BOA.  (I.  Prop.  23.) 


Pboof.     Because  the  triangles  ABC,  GEF  are  equi- 
angular to  one  another,  (I.  Prop.  32. 

AB  is  to  GE  as  AG  to  GF]  (Prop.  4. 

and  AB  \Ato  DE  s&BCio  EF,  (Hypothesis, 
therefore  AB  \a  to  GE  &s  AB  to  DE,  (V.  Prop.  5. 
and  GE  is  equal  to  DE,  (V.  Prop.  3. 

Now  because  in  the  triangles  GEF,  DEF, 
GE  is  equal  to  DE  and  EF  to  EF, 
and  the  angle  EGF  to  the  angle  EDF-y 

(for  each  is  equal  to  the  angle  at  A) 
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therefore  the  angles  GFEy  DFE  are  either  equal  or  supple- 
mentary; (I.  Prop.  26,  A.) 
and  the  angle  GFE  is  equal  to  the  angle  ACB ; 

(Constr.) 
therefore  the  angles  ACB^  DFE  are  either  equal  or  sup- 
plementary. 

Wherefore,  if  the  ratios  &c. 

CoBOLLABT.  Wlien  ttuo  of  the  ratios  of  a  side  of  one 
tricmgU  to  the  corresponding  side  of  another  triangle  are 
equal,  and  also  the  angles  opposite  to  one  pair  of  these  sides 
equal,  the  triangles  are  equiangular  to  one  another,  provided 
thai  of  the  angles  opposite  to  the  second  pair  of  sides, 

(1)  each  be  less  than  a  right  angle, 

(2)  each  he  greater  than  a  rigl^  o/ngle, 
or   (3)  one  of  them  he  a  right  a/ngle, 

(I.  Prop.  26  A,  Coroll.) 


EXERCISE. 

Proye  that,  if  ABCD,  EFGH  be  two  quadrilaterqls,  such  that  the 
angles  "ABC,  ADC  are  equal  to  the  angles  EFO,*EHO  respectively, 
and  the  ratios  AB  to  EF,  BC  to  FG,  CD  to  GH  are  equal,  and  if  the 
angles  BAD,  FEE  be  both  acute  angles,  then  the  quadrilaterals  are 
similar. 
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PROPOSITION  8. 

In  a  right-angled  triangle,  if  a  perpendicukir  be  drawn 
from  the  opposite  vertex  to  the  hypotenusey  the  perpendicular 
is  a  mean  proportional  between  the  segm^ents  of  the  hypo- 
tenuse, and  ea>ch  of  the  sides  of  the  triangle  is  a  wjeam,  pro- 
portional between  the  hypotenuse  amd  the  segment  of  it 
adjacent  to  that  side. 

Let  ABC  be  a  right-angled  triangle,  and   let  AD   be 
drawn  perpendicular  to  the  hypotenuse  BC: 
it  is  required  to  prove  that  BD  is  to  DA  as  AD  to  DC, 
that  BC  is  to  ^^  as  ^^1  to  BD,  and  that  BC  is  to  CA  as 
CA  to  CD. 


Proof.     Because  in  the  triangles  ABC,  DBA, 

the  right  angle  BAC  is  equal  to  the  right  angle  BDA, 

and  the  angle  ABC  is  equal  to  the  angle  DBA, 

therefore  the  triangles  ABC,  DBA  are  equiangular  to  one 

another.  (I.  Prop.  32.) 

Similarly  it  can  be  proved  that  the  triangles  DAC,  ABC  are 

equiangular  to  one  another. 
Therefore  the  triangles  DBA,  DAC  are  equiangular  to  one 
another. 
Now,  because  the  triangles  DBA,  DAC  are  equiangular 
to  one  another, 

BD  is  to  DA  as  AD  to  DC ',  (Prop.  4.) 

and  because  the  triangles  ABC,  DBA  are  equiangular  to  one 
another, 

BC  \&toBAsABAtQ  BD]  (Prop.  4.) 

and  because  the  triangles  ABC,  DAC  are  equiangular  to 
one  another, 

BC  is  to  CA  as  AC  to^CD.  (Prop.  4.) 

Wherefore,  in  a  right-angled  triangle  <fec. 
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EXEBGISES. 

1.  If  the  perpendicular  drawn  from  the  vertex  of  a  triangle  to  the 
base  be  a  mean  proportional  between  the  segments  of  the  base,  the 
triangle  is  right-angled. 

2.  If  a  triangle  whose  sides  are  unequal  can  be  divided  into  two 
similar  triangles  by  a  straight  line  joining  the  vertex  to  a  point  in  the 
base,  the  vertical  angle  must  be  a  right  angle. 

3.  If  CD,  CEy  the  internal  and  the  external  bisectors  of  the  angle 
at  C  in  a  tnangle  ABC  having  a  right  angle  at  A,  cut  BA  in  D  and 
E  respectively,  then  AC  is  &  mean  proportional  between  ADj  AE. 

4.  A  perpendicular  AD  is  drawn  to  the  hypotenuse  BC  of  a  right- 
angled  triangle  from  the  opposite  vertex  A :  and  perpendiculars 
DE,  DF  are  drawn  from  D  to  the  sides  AB,  AC ;  prove  that  a  circle 
will  pass  through  the  four  points  B,  E,  F,  C, 

5.  On  the  tangent  to  a  circle  at  A  two  points  C  and  B  are  taken 
such  that  ^C  is  equal  to  CB :  the  straight  lines  joining  B,  C  to  J^,  the 
opposite  extremity  of  the  diameter  through  A,  cut  the  circle  in  I),  E 
respectively ;  prove  that  AE  is  to  ED  as  FA  to  FD, 

6.  A  chord  CD  is  drawn  parallel  to  a  diameter  AB  of  a  circle,  and 
ACy  AD  are  produced  to  cut  the  tangent  &t  B  in  E^  F  respectively  ; 
prove  that  the  sum  of  the  rectangles  AC,  CE  and  AD,  DF  is  equal  to 
the  square  on  AB, 

7.  If  il  be  a  point  outside  a  circle  and  B  be  the  middle  point  of 
the  chord  of  contact  of  tangents  drawn  from  A,  and  P,  Q  he  any 
two  points  on  the  circle,  then  PA  is  to  QA  as  PB  to  QB. 

8.  Two  circles  intersect  in  A,  B;  from  B  perpendiculars  BE,  BF 
are  drawn  to  their  diameters  AC,  AD;  prove  that  C,  E,  F,  JD  lie  on  a 
circle,  which  is  cut  at  right  angles  by  the  circle  whose  centre  is  A  and 
radius  AB. 

9.  The  circumference  of  one  circle  passes  through  the  centre  of 
another  circle.  If  from  any  point  of  the  former  circle  two  straight 
lines  be  drawn  to  touch  the  latter  circle,  the  straight  line  joining  the 
points  of  contact  is  bisected  by  the  conmion  chord  of  the  two  cirdes. 
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PROPOSITION  9. 


From  a  given  finite  straight  line  to  ctU  of  any  aliguot 
part  required. 

Let  AB  be  the  given  finite  straight  line: 
it  is  required  to  cut  off  from  AB  a  given  aliquot  part,  say 
the  n^  part. 

CoKSTBUcnoN.  From  A  draw  any  straight* line  AC 
making  an  angle  with  AB,  and  in  it  take  any  point  2),  and 
cut  off  AE  the  same  multiple  of  AJ)  that  AB  is  of  the  part 
to  be  cut  oS,  L  e.  take  AJS  equal  to  n  times  AD. 

Draw  BB,  and  draw  DF  parallel  to  it  meeting  ABin.Fi 
then  AF  is  the  part  required. 


Pboof.     Because  FD  is  parallel  to  BE,  one  of  the  sides 
of  the  triangle  ABE, 

ABiatoAFB&AEtoAD;  (Prop.  2,  Part  1,  Coroll.) 
and  AE  is  equal  to  n  times  AD\ 
therefore  il^  is  equal  to  n  times  AF. 
Therefore  AF  is  the  n^  part  of  AB. 

Wherefore,  yVom  the  given  straight  line  AB,  AF  the  part 
reqtUred  has  been  cut  off. 
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PROPOSITION  10. 

To  divide  a  given  Ji/nite  straight  line  simila/rly  to  a  given 
divided  straight  line. 

Let  ABhe  2k  given  straight  line  and  CD  another  given 
straight  line  divided  in  E : 
it  is  required  to  divide  AB  similarly  to  CD. 

Construction.     Draw  AF  making  an  angle  with  AB-, 
cut  off  AGy  ^^  equal  to  CU,  ED  respectively. 

Draw  HB^  and  draw  GK  parallel  to  HB  meeting  ABinK: 
then  ^^  is  divided  at  K  similarly  to  CD  at  E. 


Proof.  Because  GK  is  parallel  to  HB  one  of  the  sides 
of  the  triangle  AHB, 

AK  is  to  KB  as  AG  to  GH;  (Prop.  2.) 

and  AG  is  equal  to  CE,  and  Gff  to  ED.       (Constr.) 

Therefore  A  K  ia  to  KB  as  CE  to  ED. 

Wherefore,  the  straight  line  AB  has  been  divided  a^  K 
similarly  to  the  straight  line  CD  at  E. 

EXEBGISES. 

1.  If  three  straight  lines  passing  through  a  point  0  cut  two 
parallel  straight  lines  ABC,  PQR  in  A,  P;  B,  Q;  C,  JR,  then  the 
lines  AC,  PR  are  similarly  cUvided  in  B,  Q, 

2.  Draw  a  straight  line  through  a  g^ven  point  A,  so  that  the 
peipendicalars  upon  it  from  two  other  given  points  B  and  C  may 
be  in  a  given  ratio. 

3.  Draw  through  two  given  points  on  a  cirole  two  parallel  chords 
which  shall  have  a  given  ratio  to  one  another. 
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PROPOSITION  11. 

To  find  a  third  proportioned  to  two  given  finite  straight 
lines. 

Let  AB,  CD  be  two  given  straight  lines : 
it  is  required  to  find  a  third  proportional  to  AB^  CD, 

Construction.  Draw  from  any  point  P  a  pair  of  straight 
lines  PE^  PF  making  an  angle  with  one  another,  and  from 
PE  cut  off  PG,  GH  equal  to  AB,  CD  respectively  and  from 
PF  cut  off  PK  equal  to  CD, 

Draw  GK  and  draw  HL  parallel  to  GK  meeting  PF  in  L : 
then  KL  is  a  third  proportional  to  -4jB,  CD, 


H      E 


Proof.     Because  GK  is  parallel  to  HL  one  of  the  sides 
of  the  triangle  PHL, 

PG  is  to  GH  as  PK  to  KL;  (Prop.  2.) 

and  PG  is  equal  to  AB  and  GH  and  PK  are  each  equal  to 
CD; 

therefore  AB  is  to  CD  as  CD  to  KL, 

Wherefore  to  the  two  given  straight  lines  AB,  CD  a  third 
proportional  KL  has  been  found. 
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PROPOSITION  12. 

To  find  a  fourth  proportional  to  three  given  straight  lines. 

Let  AB,  CD,  EF  be  three  given  straight  lines : 
it  is  required  to  find  a  fourth  proportional  to  AB,  CD,  EF, 

Construction.  Draw  from  any  point  P  a  pair  of 
straight  lines  PG,  PH  making  an  angle  with  one  another; 
and  from  PG  cut  off  PK,  KL  equal  to  AB,  CD  respectively, 

and  from  PH  cut  off  PM  equal  to  EF. 

Draw  KM,  and  draw  LN  parallel  to  KM  meeting  PH  in  N\ 

then  MN  is  a  fourth  proportional  to  AB,  CD,  EF, 


Proof.     Because  KM  is  parallel  to  LN  one  of  the  sides 
of  the  triangle  PLN, 

PK  ia  to  KL  as  PM  to  MN;  (Prop.  2.) 

and  PK  is  equal  to  AB,  KL  to  CD,  and  PM  to  EF; 
therefore  AB  is  to  CD  q&  EF  to  MN 

Wherefore  to  the  three  given  straight  lines  AB,  CD,  EF, 
a  fourth  proportional  MN  has  been  found. 


EXEBCISE. 

1.    C  is  a  point  on  a  straight  line  AB\  find  a  point  D  in  AB 
prodnoed,  such  that  DA  is  to  BB  as  CA  to  CB, 


T.  E.  25 
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PROPOSITION  13. 

To  find  a  mea/n  proportional  bettueen  two  given  straight 
lines. 

Let  AB,  CD  be  two  given  straight  lines : 
it  is  required  to  find  a  mean  proportional  between  AB  and 
CD. 

Construction.     Draw  any  straight  line  and   from   it 
cut  off  JSFy  FG  equal  to  AB,  CD  respectively. 

Describe  a  circle  on  FG  as  diameter  and  draw  FII  at 
right  angles  to  FG  meeting  the  circle  in  ff: 

then  Fff  is  a  mean  proportional  between  AB  and  CD, 

Draw  Fffy  EG. 


Proof.     Because  FHG  is  a  semicircle, 

the  angle  FHG  is  a  right  angle;  (III.  Prop.  31.) 
and  because  HF  is  the  perpendicular  from  H  on  the  hypo- 
tenuse of  the  right-angled  triangle  FHG, 

EF  is  to  FHaa  FH  to  FG;  (Prop.  8.) 

and  FF  is  equal  to  AB  and  FG  to  CD; 
therefore  AB  istoFHaa  FH  to  CD. 

Wherefore,  betiveen  the  ttvo  given  straight  lines  AB,  CD 
a  mean  proportiomd  FH  has  been/otmd. 
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EXERCISES. 

1.  Find  a  mean  proportional  between  two  given  straight  lines 
by  the  use  of  the  theorem  of  Proposition  87  of  Book  in. 

2.  Divide  a  given  finite  straight  line  into  two  parts,  so  that  their 
mean  proportional  may  be  of  given  length. 

3.  Gonstraot  an  isosceles  triangle  equal  to  a  given  triangle  and 
having  the  vertical  angle  equal  to  one  of  the  angles  of  the  given 
triangle.     * 

4.  Find  a  third  proportional  to  two  given  straight  lines  by  a 
method  similar  to  that  of  Proposition  13. 


25—2 
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Definition.  If  the  ratio  of  a  side  of  one  polygon  to  a 
side  of  another  polygon  be  eqtud  to  the  ratio  ofa/n  adjacent 
side  of  the  second  to  an  adja>cent  side  of  the  fi/rsty  those  sides 
are  said  to  be  reciprocally  proportional. 

PROPOSITION  14.     Part  1. 

If  two  parallelograms^  which  have  a  pair  of  eqtuil  a/ngleSy 
be  equal  in  a/rea^  their  sides  abo^U  the  eqtuil  a/ngles  a/re  reci- 
procally proportional. 

Let  ABCDy  EFGH  be  two  parallelograms,  which  have 
the  angles  at  B  and  H  equal,  and  which  are  equal  in  area : 
it  is  required  to  prove  that  AB  is  to  HG  as  EH  to  BC, 

CoNSTBUCTiON.  From  ABj  OB  produced  cut  gSBN^  BL 
equal  to  HO^  HEy  and  complete  the  parallelograms  ALy  LN, 


Proof.     Because  in  the  parallelograms  ZiV,  EGy 
LB  is  equal  to  EH,  and  BN  to  HGy 
and  the  angle  LBN  to  the  angle  EHGy 
therefore  the  parallelograms  LNy  EG  are  equal  in  area. 

(I.  Props.  4  and  34.) 
And  the  area  of  EG  is  equal  to  the  area  of  -4(7; 
therefore  the  area  oi  AL  is  to  the  area  of  LN  as  the  area 
of  ^X  to  the  area  of  AC, 
And  AB  is  to  BN  as  the  area  of  AL  to  the  area  of  LNy 
aud  LB  is  to  BC  as  the  area  of  ^Z  to  the  area  oi  AC  \ 

(Prop.  1,  Coroll.  3.) 
therefore  AB  \aU>  BN  b&  LB  to  BCy  (V.  Prop.  5.) 
.     that  is,  AB  is  to  HG  as  EH  to  BC. 

Wherefore,  if  tioo  parallelograms  <fec. 
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PROPOSITION  14.     Part  2. 

Ififuoo  pccrallelofframSf  which  ha/oe  a  pair  of  equal  a/ngles, 
ha/oe  their  sides  about  the  equal  angles  reciprocally  propor- 
tional, the  parallelograms  are  equal  in  area. 

Let  ABGDf  EFGH  be  two  parallelograms,  which  have 
the  angles  at  B,  H  equal  and  in  which  ui^  is  to  HG  as  EH 
to  BC: 

it  is  required   to  prove   that   the   parallelograms  ABGD, 
EFGH  are  equal  in  area. 

Construction.  From  AB,  GB  produced  cut  off  BN,  BL 
equal  to  HG,  HE  and  complete  the  parallelograms  AL,  LJV. 


Proof.     Because  in  the  parallelograms  LN,  EG, 
LB  is  equal  to  EH,  and  BN  to  HG, 
and  the  angle  LBN  to  the  angle  EHG, 
therefore  the  parallelograms  LN,  EG  are  equal  in  area.  • 

(I.  Props.  4  and  34.) 

Because  AB  is  to  HG  as  EH  to  BC, 

and  BN  is  equal  to  HG  and  LB  to  EH, 

therefore  ^i?  is  to  BN  as  LB  to  BC. 

And  -45  is  to  BN  as  the  area  of  -4  Z  to  the  area  of  LN, 

and  LB  is  to  BC  as  the  area  of  AL  to  the  area  oi  AC; 

(Prop.  1,  CoroU.  3.) 
therefore  the  area  of  AL  is  to  the  area  of  LN  as  the  area 
of  AL  to  the  area  of  AC,  (V,  Prop.  5.) 

Therefore  the  area  of  LN  is  equal  to  the  area  of  AC. 
And  the  parallelograms  LN,  EG  are  equal  in  area ; 
therefore  the  parallelograms  AC,  EG  are  equal  in  area. 

Wherefore,  if  two  paraUelogramns  &c. 
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PROPOSITION  15.     Part  1. 

If  two  trianffleSy  which  have  a  pair  of  equal  angles,  be 
equal  in  area,  their  sides  ahovi  the  eqtujtl  angles  are  recipro- 
cally proportional. 

Let  ABC,  DBF  be  two  triangles,  which  have  the  angles 
at  A,  D  equal  and  which  are  equal  in  area: 
it  is  required  to  prove  that  BA  is  to  DF  as  ED  to  AG. 

Construction.  From  BA,  CA  produced  cut  off  AH, 
AG  equal  to  DF,  DE  respectively,  and  draw  BG,  GH, 


Proof.     Because  in  the  triangles  AGE,  DEF, 
GA  is  equal  to  ED,  and  AH  to  DF, 
and  the  angle  GAH  to  the  angle  EDF, 
the  triangles  are  equal  in  all  respects.  (I.  Prop.  4.) 
And  the  area  of  DEF  is  equal  to  the  area  of  ABC  \ 
therefore  the  area  of  AGB  is  to  the  area  of  AGH  as  the 

area  of  A  BG  to  the  area  of  ABC. 
And  BA  is  to  -4-3"  as  the  area  of  ABG  to  the  area  of  GAH, 
and  GA  is  to  AC  as  the  area  of  ABG  to  the  area  of  ABC; 

(Prop.  1.) 
therefore  BA  is  to  AH  as  GA  to  AC ;  (V.  Prop.  5.) 
and  AH  is  equal  to  DF  and  GA  to  ED ;  (Constr.) 
therefore  BA  is  to  DF  as  ED  to  AC. 

Wherefore,  if  two  triangles  <fec. 
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PROPOSITION  15.    Part  2. 

If  ttvo  tricmgles,  which  have  a  pair  of  equal  a/ngleSf  have 
tJieir  sides  aboiU  the  eqvuU  angles  reciprocally  proportional, 
the  triangles  are  equal  in  a/rea. 

Let  ABCy  DEF  be  two  triangles,  which  have  the  angles 
at  -4,  D  equal  and  in  which  BA  is  to  DF  as  ED  to  AC : 
it  is  required  to  prove  that  the  triangles  ABC,  DEF  are 
equal  in  area. 

Construction.  From  BA,  GA  produced  cut  off  AH,  AG 
equal  to  DF,  DE  respectively,  and  draw  BG,  GH. 


Proof.     Because  in  the  triangles  AGE,  DEF, 
GA  is  equal  to  ED,  and  AH  to  DF, 
and  the  angle  GAH  to  the  angle  EDF, 
the  triangles  are  equal  in  all  respects.  (I.  Prop.  4.) 

Because  BA  is  to  DF  as  ED  to  AC, 

and  AH  is  equal  to  DF  and  GA  to  ED; 

therefore  BA  is  to  AH  as  GA  to  AC. 

And  BA  is  to  AH  as  the  area  of  GBA  to  the  area  of  AGH, 

and  GA  is  to  -4 C  as  the  area  of  GBA  to  the  area  of  ABC  ; 

(Prop.  1.) 
therefore  the  area  of  GBA  is  to  the  area  of  AGH  as  the 
area  of  GBA  to  the  area  of  ABC',  (V.  Prop.  5.) 

therefore  the  area  of  AGH  is  equal  to  the  area  of  ABC ; 
and  the  triangles  AGH,  DEF,  being  equal  in  all  respects, 
are  equal  in  area ; 
therefore  the  triangles  ABC^  DEF  are  equal  in  area. 

Wherefore,  if  two  triangles  <fec. 
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PROPOSITION  16.     Part  L 


If  four  straight  lines  he  proportionals,  the  rectangle  con- 
tained  by  tlie  extremes  is  equal  to  the  rectangle  contained  by 
the  means. 

Let  the  straight  lines  AB,  CD,  EF,  GH  be  proportionals, 
so  that  AB  is  to  CD  as  EF  to  GH\ 
it  is  required  to  prove  that  the  rectangle  contained  by  AB 

and  GH  is  equal  to  the  rectangle  contained  by  CD  and 

EF. 

CoNSTRUcrriON.  From  any  point  P  draw  two  straight 
lines  at  right  angles  and  on  one  cut  off  PK,  PL  equal  to 
AB,  CD  respectively;  and  on  the  other  cut  off  PM,  PN 
equal  to  EF,  ^^ZT  respectively;  and  complete  the  rectajigles 
ML,  NK. 


A- 

(J 

B 

M 

v 

a 

B 

L     K 


Proof.     Because  AB  is  to  CD  m  EF  to  GH, 
and  PE,  PL,  PM,  PN,  are  equal   to  AB,  CD,  EF,  GH 
respectively, 

therefore  PK  is  to  PL  as  PM  to  PN, 
And  the  angle  at  P  is  common  to  the  two  rectangles  NK, 

ML] 
therefore  the  rectangle  NK  is  equal  to  the  rectangle  J/X; 

(Prop.  14,  Part  2.) 
and  NK  is  contained  by  PK,  PN  and  ML  is  contained  by 

PL,  PM. 
Therefore  the  rectangle  contained  by  AB,  GH  is  equal  to 
the  rectangle  contained  by  CD,  EF 

Wherefore,  if  four  straight  lines  <fec. 
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PROPOSITION  16.     Part  2. 

If  the  rectangle  contained  by  the  first  and  the  fourth  of 
fov/r  given  straight  lines  he  equal  to  the  rectangle  contained 
by  the  second  and  the  third,  the  four  lines  are  proportionals. 

Let  AB,  CD,  EF,  GH  be  four  straight  lines,  such  tliat 
the  rectangle  contained  by  AB  and  GH  is  equal  to  the  rect- 
angle contained  by  CD  and  EF\ 
it  is  required  to  prove  that  AB  i^  to  CD  as  EF  to  GH. 

Construction.  From  any  point  P  draw  two  straight 
lines  at  right  angles,  and  on  one  cut  off  PK,  PL  equal  to 
AB,  CD  respectively;  and  on  the  other  cut  off  PM,  PN 
equal  to  EF,  C'^ZT  respectively;  and  complete  the  rectangles 
ML,  NK. 


L     K 


E 


G 


'B 


F 
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Proof.     Because  the  rectangle  contained  by  AB  and 
GH  is  equal  to  the  rectangle  contained  by  CD  and  EF, 
and  PK,  PL,  PM,  PN  are  equal  to  AB,  CD,  EF,  GH  re- 
spectively, 
the  rectangle  contained  by  PK  and  PN  is  equal  to  the 
rectangle  contained  by  PL  and  PM, 
that  is,  the  rectangle  NK  is  equal  to  the  rectangle  ML', 
therefore  PZ  is  to  PZ  as  PM  to  PN, 

(Prop.  14,  Part  1.) 
and  PK\&  equal  to  AB,  PL  to  CD,  PM  to  EF  and  PN  to 
GH]  (Constr.) 

therefore  il^  is  to  (7i>  as  ^^  to  GH, 

Wherefore,  if  the  rectangle  <fec. 


386  BOOK  VL 


PROPOSITION  17.     Part  1. 

If  three  straight  lines  he  proportionals,  the  rectangle  con- 
tained by  the  extremes  is  equal  to  the  sqv^re  on  the  mea/n. 

Let  the  three  straight  lines  AB,  CD,  EF  be  propor- 
tionals, so  that  AB  is  to  CD  as  CD  to  EFi 
it  is  required  to  prove  that  the  rectangle  contained  by  AB 
and  EF  is  equal  to  the  square  on  CD, 

Construction.     Draw  a  straight  line  GH  equal  to  CD. 


G S 

E F 


Proof.  Because  il-ff  is  to  CD  as  CD  to  EF,  (Hypothesis. ) 

and  GIT  IB  equal  to  CD;  (Constr.) 

therefore  AB  is  to  CD  as  GH  to  EF; 
therefore  the  rectangle  contained  hj  AB  and  EF  is  equal 
to  the  rectangle  contained  by  CD  and  Gff, 

(Prop.  16,  Part  1.) 
which  is  equal  to  the  square  on  CD,  for  GH  is  equal  to  CD, 

Wherefore,  if  three  straight  lines  <kc. 

EXERCISE. 

1.  A  square  is  inscribed  in  a  right-angled  triangle  ABC^  so  that 
two  corners  D,  E  lie  on  the  hypotenuse  AB  and  the  other  two  on 
the  sides  BC^  CA;  prove  that  tiie  square  is  equal  to  the  rectangle 
AD,  EB. 
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PROPOSITION  17.     Part  2. 

If  the  rectangle  contained  by  the  first  and  the  third  of 
three  given  straight  lines  he  equal  to  the  square  on  the  second, 
the  three  straight  lines  are  proportionals. 

Let  AB,  CD,  EF  be  three  given  straight  lines,  such  that 
the  rectangle  contained  hj  AB  and  EF  is  equal   to  the 
square  on  GDx 
it  is  required  to  prove  that  AB  is  to  CD  as  CD  to  EF, 

Construction.     Draw  a  straight  line  GH  equal  to  CD, 


G 

B 


Proof.     Because  Gff  is  equal  to  CD, 
the  square  on  CD  is  equal  to  the  rectangle  contained  by 

CD  and  Gff; 
therefore  the  rectangle  contained  by  AB  and  EF,  which  is 
equal  to  the  square  on  CD,  is  equal  to  the  rectangle  con- 
tained by  CD  and  Gff; 

therefore  AB  is  to  CD  as  Gff  to  EF;  (Prop.  16,  Part  2.) 

and  Gff  is  equal  to  CD; 
therefore  AB  ia  to  CD  as  CD  to  EF. 

Wherefore,  if  tlie  rectangle  ike. 
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PROPOSITION  18. 

On  a  given  straight  line  to  construct  a  polygon  similar 
to  a  given  polygon  so  that  the  given  straigfU  line  may  cor- 
respond to  a  given  side  of  the  given  polygon. 

Let  AB  be  the  given  straight  line,  and  PQRST  the 
given  polygon : 

it  is  required  to  construct  on  AB  a  polygon  similar  to 
PQBST  so  that  ABy  PQ  may  be  corresponding  sides. 

CoNSTEUCTioN.  From  P,  Q  the  extremities  of  PQ^ 
draw  the  diagonals  PR,  PS,  QS,  QT  of  the  polygon 
PQRST,  At  AyB  on  the  same  side  oi  AB  make  the  angles 
BAG,  BAD,  BAE  equal  to  the  angles  QPR,  QPS,  QPT 
respectively,  and  the  angles  ABC,  ABD,  ABE  to  the  angles 
PQR,  PQS,  PQT  respectively,  and  draw  CD,  DE\ 

then  ABODE  is  a  polygon  constructed  as  required. 


Proof.     Because  the  triangles  ABC,  PQR  are  equi- 
angular to  one  another,  (Constr.) 

ACis  to  PR  a8  AB  to  PQ;  (Prop.  4.) 

and  because  the  triangles  ABD,  PQS  are  equiangular  to 

one  another,  (Constr.) 

ADiatoPSas  AB  to  PQ;  (Prop.  4.) 

therefore  ^i>  is  to  Pa5  as  ^(7  to  PR.    (V.  Prop.  5.) 

Again,  because  in  the  triangles  DAC,  SPR, 
the  ratios  of  ^2>  to  Pis'  and  -4C  to  PR  are  equal, 

and  the  angles  DAC,  SPR  are  equal;     (Constr.) 

therefore  the  triangles  DAC,  SPR  are  equiangular  to  one 

another,  and  CD  ia  to  RS  as  AC  to  PR;  (Prop.  6.) 

therefore  C72>  is  to  i^.S'  as  ^^  to  PQ.    (V.  Prop.  5.) 
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Again  because  the  triangles  ABC^  PQR  are  equiangular 
to  one  another,  (Constr.) 

the  angle  ACB  is  equal  to  the  angle  PRQ ; 
and  because  the  triangles  I) AC,  SPR  have  been  proved 
equiangular  to  one  another, 

the  angle  ACD  is  equal  to  the  angle  PRS; 
therefore  the  angle  BCD  is  equal  to  the  angle  QRS, 

Similarly  it  can  be  proved  that  the  ratio  of  any  other 
corresponding  pair  of  sides  of  the  polygons  ABODE,  PQRST 
is  equal  to  that  of  AB  to  PQ,  and  that  any  corresponding 

pair  of  angles  are  equal. 

_—  ^ 

Wherefore,  on  the  given  straight  line  AB,  tlve  'polygon 

ABODE  has  been  constructed  similar  to  the  given  polygon 

PQRST,  so  that  AB,  PQ  arc  corresponding  sides. 


EXEBCISES. 

1.  Given  the  length  of  the  line  joining  the  middle  point  of  a 
side  of  a  square  with  an  end  of  the  opposite  side;  determine,  by 
any  method,  the  length  of  a  diagonal  of  the  square. 

2.  Inscribe  in  a  given  triangle  a  second  triangle  so  that  its  sides 
may  be  parallel  to  three  given  straight  lines. 

In  how  many  ways  can  this  be  done  ? 

3.  In  a  triangle  ABC  inscribe  a  square  so  that  two  of  its  vertices 
may  be  on  £C  and  the  other  two  on  AB^  AC, 

4.  In  a  semicircle  inscribe  a  square,  so  that  two  comers  may  lie 
in  the  diameter  and  two  on  the  circumference. 

5.  In  a  given  sector  of  a  circle  inscribe  a  square  so  that  two 
comers  may  lie  on  the  arc  and  one  on  each  of  the  bounding  radii. 

6.  In  a  given  sector  inscribe  a  square  so  that  two  comers  may  be 
on  one  of  the  bounding  radii,  one  on  the  other  bounding  radius  and 
one  on  the  arc. 
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PROPOSITION  19. 

SimUa/r  triomgles  cure  to  one  cmother  in  the  ratio  duplicate 
of  the  rcUio  of  two  corresponding  aides. 

Let  ABC,  DEF  be  similar  triangles  and  BC,  EF  be 
corresponding  sides:  ' 
it  is  required  to  prove  that  the  triangle  ABC  is  to  the 

triangle  DEF,  in  the  ratio  duplicate  of  the  ratio  of  BC 

to  EF. 

Construction.     Fmd  a  third  proportional  to  BC,  EF 
and  from  BC  cut  oflf  BG  equal  to  it.     Draw  A  G. 

A 

2) 


C    S 


Proof.     Because  the  triangles  ABC,  DEF  are  similar, 

AB  is  to  DE  as  BC  to  EF;  (Prop.  4.) 

and  BC  is  to  EF  as  EF  to  BG;         (Constr.) 

therefore  il^  is  to  i>J^  as  j^i^  to  ^G^;  (V.  Prop.  5.) 

and  the  angle  ABG  is  equal  to  the  angle  DEF; 

therefore  the  triangles  ABG,  DEF  are  equal  in  area. 

(Prop.  15,  Part  2.) 

And  the  triangle  ABC  is  to  the  triangle il^6^  asBC  to  BG ; 

therefore  the  triangle  ABC  is  to  the  triangle  DEF  as  BC 

to  BG; 

And  because  BC  is  to  EF  as  EF  to  BG, 

BC  has  to  BG  the  ratio  duplicate  of  the  ratio  of  BC  to  EF. 

(V.  Def.  9.) 
Therefore  the  triangle  ABC  has  to  the  triangle  DEF  the 
ratio  duplicate  of  the  ratio  of  BC  to  EF. 

Wherefore,  similar  triangles  &c. 

CoROLLABT.     If  three  straight  lines  he  proportionals,  the 
first  is  to  the  third  as  any  triangle  on  the  first  to  a  similar 
triangle  on  the  second. 
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EXEBCISES. 


1.  Through  a  point  within  a  triangle  three  straight  lines  are  drawn 
parallel  to  the  sides,  dlTiding  the  triangle  into  three  triangles  and 
three  parallelograms:  if  the  three  triangles  be  equal  to  eadi  other 
in  area,  each  is  one-ninth  of  the  original  triangle. 

2.  An  isosoeles  triangle  is  described  having  each  of  the  angles  at 
the  base  double  of  the  third  angle :  if  the  angles  at  the  base  be 
bisected,  and  the  points  where  &e  lines  bisecting  them  meet  the 
opposite  sides  be  joined,  the  triangle  will  be  divided  into  two  parts 
having  the  same  ratio  as  the  base  to  the  side  of  the  triangle. 

3.  ABC  is  a  triangle,  the  angle  A  being  greater  than  the  angle  B : 
a  point  D.  is  taken  in  BC,  such  that  the  angle  CAD  is  equal  to  B. 
Prove  that  CD  is  to  CB  in  the  ratio  duplicate  of  the  ratio  of  AD  to 
AB, 

4.  The  sides  BC,  CA,  AB  of  an  equilateral  triangle  ABO  are 
divided  in  the  points  D,  JB,  F  so  that  the  ratios  BD  to  DC,  CE  to  EA 
and  AF  to  FB  are  each  equal  to  2  to  1.  Find  the  ratio  of  the  triangle 
DEF  to  the  triangle  ABC, 

5.  If  a  strught  line  AB  be  produced  to  a  point  C  so  that  AB  is 
a  mean  proportional  between  AC  and  CB,  then  the  square  on  AB  is 
to  the  square  on  BC  as  AB  to  the  excess  of  AB  over  BC, 

6.  Find  a  mean  proportional  between  the  areas  of  two  similar 
right-angled  triangles  which  have  one  of  the  sides  containing  the 
right  angle  common. 

7.  Bisect  a  given  triangle  by  a  line  parallel  to  its  base. 

8.  Bisect  a  given  triangle  by  a  line  drawn  perpendicular  to  its 
base. 

9.  Divide  a  given  triangle  into  two  parts,  having  a  given  ratio  to 
one  another,  by  a  straight  line  parallel  to  one  of  its  sides. 

10.  ABC  18  a  triangle;  AB  is  produced  to  E:  AD  is  a  straight 
line  meeting  BC  in  D:  BF  is  parallel  to  ED  and  meets  AD  in  F: 
construct  a  triangle  similar  to  ABC  and  equal  to  AEF, 
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PROPOSITION  20. 

A  pair  of  aimila/r  polygons  vruvy  he  divided  into  pairs  of 
similar  tria/ngles^  each  pair  having  the  same  ratio  as  the 
polygons. 

Let  ABGBEy  PQRST  be  a  pair  of  similar  polygons: 
it  is  required  to  prove  that  the  polygons  can  be  divided 
into  pairs  of  similar  triangles. 

Construction.  Take  any  point  L  within  the  polygon 
ABODE,  and  draw  LA,  LB,  LG,  LD,  LE. 

Within  the  polygon  PQRST,  draw  PX,  QX  making  the 
angles  QPX^  PQX  equal  to  the  angles  BAL,  ABL  re- 
spectively, and  draw  XB,  XS,  XT, 


C  T 


Proof.  Because  the  triangles  LAB,  XPQ  are  equi- 
angular to  one  another,  (Constr.) 

LB'vAtoXQ  as  ABtoPQ]  (Prop.  4.) 

and  because  the  polygons  ABODE,  PQRST  are  similar, 

AB  is  to  PQ  as  BO  to  QR;  (Def.  2.) 

therefore  LB  is  to  XQ  as  BO  to  QR.  (V.  Prop.  5.) 
Again   because  the   polygons    ABODE,    PQRST    are 
similar, 

the  angle  ABO  is  equal  to  the  angle  PQR ; 
and  the  angle  ABL  is  equal  to  the  angle  PQX;   (Constr.) 
therefore  the  angle  LBO  is  equal  to  the  angle  XQR, 
Therefore  the  triangles  LBO,   XQR   are  equiangular  to 
one  another,  (Prop.  6.) 

and  therefore  similar.  (Prop.  4.) 

Similarly  it  can  be  proved  that  the  triangles  LOD, 
LDE,  LEA  are  similar  to  the  triangles  XRS,  XST,  XTP 
respectively. 
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Again,  because  AB  is  to  PQ  as  BG  to  QR', 
and  because  the  triangle  LAB  is  to  the  triangle  XPQ  in 

the  ratio  duplicate  of  the  ratio  oi  AB  to  PQ, 
and  the  triangle  LBC  is  to  the  triangle  XQR  in  the  ratio 

duplicate  of  the  ratio  of  BG  to  QR,  (Prop.  19.) 

therefore  the  triangle  LAB  is  to  the  triangle  XPQ  as  the 

triangle  LBG  to  the  triangle  XQR,  (V.  Prop.  14.  CorolL) 
Similarly  it  can  be  proved  that  each  of  the  ratios  of  the 
triangles  LGD,  LDE,  LEA  to  the  triangles  XRS,  XST, 
XTP  respectively  is  equal  to  the  ratio  of  the  triangle  LAB 
to  the  triangle  XPQ, 
Therefore  the  polygon  ABODE  is  to  the  polygon  PQRST 

as  the  triangle  LAB  to  the  triangle  XPQ,      (V.  Prop.  6.) 

Wherefore,  a  pomr  of  similar  polygons  &c. 

Corollary.     Svmila/r  polygons  are  to  one  anotJier  in  tJie 
ratio  duplicate  of  the  ratio  of  two  corresponding  sides. 


EXEBOISES. 

1.  If  ABC  be  a  right-angled  triangle  and  CD  be  drawn  perpen- 
dicular to  the  hypotenuse,  then  AD  is  to  DB  as  the  square  on  ^C  to 
the  square  on  GB. 

2.  If  a  straight  line  be  drawn  from  each  comer  of  a  square  to 
the  nearer  point  of  trisection  of  the  next  side  of  the  square  in  order, 
so  as  to  form  a  square,  this  square  will  be  two-fifths  of  the  original 
square.  What  will  be  the  area  of  the  new  square,  if  the  lines  be 
drawn  to  the  further  point  of  trisection  ? 


T.  E.  26 
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PROPOSITION  21. 

Polygons  which   a/re   similar  to  the  same  polygon   a/re 
similar'  to  one  (mother. 

Let  each  of  the  polygons  ABC.,,,  FGH..,,  be  similar  to 
the  polygon  PQR... : 

it  is  required  to  prove  that  ABC,,,,  FGH,,.  are  similar  to 
one  another. 


Proof.     Because  the  polygons   ABC.y  PQR,,,    are 
similar, 

the  angle  ABC  is  equal  to  the  angle  PQB, 

and  AB  is  to  PQ  as  BC  to  QB;  (Dei.  2.) 

and  because  the  polygons  FGH...^  PQR...  are  similar, 
the  angle  FGH  is  equal  to  the  angle  PQR, 
and  PQ\b  to  FG  as  QR  to  GH. 
Therefore  the  angle  ABC  is  equal  to  the  angle  FGH, 

and  AB  is  to  FG  as  BC  to  GH,  (V.  Prop.  U.) 
Similarly  it  can  be  proved  that  every  pair  of   corre- 
sponding angles  of  the  polygons  ABC...,  FGH...  are  equal 
and  that  the  ratios  of  all  pairs  of  corresponding  sides  are 
equal. 

Therefore  the  polygons  ABC...,  FGH...  are  similar. 

Wherefore,  polygons  which  are  similar  &c. 
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EXERCISES. 


1.  Prove  that,  if  ABGD,  EFOH  be  two  quadrilaterals  which  are 
equiangular  to  one  another  and  are  such  that  the  ratios  AB  to  EF, 
and  BC  to  FO  are  equal,  the  quadrilaterals  are  similar. 

2.  Prove  that,  if  ABCD,  EFOH  be  two  quadrilaterals,  which  are 
equiangular  to  one  another  and  are  such  that  the  ratios  of  AB  to  EF 
and  CD  to  GH  are  equal,  the  quadrilaterals  are  similar. 

What  exoeptional  case  may  occur  ? 

8.  Prove  that,  if  ABCD,  EFGH  be  two  quadrihiterals  such*  that 
the  angles  ABC,  BCD  are  equal  to  the  angles  EFG^  FGH  respectively, 
and  the  ratios  of  AB  to  EF,  BC  to  FG  and  CD  to  GH  are  all  equal, 
the  quadrilaterals  are  similar. 


26—2 
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PROPOSITION  22,     Part  1. 

Iffowr  straight  lines  be  proportionobts^  the  ratio  of  two 
simiia/r  polygons  simikMrly  described  on  the  first  pair  is  equal 
to  the  ratio  of  two  simiJUvr  polygons  si/milan^ly  described  on 
the  second  pair. 

Let  the  four  straight  lines  ABy  CD,  EFy  GH  be  propor- 
tionals, and  let  AKLBy  CMND  be  two  similar  polygons 
similarly  described  on  AB,  CD,  and  EPQRF,  GSTUH  be 
two  similar  polygons  similarly  described  on  EF^  GH: 
it  is  required  to  prove  that  AKLB  is  to  CMND  as  EPQRF 
to  GSTUH. 


Proof.    Becauseili?is  to  C2>as  ^J^to  ©F, 
and  AKLB  has  to  CMND  the  ratio  duplicate  of  the  ratio 
of  AB  to  CD,  (Prop.  20,  Coroll.) 

and  EPQRF  has  to  GSTUH  the  ratio  duplicate  of  the  ratio 
oiEFtoGH, 
therefore  AKLB  is  to  CMND  as  EPQRF  to  GSTUH. 

(V.  Prop.  14,  Coroll.) 
Wherefore,  iffowr  straight  lines  &c. 


£X£BCIS£. 


1.  Perpendioolars  are  let  fedl  from  two  opposite  angles  of  a  reot- 
angle  on  a  diagonal;  shew  that  they  will  divide  the  diagonal  into 
equal  parts,  if  the  square  on  one  side  of  the  rectangle  be  doable  that 
on  the  other. 
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PROPOSITION  22.     Part  2. 

If  the  ratio  of  two  svmUcur  polygons  simUa/rly  described 
on  the  first  cmd  the  second  of  fowr  straight  lines  he  eqiud  to 
the  ratio  of  two  similar  polygons  similarly  described  on  the 
third  and  the  fovHhy  die  fov/r  straight  lines  are  propor- 
tionals. 

Let  AB,  CD^  EF,  GH  be  four  given  straight  lines,  and 
let  AKLBy  CMND  be  two  similar  polygons  similarly  4©- 
scribed  on  AB,  CD,  and  EPQRF,  GSTUH  be  two  similar 
polygons  similarly  described  on  EF,  GH,  and  let  AKLB, 
CMND,  EPQRF,  6?iS'ri7fl' be  proportionals: 
it  is  required  to  prove  that  AB  is  to  CD  as  EF  to  OH, 


B      C 


Proof.     Because  AKLB  has  to  CMND  the  ratio  dupli- 
cate of  the  ratio  of  AB  to  CD,  (Prop.  20,  CoroU.) 
and  EPQRF  has  to  GSTUH  the  ratio  dupUcate  of  the 
ratio  of  EF  to  GH, 

and  AKLB  is  to  CMND  as  EPQRF  to  GSTUH, 
therefore  AB  is  to  CD  as  EF  to  GH,  (V.  Prop.  1 6.) 

Wherefore,  if  tJie  ratio  &c. 
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PROPOSITION  23. 

If  hoo  triangles  have  an  angle  of  the  one  equal  to  a/n 
angle  of  the  other,  tihe  ratio  of  the  a/reas  of  the  triangles  is 
equal  to  the  ra^io  compounded  of  the  ratios  of  the  sides  about 
the  equal  angles. 

Let  the  triangles  ABC,  DEF  have  the  angles  at  B  and 
E  equal : 
it  is  required  to  prove  that  the  ratio  of  the  triangle  ABC 

to  the  triangle  DEF  is  equal  to  the  ratio  compounded  of 

the  ratios  AB  to  BE  and  BC  to  EF. 

Construction.  Tn  AB,  CB  produced  cut  off  BG,  BH 
equal  to  ED,  EF,  and  draw  CG,  GH. 


Proof.     Because  in  the  triangles  GBH,  DEF, 
BG  is  equal  to  ED,  and  BH  to  EF, 
and  the  angle  GBH  to  the  angle  DEF, 
the  triangles  are  equal  in  all  respects.  (I.  Prop.  4.) 
And  because  the  triangle  ABC  is  to  the  trian^e  BGC  as 
AB  to  BG,  (Prop.  1.) 

and  the  triangle  GCB  is  to  the  triangle  GBH  as  CB  to  BH*, 
therefore  the  triangle  ABC  has  to  the  triangle  GBH  the 
ratio  compounded  of  the  ratios  AB  U>  BG  and  CB  to  BH-, 

(V.  Def.  8.) 
therefore  the  triangle  ABC  has  to  the  triangle  DEF  the 
ratio  compounded  of  the  ratios  AB  to  DE  and  BC  to  EF. 
Wherefore,  if  two  tria/ngles  &c. 

Corollary.  If  two  pan'aUelograms  have  an  angle  of  the 
one  equal  to  a/n  angle  of  the  other,  the  ratio  of  the  a/rea^  of 
the  jHirallelogra/ms  is  equal  to  the  ratio  compotmded  of  the 
ratios  of  the  sides  about  the  equal  angles. 
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It  is  proved  in  Proposition  23  that  the  ratio  of  the  triangle  ABC 
to  the  triangle  DEF  is  eqnal  to  the  ratio  compounded  of  the  ratios 
AB  to  DE  and  BC  to  EF,  Similarly  it  can  be  proved  that  the  ratio 
of  the  triangle  ABC  to  the  triangle  DEF  is  equal  to  the  ratio  com- 
pounded of  the  ratios  BC  to  EF  and  AB  to  DE,  And  since  any  two 
ratios  can  be  represented  by  the  ratios  AB  to  DE  and  BC  to  EF, 
if  the  lines  be  chosen  of  proper  lengths,  it  follows  that  the  magnitude 
of  the  ratio  compounded  of  two  given  ratios  is  independent  of  the 
order  in  which  they  are  compounded. 

Again,  because  the  proof  of  Proposition  23  is  applicable  to  two 
right-angled  triangles,  we  may  assume  the  equal  angles  at  B  and  E  to 
be  right  angles,  in  which  case  the  triangle  ABC  is  equal  to  half  the 
rectangle  AB,  BC  and  the  triangle  DEF  is  equal  to  half  the  rectangle 
DE,  EF.  It  follows  that  the  ratio  compounded  of  AB  to  DE,  and 
BC  to  EF  is  equal  to  the  ratio  of  the  rectangle  AB,  BC  to  the  rectangle 
DE,  EF,  or,  in  other  words,  tJie  ratio  compounded  of  the  ratios  of  two 
pairs  of  lines  is  equal  to  the  ratio  of  the  rectangle  contained  by  the 
antecedents  to  the  rectangle  contained  by  tite  consequents. 


EXEBCISES. 

1.  A  and  B  are  two  given  points;  AC  and  BD  are  perpendicular 
to  a  given  straight  line  CD :  AD  and  BC  intersect  at  E,  and  EF  is 
perpendicular  to  CD :  shew  that  AF  and  BF  make  equal  angles  with 
CD. 

2.  If  a  triangle  inscribed  in  another  have  one  side  parallel  to  a 
side  of  the  other,  its  area  is  to  that  of  the  larger  triangle  as  the  rect- 
angle contained  by  the  segments  of  either,  of  the  other  sides  of  the 
original  triangle  is  to  the  square  on  that  side. 

3.  If  on  two  straight  lines  OABC,  OFED,  the  points  be  so 
chosen  that  AE  is  parallel  to  BD,  and  AF  parallel  to  CD,  then  also 
BF  is  parallel  to  CE, 

4.  Find  the  greatest  triangle  which  can  be  inscribed  in  a  given 
triangle  so  as  to  have  one  side  parallel  to  one  of  the  sides  of  the 
given  triangle. 

5.  Find  the  least  triangle  which  can  be  described  about  a  given 
triangle. 
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PROPOSITION  24. 

A  pa/rallelogram  about  a  diagonal  of  a/nother  paraHelo- 
gra/m  is  simila/r  to  it. 

Let  the  parallelogram  AEFG  be  about  the  diagonal  AC 
of  the  parallelogram  ABCD : 
it  is  required  to  prove  that  AEFG  is  similar  to  ABCD, 


Proof.     Because  EF  is  parallel  to  BC^ 
the  angles  AEF^  AFE  are  equal  to  the  angles  ABG^  ACB 
respectively,  (I.  Prop.  29.) 

and  therefore  the  triangles  AEF^  ABC  are  equiangular  to 

one  another; 
therefore  the  parallelograms  AEFG^  ABCD  are  equiangular 
to  one  another. 
And  because  the  triangles  AEF,  ABC  are  equiangular 
to  one  another, 

AE  is  to  AB  as  EF  to  BC;  (Prop.  4.) 

and  EF  is  equal  to  AG,  and  BC  to  AD'^  (I.  Prop.  34.) 

therefore  also  AE  is  to  AB  b&  AG  to  AD. 

Similarly  it  can  be  proved  that  the  ratios  of  all  pairs  of 

corresponding  sides  of  the  parallelograms  AEFG,  ABCD 

are  equal. 

Therefore  the  parallelograms  are  similar. 

Wherefore,  a  parallelogram  &c. 
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EXEBCISES. 


1.  Prove  that,  in  the  figure  of  YI.  24,  EQ  and  BD  are  parallel. 

2.  Prove  that,  if  in  the  figure  of  VI.  24,  EF,  GF  produced  cut 
CD,  CB  in  H,  K^  then  HG,  CA^  KE  meet  in  a  point. 

8.  Prove  that,  if  two  similar  quadrilaterals  ABCD,  AEFO  be  so 
placed  that  ABE^  ADG  are  straight  lines,  then  the  points  A,  F,  C7  lie 
on  a  straight  line. 

4.  In  a  given  triangle  inscribe  a  rhombus  which  shall  have  one 
of  its  angular  points  at  a  given  point  in  the  base,  and  a  side  on  that 
base. 

5.  Construct  a  parallelogram  similar  to  a  given  parallelogram,  so 
that  two  of  its  vertices  are  on  one  side  of  a  given  triangle  and  the 
other  vertices  on  the  other  two  sides. 
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PROPOSITION  25. 

To  construct  a  polygon  similar  to  a  given  polygon  and 
eqtcal  to  another  given  polygon. 

Let  ABODE  be  one  given  polygon,  and  FGffK another: 
it  is  required  to  construct  a  polygon  similar  to  ABODE  and 
equal  to  FGHK. 

Construction.     Construct  on  AB  a  rectangle  AL  equal 
to  ABODE, 

and  on  BL  construct  a  rectangle  LM  equal  to  FGHK. 

(I.  Prop.  45.) 
Find  PQ  a  mean  proportional  between  AB  and  BM, 

(Prop.  13.) 
and  on  PQ  construct  a  polygon  PQRST  similar  to  ABODE, 
so  that  PQ,  AB  are  corresponding  sides:  (Prop.  18.) 

then  PQRST  is  a  polygon  constructed  as  required. 

D 
A 


/  -^  \ 

B 

31 

'b 

Proof.     Because  ABODE  is  to  PQRST  in  the  ratio 
duplicate  of  the  ratio  of  ^  J?  to  PQ, 

and  -4 -B  is  to  BM  in  the  ratio  duplicate  of  the  ratio  of  AB 
to  PQ; 

therefore  ABODE  is  to  PQRST  &8  AB  to  BM; 
and  ^^  is  to  BM  as  the  rectangle  AL  to  the  rectangle  LM, 

that  is,  as  ABODE  to  FGHK. 
Therefore  PQRST  is  equal  to  FGHK; 
and  it  was  constructed  similar  to  ABODE, 

Wherefore,  a  polygon  PQRST  has  been  constructed  s-imilar 
to  the  polygon  ABODE  ami  eqv>al  to  the  polygon  FGHK, 


EXEBCISES. 

1.  Construct  a  square  equal  to  a  given  equilateral  triangle. 

2.  Construct  an  equilateral  triangle  equal  to  a  given  rectangle. 
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In  Propotsition  4  it  was  proved  that,  if  two  triangles  he  equiangular 
to  one  another,  they  are  similar.  Hence  the  condition  of  the  equality 
of  the  ratios  of  corresponding  sides,  which  appears  in  Definition  2, 
is  unnecessary  in  the  case  of  two  triangles,  which  are  equiangular  to 
one  another. 

If  we  take  the  case  of  two  polygons  ABODE,  PQRST  of  more 
than  three  sides,  which  are  equiangular  to  one  another,  and  which 
are  such  that  all  hut  two  of  the  ratios  of  pairs  of  corresponding  sides 
are  equal,  say  AB  to  PQ,  BC  to  QR,  CD  to  RS,  where  two  adjacent 
sides  are  omitted,  we  can  prove  that  the  polygons  are  similar. 


Take  any  point  L  within  ABCD,  and  draw  LA,  LB,  LC,  LD, 
DA,  Within  the  polygon  PQRS  draw  PX,  QX,  making  Ihe  angles 
QPX,  PQX  equal  to  the  angles  BAL,  ABL  respectively,  and  draw 
XR,  XS,  8P, 

It  can  he  proved,  as  in  Proposition  20,  that  the  triangles  ALB, 
BLC,  OLD  are  similar  to  the  triangles  PXQ,  QXR,  RXS  respectively ; 
therefore  the  angles  ALB,  BLC,  CLD  are  equal  to  the  angles 

PXQ,  QXR,  RXS  respectively,  and 

therefore  the  angle  ALD  is  equal  to  the  angle  PXS ; 

also  each  of  the  ratios  LA  to  XP,  LB  to  XQ,  LC  to  XR  and  LD  to  X8 

is  equal  to  the  ratio  of  AB  to  PQ,  and 
therefore  AL  is  to  PX  as  LD  to  XS, 

Therefore  the  triangles  ALD,  PXS  are  similar,  (Prop.  6.) 

and  ^D  is  to  PS  as  LA  to  XP. 

Hence  the  two  triangles  AED,  PTS  are  equiangular  to  one  another ; 
therefore  they  are  similar,  and  each  of  the  ratios  DE  to  ST,  EA  to 
TP  is  equal  to  the  ratio  of  AD  to  PS,  (Prop.  4)  which  is  equal  to  the 
ratio  of  LA  to  XP,  and  therefore  to  the  ratio  AB  io  PQ. 

In  this  case  therefore  the  two  polygons  are  similar. 

This  method  reduces  the  case,  where  the  two  sides  whose  ratios 
are  omitted  are  adjacent,  to  the  similar  case  of  quadrilaterals  (Ex.  1, 
page  395).  A  similar  method  will  reduce  the  case,  where  the  two 
sides  whose  ratios  are  omitted  are  not  adjacent,  to  the  similar  case  of 
quadrilaterals  (Ex.  2,  page  395).    - 

The  two  cases  together  justify  thi8  remark  on  Definition  2,  page  350. 
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PROPOSITION  26. 

If  Ujoo  winUa/t  pa/raMelogT<Mn8  have  a  cormnon  cmgle  amd 
be  simiUxrly  plctced,  one  is  aiaut  the  dicbgonal  of  the  other. 

Let  the  parallelograms  ABCD,  AEFG  be  similar  and 
similarly  placed  and  have  a  common  angle  at  A : 
it  is  required  to  prove  that  the  points  -4,  F^  C  lie  on  a 
straight  line. 

CoNSTBUCTiON.     Draw  AF  and  AG, 


Proof.     Because  the  parallelograms  AEFG^  ABGD  are 
similar, 

AG  \BUy  AD  baGF  to  DG\  (Def.  2.) 

and  the  angle  AGF  is  equal  to  the  angle  ADC\ 

therefore  the  triangles  AGF^  ADC  are  equiangular  to  one 

another.  (Prop.  6.) 

Therefore  the  angle  GAFia  equal  to  the  angle  DAC^ 

i.e.  the  three  points  A,  F,  G  lie  on  a  straight  line. 

Wherefore,  if  two  similar  pdrallelogrmns  <fec. 


EXERCISE. 

■ 

1.  Inscribe  in  a  given  triangle  a  parallelogram  similar  to  a  given 
parallelogram  so  as  to  have  two  comers  on  one  side  and  one  on  each 
of  the  other  sides  of  the  triangle. 
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PROPOSITION  30. 
To  divide  a  given  straight  line  in  extreme  and  mean  ratio. 

Let  ABhe  the  given  straight  line: 
it  is  required  to  divide  it  in  extreme  and  mean  ratio. 

Construction.  Divide  AB  at  the  point  C  into  two 
parts  so  that  the  rectangle  AB,  BC  may  be  equal  to  the 
square  on  AC,  (11.  Prop.  11.) 


C 


Proof.     Because  the  rectangle  AB,  BC  is  equal  to  the 
square  on  AC, 

AB  is  to  AC  as  AC  to  BC.  (Prop.  17.) 

Wherefore,  tJhe  given  straight  line  AB  has  been  divided 
at  C  in  extreme  amd  mean  ratio. 


EXERCISES. 

1.  Two  diagonals  of  a  regular  pentagon  whioh  meet  within  the 
figure  divide  each  other  in  extreme  and  mean  ratio. 

2.  Diyide  a  given  straight  line  into  two  parts  so  that  anj  triangle 
described  on  the  first  part  may  have  to  a  similar  and  similarly  de- 
scribed triangle  on  the  second  part  the  ratio  which  the  whole  has  to 
the  second  piurt. 
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PROPOSITION  31. 

A  polygon  on  the  hypotenuse  of  a  right-cmgled  triangle 
is  equal  to  the  sum  of  the  polygons  svmila/rly  described  on  the 
other  sides. 

Let  ABO  be  a  right-angled  triangle  having  the  right 

angle  BAG: 

and  let  BDG,  GEA,  AFB  be   similar  polygons  similarly 

described  on  BGy  GAy  AB  respectively : 
it  is  required  to  prove  that  the  polygon  BDG  is  equal  to 

the  sum  of  the  polygons  GEA^  AFB. 


Proof.     Because  BDG  has  to  GEA  the  ratio  duplicate 
of  the  ratio  of  BG  to  GA^ 
and  the  square  on  BG  has  to  the  square  on  GA  the  ratio 

duplicate  of  the  ratio  of  BG  to  (7-4;       (Prop.  20,  Coroll.) 
therefore  BDG  is  to  GEA  as  the  square  on  BG  to  the  square 

on  GA\ 
therefore  BDG  is  to  the  square  on  BG  as  GEA  to  the  square 

on  GA.  (V.  Prop.  9.) 
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Similarly  it  can  be  proved  that 
BDG  is  to  the  square  on  BC  as  AFB  to  the  square  on  AB, 
Therefore  BDG  is  to  the  square  on  BC 
as  the  sum  of  CEA^  AFB  to  the  sum  of  the  squares  on  (7-4, 
AB ;  (V.  Prop.  6.) 

and  the  square  on  BC  is  equal  to  the  sum  of  the  squares 
on  CA,  AB]  (I.  Prop.  47.) 

therefore  BDG  is  equal  to  the  sum  of  GEA,  AFB. 

Wherefore,  a  polygon  &c. 


EXERCISES. 


1.  Divide  a  given  finite  straight  line  into  two  parts  so  that  the 
squares  on  them  shall  be  to  one  another  in  a  given  ratio. 

2.  Construct  an  equilateral  triangle  equal  to  the  sum  of  two 
given  equilateral  triangles. 

3.  On  two  given  lines  similar  triangles  are  described ;  construct 
a  similar  triangle  equal  to  the  difference  of  the  given  triangles. 

4.  Construct  a  triangle  equal  to  the  sum  of  three  given  similar 
triangles  and  similar  to  them. 

5.  Construct  a  polygon  equal  to  the  sum  of  any  number  of 
similar  polygons  and  similar  to  them. 
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PROPOSITION  32. 

If  two  tricmglea  have  aides  pa/raMel  in  pairsy  the  straight 
lines  joining  the  corresponding  vertices  meet  in  a  point. 

Let  ABGy  DEF  be  two  triangles  such  that  the  sides 
BG,  GA,  AB  are  parallel  to  the  sides  EF,  FD,  DE  respec- 
tively : 

it  is  required  to  prove  that  the  straight  lines  joining  the 
pairs  of  points  A,  D;  B,  E;  G,  F  meet  in  a  point. 

Construction.  Draw  ADy  BE  and  let  them  meet  in  G; 
and  draw  GG^  GF. 


Proof.     Because  AB  is  parallel  to  DEy 

the  angles  GAB^  GBA  are  equal  to  the  angles  GBE,  GED 

respectively  ;  (I.  Prop.  29.) 

therefore  the  triangles  GAB^  GDE  are  equiangular  to  one 

another;  (I.  Prop.  32.) 

therefore  GB  is  to  GE  as  BA  to  ED\    (Prop.  4.) 

and  because  the  triangles  ABGy  DEF  are  equiangular  to 

one  another,  (I.  Prop.  34,  CoroU.  2.) 

BA  is  ijo  ED  as  BG  to  EF;  (Prop.  4.) 

therefore  GB  is  to  GE  as  BG  to  EF;  (V.  Prop.  5.) 

and  the  angle  GBC  is  equal  to  the  angle  GEF; 

(I.  Prop.  29.) 

therefore  the  triangles  GBGy  GEF  are  equiangular  to  one 

another;  (Prop.  6.) 

therefore  the  angles  BGG,  EGF  are  equal, 

that  is,  the  points  G,  F,  G  lie  on  a  straight  line, 

or,  in  other  words,  AD,  BE,  GF  meet  in  a  point. 

"Wherefore,  t/*  ttvo  triangles  &c. 
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It  will  be  seen  at  once  that,  if  in  the  diagram  of  Proposition  32 
AB  be  equal  to  DEj  then  the  straight  lines  ADy  BE  do  not  meet  at 
any  point  at  a  finite  distance,  in  other  words,  they  are  parallel.  Also, 
because  the  triangles  ABC^  DEF  are  similar,  if  AB  be  equal  to  DE, 
then  also  BC  is  equal  to  £F,  and  therefore  BE  and  CF  are  parallel. 

Hence  we  must  consider  the  case  when  the  two  triangles  are 
similarly  placed  and  equal  as  a  special  case  in  which  the  point  of 
intersection  of  the  lines  joining  the  corresponding  vertices  is  at  an 
infinite  distance. 


EXERCISES. 

1.  If  two  similar  triangles  be  similarly  placed  on  two  parallel 
straight  lines,  the  lines  joining  corresponding  vertices  meet  in  a 
point. 

2.  If  any  two  similar  polygons  have  three  pairs  of  corresponding 
sides  parallel,  the  straight  lines  joining  the  corresponding  vertices 
meet  in  a  point. 

3.  AB  is  a  fixed  diameter  of  a  circle  ABC:  PQ  is  a  straight  line 
parallel  to  AB  and  of  constant  length,  which  moves  so  that  its  middle 
point  traces  out  Hie  circle  ABC;  find  the  locus  of  the  intersection  of 
AP,  BQ  and  of  AQ,  BP. 

'  4.  Prove  that,  if  the  corresponding  sides  of  ABCD,  EFGH  two 
squares  be  parallel,  the  straight  lines  AE,  BF^  GG^  DH  pass  through 
a  point,  and  AG,  BH,  CE,  DF  pass  through  another  point. 


T.  E.  27 


410 


BOOK   VI, 


PROPOSITION  33.    Part  1. 

In  eqtuil  circles  angles  at  the  centres  ha/ve  the  same  raiio 
as  the  a/rcs  on  which  they  stand. 

Let  BCD,  MNO  be  two  given  equal   circles,  and   let 
BA  Gy  MLN  be  two  angles  at  their  centres : 
it  is  required  to  prove  that  the  angle  BAG  is  to  the  angle 
MLN  as  the  arc  BG  to  the  arc  MN, 

Construction.  From  A  draw  any  number  of  radii  AD^ 
AE,  AF  making  the  angles  OAD^  DAE^  EAF  each  equal 
to  the  angle  BAG;  and  from  L  draw  any  number  of  radii 
LO,  LP,  LQ,  LE  making  the  angles  NLO,  OLP,  PLQ,  QLR 
each  equal  to  the  angle  MLN, 


Proof.     Because  the  angles  BAG,  GAD,  DAE,  EAF 
are  all  equal, 

the  arcs  BG,  GD,  DE,  EF  are  all  equal;  (III.  Prop.  26.) 
therefore  the  angle  BAF  and  the  arc  BF  are  equimultiples 
of  the  angle  BAG  and  the  arc  BG, 
Similarly  it  can  be  proved  that 
the  angle  MLR  and  the  arc  MR  are  equimultiples  of  the 
angle  MLN  and  the  arc  MN, 
And,  because  the  circles  ar6  equal,  if  the  angle  BAF  be 
equal  to  the  angle  MLR, 

the  arc  BF  is  equal  to  the  arc  MR,  (III.  Prop.  26.) 

and  if  the  angle  BAF  be  greater  or  less  than  the  angle  MLR, 

the  arc  BF  is  greater  or  less  respectively  than  the  arc  MR, 

Therefore  the  angle  BAG  is  to  the  angle  MLN  as  the  arc 

BG  to  the  arc  MN.  (V.  Def.  5.) 

Wherefore,  in  equal  circles  <fec. 
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Corollary.    In  equal  cvrdea  anglea  at  the  drcwmferencea 
have  the  aa/nie  ratio  as  the  area  on  which  they  stand. 

The  angles  at  the  centres  are  double  of  the  angles  at 
the  circumferences,  and  therefore  have  the  same  ratio. 

(V.  Prop.  6,  CoroU.) 


In  the  construction  of  Proposition  33  there  is  nothing  to  limit  the 
magnitude  of  the  multiple  angles  BAF,  MLR ;  they  may  be  greater 
than  two  right  angles,  greater  than  four  right  angles,  or  greater  than 
any  multiple  of  four  right  angles,  and  at  the  same  time  the  multiple 
arcs  BF,  MR  will  be  greater  than  half  the  circumference  of  the  circle, 
greater  than  the  drcumferenoe,  or  greater  than  any  multiple  of  the 
circumference. 

In  the  Third  Book  (page  221)  we  had  occasion  to  remark  that 
the  admittance  of  angles  equal  to  or  greater  than  two  right  angles 
was  not  inconsistent  with  Euclid's  methods.  We  may  now  go 
further  and  say  that  the  admittance  of  angles  without  any  restric- 
tion whatever  on  their  magnitude  is  essential  to  his  method.  The 
validity  of  the  proof  of  this  Proposition  depends  on  the  possibility  of 
choosing  any  multiples  we  please  of  the  angles  BAC^  MLN,  that  is, 
of  taking  the  multiple  angles  BAF,  MLB  as  large  as  we  please. 
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PROPOSITION  33.     Part  2. 

In  equal  circles^  the  cvreaa  of  sectors  ha/oe  the  acmie  ratio 
as  their  angles. 

Let  BCDy  MNO  be  two  given  equal  circles,  and  let  BAC^ 
MLN  be  two  angles  at  their  centres : 

it  is  required  to  prove  that  the  angle  BAC  is  to  the  angle 
MLN  as  the  sector  BAG  to  the  sector  MLN, 

Construction.  From  A  draw  any  number  of  radii  AD^ 
AE,  ^^  making  the  angles  GAD,  DAE,  EAF  eojf^  equal  to 
the  angle  BAG;  and  from  L  draw  any  number  of  radii 
LO,  LP,  LQ,  LR  making  the  angles  NLO,  OLP,  PLQ, 
QLR  each  equal  to  the  angle  MLN, 


Proof.  Because  the  angle  GAD  is  equal  to  the  angle 
BAG,  it  is  possible  to  shift  the  figure  GAD  so  that  AG  will 
be  on  AB,  and  AD  on  AG )  if  this  be  done,  then  the  point 
G  will  coincide  with  B  and  D  with  G, 
and  therefore  the  arc  GD  with  the  arc  BG,  (III.  Prop.  23.) 
Therefore  the  sector  GAD  coincides  with  the  sector  BAG 
and  is  equal  to  it  in  all  respects. 
Similarly  it  can  be  proved  that  the  sectors  DAE,  EAF 
are  each  equal  to  the  sector  BAG, 

Therefore  the  angle  BAF  and  the  sector  BAF  are  equi- 
multiples of  the  angle  BAG  and  the  sector  BAG. 
Similarly  it  can  be  proved  that 
the  angle  MLR  and  the  sector  MLR  are  equimultiples  of 
the  angle  MLN  and  the  sector  MLN. 
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And  it  can  be  proved  as  before  that,  if  the  angle  BAF  be 

equal  to  the  angle  MLR^ 

the  sector  BAF  is  equal  to  the  sector  MLB; 
and,  if  the  angle  BAF\>e  greater  or  less  than  the  angle  MLR^ 
the  sector  is  greater  or  less  respectively  than  the  sector  MLR\ 
therefore  the  angle  BAC  is  to  the  angle  MLN  as  the  sector 

BAG\xi  the  sector  MLN.  (V.  Def.  5.) 

Wherefore,  in  equal  circles  <fec. 

Corollary.    In  eqiMzl  circles  the  areas  of  sectors  have  the 
same  ratio  as  the  a/rcs  on  which  they  stand. 
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PROPOSITION  34. 

If  an  angle  of  a  triangle  be  bisected  by  a  straight  line 
which  cuts  the  opposite  sidej  the  rectangle  contained  by  the 
segments  of  that  side  is  less  than  the  rectangle  contamed  by 
the  other  sides  by  the  squa/re  on  the  Une. 

Let  the  angle  BAC  of  the  triangle  ABC  be  bisected  by 
the  straight  line  AD,  which  cuts  BC  at  D : 
it  is  required  to  prove  that  the  rectangle  BD,  DC  is  less 
than  the  rectangle  BA^  AC  hj  the  square  on  AD. 

Construction.     Describe  the  circle  ABC;  (IV.  Prop.  5^ 
produce  AD  to  meet  the  circle  at  JS^  and  draw  HCf. 


Proof.     Because  in  the  triangles  BAD,  BAC, 
the  angle  BAD  is  equal  to  the  angle  HAC, 

(Hypothesis.) 
and  the  angle  ABD  to  the  angle  AIIC, 

(IIL  Prop.  21.) 

therefore  the  triangles  are  equiangular  to  one  another ; 

therefore  BA  is  to  JSA  &a  AD  to  AC ;    (Prop.  4.) 

therefore  the  rectangle  BA,  AC  ia  equal  to  the  rectangle 

EA,  AD,  (Prop.  16.) 

that  is,  to  the  rectangle  BD,  DA  together  with  the  square 

on  AD.  (II.  Prop.  3.) 

And  the  rectangle  UD,  DA  is  equal  to  the  rectangle  BD,  DC; 

(III.  Prop.  35.) 

therefore  the  rectangle  BD,  DC  is  less  than  the  rectangle 
BA,  AC  hj  the  square  on  AD. 
Wherefore,  ifa/n  angle  <kc. 


PROPOSITION  34.  415 


EXEBOISES. 

1.  If  an  angle  of  a  triangle  be  bisected  eztemallj  by  a  straight 
line  which  oats  the  opposite  side  produced,  the  rectangle  contained 
by  the  segments  of  that  side  is  greater  than  the  rectangle  contained 
by  the  o^er  sides  by  tibe  square  on  the  line. 

2.  Prove  that,  if  the  internal  and  the  external  bisectors  of  the 
vertical  angle  of  a  triangle  ABC  cut  BC  in  D  and  E,  then  the  square 
on  DE  is  equal  to  the  difference  of  the  rectangles  EB,  EC  and 
DJ5,  BC, 

3.  If  J  be  the  centre  of  the  inscribed  circle  of  a  triangle  ABC 
and  AI  produced  out  tiie  circumscribed  circle  ABC  in  E^  then  the 
rectangle  contained  by  AI^  IE  is  equal  to  twice  the  rectangle  con- 
tained by  the  radii  of  the  circumscribed  and  the  inscribed  circles. 

(See  Ex.  46,  page  824.) 

4.  If  Jj  be  the  centre  of  the  circle  of  the  triangle  ABC  escribed 
beyond  BC  and  AL  cut  the  circumscribed  circle  ABC  in  E,  then  the 
rectangle  oontained  by  ^  J^,  I^E  is  equal  to  twice  the  rectangle  con- 
tained by  the  radii  of  the  circumscribed  and  the  escribed  circles. 

5.  AB  is  the  base  of  a  triangle  ABC  whose  sides  are  segments 
of  a  line  divided  in  extreme  and  mean  ratio.  CP  the  bisector  of 
the  angle  C,  and  CQ  the  perpendicular  from  C  on  AB  meet  AB  in  P 
and  Q.  Prove  that  the  square  on  CP  is  equal  to  twice  the  rectangle 
contained  by  PQ  and  AB, 
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PROPOSITION  35. 

If  a  perpendicuh/r  he  dravmfrom  a  vertex  of  a  triangle 
to  the  opposite  aide,  the  rectangle  contained  by  the  other  sides 
of  the  tria/ngle  is  equal  to  the  rectangle  contained  by  the 
perpendicular  and  the  dia^meter  of  the  circle  described  about 
the  triangle. 

Let  AD  be  the  perpendicular  drawn  from  the  vertex  A 
of  the  given  triangle  ABC  to  the  opposite  side  BC: 
it  is   required  to  prove  that  the  rectangle  contained  by 
ABf  AG  is  equal  to  the  rectangle  contained  by  AD  and 
the  diameter  of  the  circle  described  about  ABC, 

Construction.     Describe  the  circle  ABC;  (IV.  Prop.  5.) 
draw  the  diameter  AE  and  draw  £C. 


Proof.     Because  in  the  triangles  BAD,  EAC, 
the  angle  ABD  is  equal  to  the  angle  AECy  (III.  Prop.  21.) 
and  the  angle  ADB  to  the  angle  ACE;  (III.  Prop.  31.) 
therefore  the  triangles  are  equiangular  to  one  another, 

(I.  Prop.  32.) 

and  BA  is  to  EA  as  AD  to  AC;         (Prop.  4.) 

therefore  the  rectangle  BA,  AC  is  equal  to  the  rectangle 

EA,  AD.  (Prop.  16.) 

Wherefore,  if  a  perpendicular  <kc. 
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PROPOSITION  35  A. 

The  ratio  of  twice  tlw  area  of  a  triangle  to  the  rectangle 
contained  by  two  of  the  sides  is  equal  to  the  ratio  of  the  third 
side  to  the  diameter  of  the  circumscribed  circle  of  tlie 
triangle. 

Let  ABC  be  a  triangle  : 

it  is  required  to  prove  that  twice  the  area  of  ABC  is  to 
the  rectangle  contained  by  AC^  BC  &a  AB  to  the  diameter 
of  the  circle  described  about  ABC, 

Construction.  Describe  the  circle  ABC;  draw  the 
diameter  AUy  draw  AD  perpendicular  to  BC  and  draw  £C, 


Proof.     Because  in  the  triangles  BAD,  MAC, 
the  angle  ABD  is  equal  to  the  angle  AEG,    (III.  Prop.  21.) 
and  the  angle  ADB  to  the  angle  ACE;  (III.  Prop.  31.) 
therefore  the  triangles  are  equiangular  to  one  another, 

(I.  Prop.  32.) 

and  AD  is  to  AG  as  AB  to  AE,         (Prop.  4.) 

Therefore  the  rectangle  AD,  BC  is  to  the  rectangle  A  C,  BC 

as  AB  to  AE;  (Prop.  1.) 

and  the  rectangle  AD,  BC  is  equal  to  twice  the  area  of  the 

triangle  ABC ; 
therefore  twice  the  area  of  the  triangle  ABC  is  to  the 
rectangle  AC,  BCsls  ABto  the  diameter  of  the  circle  ABC. 
Wherefore,  the  ratio  &c. 
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ADDITIONAL  PBOPOSITION  1. 

If  a  straight  line  cut  the  three  sides  of  a  triangle  ^produced  if 
necessary,  the  ratio  compounded  of  the  ratios  of  the  segments  of  the 
sides  taken  in  order  is  equal  to  unity,* 

Let  the  sides  BC,  CA,  AB  of  the  triangle  ABC  be  cnt  by  the 
straight  line  LMN  in  L,  M^  N  respectively. 

Through  C  draw  CZ  parallel  to  LMN  to  meet  ABN  in  Z. 


Because  ZG,  NML  are  parallel, 

AM  is  to  MC  as  AN  to  NZ, 
and  CL  is  to  LB  as  ZN  to  NB;  (Prop.  2.) 

therefore  the  ratio  compounded  of 

the  ratios  AM  to  MO  and  CL  to  LB  is  equal  to  the  ratio  compounded 
of  the  ratios  AN  to  NZ  and  ZN  to  NB, 

i.e.  the  ratio  AN  to  NB ;  (V.  Def.  8.) 

therefore  the  ratio  compounded  of  the  ratios  AM  to  MC,  CL  to  LB 
and  BN  to  NA  is  equal  the  ratio  compounded  of  the  ratios  AN  to 
NB  and  NB  to  AN,  that  is,  to  the  ratio  AN  to  AN,  i.e.  to  unity. 

(V.  Def.  2.) 


*  This  theorem  is  attributed  to  Menelaus,  a  Greek  Geometer,  who 
lived  in  the  latter  part  of  the  first  century  a.d. 
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Definition.     A  straight  Una  draton  to  ctU  a  series  of 
lines  is  often  called  a  transversal. 

The  fitraight  line  LMN  in  Additional  Proposition  1  is  a  transversal 
of  the  triangle  ABC, 


EXEBCISES. 

1.  Points  E^  F  are  taken  in  the  sides  AC,  AB  of  a  triangle  snch 
that  AE  is  twice  EG  and  BF  is  twice  FA  ;  FE  produced  cuts  BC  m 
D ;  find  the  ratio  BD  to  DC. 

2.  If  the  bisectors  of  the  angles  £,  C  of  a  triangle  ABC  meet 
the  opposite  sides  in  D  and  E,  and  if  the  straight  line  DE  produced 
meet  BC  produced  in  F,  then  the  external  angle  tkt  A  is  bisected 
hjAF, 

3.  BD  is  the  perpendicular  let  fall  from  one  end  of  the  base 
upon  the  straight  line  bisecting  the  vertical  angle  BAC  of  a  tri- 
angle. If  i?^  be  three  times  as  long  as  AC,  AD  wiU  be  bisected  at 
the  point  Ef  where  it  cuts  the  base. 

4.  If  a  side  BC  of  a  triangle  ABC  be  bisected  bj  a  straight  line 
which  meets  the  sides  AB,  AC,  produced  if  necessary,  in  D  and  E 
respectively,  then  AE  is  to  EC  as  AD  to  DB, 

5.  If  one  side  of  a  given  triangle  be  produced  and  the  other 
shortened  by  equal  quantities,  the  line  joining  the  points  of  section 
will  be  divided  by  the  base  in  the  inverse  ratio  of  the  sides. 

6.  In  the  sides  AB,  AC  of  a  triangle  ABC  two  points  JD,  E  are 
taken  such  that  BD  is  equal  to  CE ;  DE,  BC  are  produced  to  meet  at 
F:  shew  that  AB  is  to  ^C  as  EF  to  DF, 
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The  oonyerae  of  the  theorem  on  page  418  may  be  stated  as 
follows : — 

ADDITIONAL  PROPOSITION  2. 

If  three  points  he  taken  on  the  sides  of  a  triangle  (either  one  on 
a  side  produced  and  the  other  two  on  sides,  or  else  all  three  on  sides 
produced),  such  that  the  ratio  compounded  of  the  ratios  of  the  segments 
of  the  sides  taken  in  order  is  equal  to  unity,  the  three  poir^ts  lie 
on  a  straight  line. 

Let  three  points  L,  M,  N  he  taken  on  tBe  sides  BG,  CA,  AB 
of  a  triangle  ABC,  either  all  on  sides  produced  (fig*  2)  or  one  L  on 
a  side  produced,  and  the  others  M,  N  on  sides  (fig.  1)  such  that  the 
ratio  compounded  of  the  ratios  AM  to  MC,  CL  to  LB  and  BN  to  NA 
is  equal  to  unity. 


fi) 


Draw  LM  and  let  it  produced  out  AB  in  P. 

Then  the  ratio  compounded  of  the  ratios 

^ilf  to  MC,  CL  to  LB  and  BP  to  PA  is  equal  to  unity; 

(Add.  Prop.  1.) 

and  the  ratio  compounded  of  the  ratios 

AM  to  MC,  CL  to  LB  and  BN  to  NA  is  equal  to  unity; 

(Hypothesis.) 

therefore  the  ratio  BP  to  PA  is  equal  to  the  ratio  BN  to  NA ; 

therefore  BP  is  to  BA  as  BN  to  BA ;  (V.  Prop.  10  or  11) 

therefore  BP  is  equal  to  BN;  (V.  Prop.  8.) 

that  is,  P  coincides  with  N, 

or,  in  other  words,  L,  M,  N  are  in  a  straight  line. 
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EXEBGISES. 


1.  The  inscribed  circle  of  a  triangle  ABC  touches  the  sides 
BC,  CA,  AB  at  D,  E,  F;  EF,  FD,  BE  produced  meet  EC,  CA,  AB 
in  L,  M,  N :  prove  that  L,  M,  N  are  oollinear. 

2.  An  escribed  circle  of  a  triangle  ABC  touches  the  side  BC  at 
D  and  the  sides  AC^  AB  produced  at  £,  jP;  ED,  FD  produced  cut 
ABf  AC  in  Kt  H  respectiyely;  prove  that  FE,  BC,  KH  meet  in  a 
point. 

8.  If  AB,  CD,  EF  he  three  parallel  straight  lines,  and  AC,  BD 
meet  in  N,  CE,  DF  meet  in  L,  and  EA,  FB  meet  in  M,  then  L,  M,  N 
lie  on  a  straight  line. 

4.  If  D,  E,  F  be  the  points  of  contact  with  BC,  CA,  AB  of  the 
inscribed  circle,  or  of  any  one  of  the  escribed  circles  of  the  triangle 
ABC,  the  lines  AD,  BE,  CF  pass  through  a  point. 

5.  If  D  be  the  point  of  contact  of  the  inscribed  circle  of  a  triangle 
ABC  with  BC,  and  E,  F  the  points  of  contact  of  escribed  circles  with 
CA  produced  and  BA  produced  respectiyely,  then  AD,  BE,  CF  meet 
in  a  point. 

6.  If  one  escribed  circle  of  a  triangle  ABC  touch  ^C  in  F  and 
BA  produced  in  O  and  another  escribed  circle  touch  AB  in  H  and 
CA  produced  in  K,  tJlen  FH,  KG  produced  out  BC  produced  in  points 
equidistant  from  the  middle  point  of  BC, 
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ADDITIONAL  PROPOSITION  3. 

If  three  straight  lines  be  drawn  from  the  vertices  of  a  triangle  meet' 
ing  in  a  point  and  cutting  the  opposite  sides  or  the  sides  produced,  the 
ratio  compounded  of  the  ratio  of  the  segments  of  the  sides  taken  in 
order  is  equal  to  unity  * 

Let  the  straight  lines  A  0,  BO^  CO  be  drawn  from  the  vertices  of 
the  triangle  ABC  meeting  in  0,  and  cutting  BC,  CA,  AB  in  D,  E,  F 
respeotiyely. 


Through  C  draw  HCQ  parallel  to  AB  to  meet  BO^  AO  produced 
in  H,  (?. 

Thenbeoausethe  triangles  JOF,  (rOCareequiangulartooneanother, 

AF  is  to  GC  as  FO  to  CO ;  (Prop.  4.) 

and  because  the  triangles  FOB,  COH  are  equiangular  to  one  another, 

FB  is  to  CH  as  FO  to  CO; 
therefore  AF  is  to  GC  as  FB  to  CH,        (V.  Prop.  6.) 
and  therefore  AF  is  to  FB  as  GC  to  CH,    (V.  Prop.  9.) 
And  because  the  triangles  CEH,  AEB  are  equiangular  to  one  another, 

CE  is  to  AE  as  CHioAB\ 
and  because  the  triangles  BDA^  CDG  are  equiangular  to  one  another, 

BD  is  to  CD  as  B^  to  CG; 
therefore  the  ratio  compounded  of  the  ratios 

AF  to  FB,  CE  to  EA,  and  BD  to  DC 
is  equal  to  the  ratio  compounded  of  the  ratios 

GC  to  CH,  CH  to  AB,  and  AB  to  CG, 
which  is  equal  to  unity. 

*  This  theorem  was  first  published  in  the  year  1678  by  Giovanni 
rJeva,  an  Italian. 
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In  Additional  Proposition  3  it  has  been  proved  that,  if  through 
the  vertices  A^Bj  C  of  a  triangle  three  concurrent  straight  lines  AD^ 
BE,  CF  be  drawn  meeting  the  sides  BC,  CA,  AB  in  i>,  £,  F,  the  ratio 
of  BD  to  DG  is  equal  to  the  ratio  compounded  of  the  ratios  BFio  FA 
and  AE  to  EC, 

In  Additional  Proposition  1  it  has  been  proved  that,  if  the  straight 
line  FE  be  drawn  and  produced  to  meet  BC  produced  in  L,  the  ratio 
BL  to  I.  C  is  equal  to  the  ratio  compounded  of  the  ratios  BF  to  FA 
and  AE  to  EC, 

Therefore  BD  is  to  DC  as  BL  to  LC, 
or,  in  other  words,  BDCL  is  a  hannonlc  range. 

It  is  a  remarkable  fact  that,  although  the  theorem  on  page  418 
had  been  known  as  early  as  the  Ist  century,  the  theorem  on  page  422, 
which  seems  a  very  natural  complement  to  the  other,  should  not  have 
been  discovered  until  the  17th  century. 


EXEBOISES. 

1.  Prove  Geva's  Theorem  for  a  triangle  ABC  and  a  point  0, 
(1)  when  O  lies  between  AB  produced  and  AC  produced,  (2)  when  O 
lies  between  BA  produced  and  CA  produced. 

2.  Prove  Oeva's  Theorem  by  using  the  result  of  Ex.  8,  page  355. 

3.  Prove  Geva's  Theorem  by  the  use  of  Menelaus'  Theorem, 
considering  in  the  figure  of  Add.  Prop.  3  COF  a  transversal  of  the 
triangle  ABD  and  BOE  a  transversal  of  the  triangle  ADC, 

4.  D,  Ey  F  are  the  points  in  which  the  bisectors  of  the  angles 
AfB.CofA  triangle  cut  tiie  opposite  sides ;  prove  that,  if  BC  be  equal 
to  half  the  sum  of  the  sides  AB,  AC,  then  EF  bisects  AD, 
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The  converse  of  the  theorem  on  page  422  may  be  stated  as 
follows ; — 

ADDITIONAL  PROPOSITION  4. 

If  three  straight  lines  he  drawn  through  the  vertices  of  a  triangle 
cutting  the  opposite  sides  (either  all  three  sides,  or  else  one  side  and 
the  other  two  sides  produced)  so  that  the  ratio  compounded  of  the 
ratios  of  the  segments  of  the  sides  taken  in  order  is  equal  to  unity ^ 
the  three  straight  lines  meet  in  a  point. 

Let  three  straight  lines  AD,  BE,  CF  be  drawn  from  the  yertioes 
A,  B,  C  of  a  triangle  ABC  to  cut  the  opposite  sides  in  D,  E,  F 
respectiyely,  so  that  the  ratio  compounded  of  the  ratios  AF  to 
FB,  BD  to  DC  and  CE  to  EA  is  equal  to  unity. 


Let  ADt  CF  meet  in  O :  draw  BO  and  produce  it  to  meet  CA 
in  P. 

Then  because  the  ratio  compounded  of  the  ratios  AF  to  FB, 
BD  to  DC  and  CP  to  PA  is  equal  to  unity,  (Add.  Prop.  3.) 

and  also  the  ratio  compounded  of  the  ratios 

AF  to  FB,  BD  to  DC  and  CE  to  E A  iB  equal  to  unity;  (Hypothesis.) 

therefore  the  ratio  CP  to  PA  ia  equal  to  the  ratio  CE  to  EA ; 

therefore  CP  is  to  CA  as  CE  to  CA ;  (Y.  Prop.  10  or  11.) 

therefore  CP  is  equal  to  CE ;  (V.  Prop.  8.) 

therefore  P  coincides  with  E, 

or,  in  other  words,  AD,  BE,  CF  meet  in  a  point. 
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If  in  the  sides  BC^  CA,  AB  of  a  triangle,  points  D,  E,  F  be  taken 
such  that  BD  is  to  DC  as  n  to  m,  CE  is  to  EA  as  2  to  n,  and  AF  is 
to  FB  as  m  to  2,  where  2,  m,  n  are  any  three  integers, 
the  straight  lines  AD^  BE,  CF  meet  in  a  point,  say  0.  (Add.  Prop.  4.) 

It  is  proved  by  Add.  Prop.  1  that  the  ratio  of  AO  to  OD  is 
equal  to  the  ratio  compounded  of  the  ratios  AE  to  EG  and  CB  to 
BD,  that  is,  of  the  ratios  n  to  I  and  m+n  to  n; 

therefore  ilO  is  to  OD  as  m  +  n  to  ^. 

Similarly  it  appears  that  BO  is  to  OE  as  n  +  2  to  m  and  that 
CO  is  to  OF  as  l+m  to  n. 


It  follows  that,  if  we  divide  J3<7  in  D  so  that  BD  is  to  DC  as  n  to 
m,  and  then  divide  DA  in  0  so  that  DO  is  to  0^  as  Z  to  m+n,  we 
arrive  at  the  same  point,  as  if  we  divide  C^  in  £  so  that  CE  is  to 
EA  as  {  to  n,  and  then  divide  EB  in  0  so  that  EO  is  to  OB  as  m  to 
n  +  Z,  or  as  if  we  divide  AB  in  ^  so  that  AF  is  to  FB  as  m  to  Z,  and 
then  divide  FC  lq  O  so  that  FO  is  to  OC  as  n  to  Z+m. 

This  point  0  is  called  the  oentroid  of  weights  Z,  m,  n  at  ^,  B,  C 
respectively.  It  appears  that  the  position  of  the  centroid  of  three 
weights  is  independent  of  the  order  in  which  the  weights  are  taken, 
or,  in  other  words,  the  oentroid  of  three  weights  is  a  unique  point. 

It  is  not  difficult  to  see  that  this  proposition  can  be  extended  to 
any  number  of  weights,  so  that  we  may  state  the  proposition  in  the 
general  form,  the  centroid  of  a  number  of  given  weights  is  a  unique 
point, 

EXERCISE. 

1.  From  the  vertex  ^  of  a  triangle  ABC  a  straight  line  is  drawn 
cutting  BC  in  D,  and  the  angles  BDA,  CDA  are  bisected  by  straight 
lines  cutting  AB^  AC  in  F^  E  respectively:  prove  that  AD,  BE,  CF 
intersect  in  a  point. 

T.  E.  28 
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ADDITIONAL  PROPOSITION  6. 

The  locus  of  a  pointy  the  ratio  of  whose  distances  from  two  given 
points  is  constant,  is  a  circle*. 

Let  ^,  B  be  two  given  points  and  P  a  point  such  that  the  ratio  of 
AP  to  BP  is  equal  to  the  given  ratio. 

Draw  PA,  PB ;  and  draw  PC,  PD  the  internal  and  the  external 
bisectors  of  the  angle  APB  meeting  AB  in  C  and  AB  produced  in  D. 


O     B 


Because  PC,  PD  are  the  bisectors  of  the  angle  APB, 
therefore  the  ratios  of  AC  to  CB  and  AD  to  DB  are  equal  to  the  ratio 
of  AP  to  PB ;  and  the  ratio  of  AP  to  PB  is  constant ; 

therefore  C  and  D  are  two  fixed  points.    (Ex.  1,  page  859.) 
And  because  PC,  PD  are  the  bisectors  of  the  angle  APB, 

the  angle  CPD  is  a  right  angle.     (Ex.  5,  page  43. ) 
Therefore  every  point  on  the  locus  of  P  must  lie  on  the  circle  upon 
the  fixed  line  CD  as  diameter. 

Next  we  will  prove  that  every  point  of  the  circle  belongs  to  the 
locus. 

Let  P  be  any  point  on  the  circle  described  on  CD  as  diameter. 
Draw  PA,  PC ;  and  draw  PE  making  the  angle  CPE  equal  to  the 
angle  CPA  and  meeting  CD  at  E ; 

then  AP  is  to  PE  m  AC  to  CE.  (Prop.  3,  Part  1.) 
Again,  because  CPD  is  a  right  angle, 

PD  is  the  external  bisector  of  the  angle  APE ; 
therefore  AP  is  to  PE  as  AD  to  DE. 

*  This  theorem  is  attributed  to  Apollonius  of  Perga,  a  Greek 
geometer,  who  lived  in  the  latter  part  of  the  third  century  b.c. 
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Therefore  ilC  is  to  CE  as  AI>UiDE\  (V.  Prop.  6.) 

and  AC  is  to  CB  as  AD  to  DB\ 
therefore  CE  is  to  ED  as  CB  to  BD, 
and  E  ooinoides  with  B,  which  is  a  fixed  point.    (Ex.  1,  page  359.) 
Therefore  AP  is  to  PB  in  the  fixed  ratio  AC  io  CB  for  every  point  P 
on  the  circle. 

We  may  state  the  result  of  this  proposition  thus: — If  a  circle  he 
described  upon  the  straight  line  joining  two  conjugate  points  of  a 
harmonic  range  as  a  diameter,  the  ratio  of  the  distances  of  a  point  on 
the  circle  from  the  other  pair  of  conjugate  points  is  constant. 


EXEBGISES. 

1.  Prove  that,  if  ^,  £  be  two  fixed  points  and  P  be  a  point  such 
that  PA  is  equal  to  m  times  PB, 

(1)  if  m  vanish,  the  locus  reduces  to  the  point  A ; 

(2)  if  m  be  equal  to  unity,  the  locus  is  the  straight  line  which 
bisects  AB  at  right  angles; 

(3)  if  m  be  infinitely  great,  the  locus  reduces  to  the  point  B\ 

(4)  if  m  be  greater  than  unity,  the  locus  is  a  circle  excluding  A 
and  including  B; 

(5)  if  m  be  less  than  unity,  the  locus  is  a  circle  including  A  and 
excluding  B; 

(6)  if  m  be  greater  than  unity,  the  greater  the  value  of  m,  the 
less  the  circle; 

(7)  if  m  be  less  than  unity,  the  less  the  value  of  m,  the  less  the 
circle ; 

(8)  the  loci  for  two  different  values  of  m  do  not  intersect. 

2.  A  and  B  are  the  centres  of  two  circles.  A  straight  line  PQ 
parallel  to  AB  meets  the  circles  in  P  and  Q :  find  the  locus  of  the 
point  of  intersection  of  AP  and  BQ. 

8.  Find  a  point  such  that  its  distances  from  three  given  points 
may  be  in  given  ratios. 

4.  Prove  that,  if  a  map  be  laid  flat  on  another  map  of  the  same 
district  on  a  larger  scale,  there  is  one  place  in  the  district  which  is 
represented  in  the  two  maps  by  points  which  are  superposed  one  on 
the  other. 

28—2 
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ADDITIONAL  PROPOSITION  6. 

If  the  line  between  one  pair  of  conjugates  of  a  harmonic  range  he 
bisected,  the  square  on  half  the  line  is  equal  to  the  rectangle  contained 
by  the  segments  of  the  line  between  the  other  pair  of  conjugates  made  by 
the  point  of  bisection. 

Let  ACBD  be  a  harmonic  range,  such  that  ^(7  is  to  CB  as  AD  to 
DBy  so  that  A,  B  are  one  pair  of  conjugates  and  (7,  D  the  other. 

First,  let  0  be  the  middle  point  of  CD,  the  line  between  one  pair 
of  conjugates. 

Describe  the  circle  on  CD  as  diameter. 

Take  any  point  P  on  the  circle,  and  draw  PA^  PC,  PB,  PO. 


Because  the  angle  OPC  is  equal  to  the  angle  OCP, 

the  sum  of  the  angles  OPB,  BPC  is  equal  to  the  sum  of  the  angles 

CAP,  CPA ;  (I.  Prop.  32.) 

and  because  AP  is  to  PB  aa  AC  to  CB,  (see  page  427.) 

the  angle  BPC  is  equal  to  the  angle  CPA ; 

therefore  the  angle  OPB  is  equal  to  the  angle  OAP; 

therefore  OP  touches  the  circle  described  about  APB; 

(Converse  of  III.  Prop.  32.) 

therefore  the  square  on  OP,  which  is  equal  to  the  square  on  OC,  is 

equal  to  the  rectangle  OA,  OB,  (III.  Prop.  36,  Coroll.) 
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Secondly,  let  (/  be  the  middle  point  of  AB^  the  line  between  the 
second  pair  of  conjugates. 


The  rectangle  OA^  OB  is  equal  to  the  difference  between  the 
squares  on  00'  and  O'B,  (II.  Prop.  10.) 

and  the  rectangle  OA^  OB  is  equal  to  the  square  on  00; 
therefore  the  square  on  OG  is  equal  to  the  difference  between  the 
squares  on  00^  and  O'B, 
Therefore  the  square  on  O^B  is  equal  to  the  difference  between  the 
squares  on  00^  and  OC,  which  is  equal  to  the  rectangle  0^0^  O'D, 

(n.  Prop.  10.) 

Note.  All  the  circles,  which  are  the  loci  of  the  point  P  for 
different  values  of  the  ratio  AP  to  £P,  have  their  centres  in  the  line 
ABf  and,  since  the  rectangle  O'O,  O'D  is  equal  to  the  square  on  the 
tangent  from  0'  to  the  circle  CPD^  the  straight  line  which  bisects  AB 
at  right  angles  is  the  radical  axis  of  every  pair  of  such  circles.  Such 
a  series  of  circles  is  called  CoozJal- 

The  points  A,  B  are  called  the  limiting'  points  of  the  series  of 
circles. 


EXEBCISES.  • 

1.  If  two  circles  be  described  upon  the  straight  lines  joining  the 
two  pairs  of  conjugate  points  of  a  harmonic  range  as  diameters,  the 
circles  cut  orthogonally. 

2.  A  common  tangent  to  two  given  circles  is  divided  harmonically 
by  any  circle  which  is  coaxial  with  the  given  circles. 
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ADDITIONAL  PROPOSITION  7. 

A  chord  of  a  circle  U  divided  harmonically  by  any  point  on  it  and 
the  polar  of  the  point. 

Let  PQ  be  a  chord  of  the  giyen  circle  CQPD :  take  A  any  point 
on  PQ  produced  and  draw  the  diameter  AGD. 

Let  B  be  the  point  such  that  ACBD  is  a  harmonic  range. 

Draw  PBf  BQ  and  draw  BR  at  right  angles  to  AB  meeting  PQ 
iniZ. 


Because  A  CBD  is  a  harmonic  range  and  O  is  the  middle  point  of  (7D, 
the  rectangle  OA^  OB  is  equal  to  the  square  on  OC;   (Add.  Prop.  6. 

therefore  BR  is  the  polar  of  A,         (see  page  259. 
Because  AP  is  to  PB  as  ^C  to  CB, 

and  AQ  is  to  QB  as  AC  to  CB ;        (Add.  Prop.  5. 
therefore  AP  is  to  PB  as  AQ  to  QB ; 
and  PB  is  to  PA  as  QB  to  AQ ;  (V.  Def.  6  note, 

therefore  PB  is  to  BQ  as  P^  to  -4Q;  (V.  Prop.  9. 

therefore  BA  is  the  external  bisector  of  the  angle  PBQ ; 

(Prop.  3,  Part  2. 
therefore  BR  is  the  internal  bisector, 

and  PR  is  to  RQ  as  PB  to  BQ,    (Prop.  8,  Part  1, 
and  therefore  as  PA  to  AQ; 
therefore  AQRP  is  a  harmonic  range. 
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It  may  be  remarked  that  in  the  diagram  on  page  430  the  point  A 
is  taken  outside  the  circle.  If  the  point  were  inside  the  circle,  say  R, 
its  polar  would  intersect  JPQR  in  A.  (Add.  Prop,  on  page  262.) 

Hence  the  theorem  is  estabHslied  generally. 


EXEBCISES. 

1.  Prove  that,  if  AGBD  be  a  harmonic  range,  and  if  0  be  the 
middle  point  of  CD,  then  JC  is  to  CB  as  ^0  to  OC, 

2.  Establish  the  theorem  of  page  426  by  proving  that  in  the 
figure  of  page  430  the  triangles  ABQ,  APO  are  similar  and  also  that 
the  triangles  ABP,  ^QO  are  similar. 

3.  If  any  straight  line  PQR  be  drawn  touching  one  given  circle 
at  Q  and  cutting  another  at  P,  Ry  the  segments  PQ,  QR  subtend 
equal  or  supplementary  angles  at  either  of  the  limiting  points  of  the 
coaxial  system  to  which  the  given  circles  belong. 

4.  If  any  straight  line  PQRS  be  drawn  cutting  two  given  circles 
of  a  coaxial  system  in  P,  8  and  Q,  R,  the  segments  PQ,  R8  subtend 
equal  or  supplementaiy  angles  at  either  of  the  limiting  points. 
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ADDITIONAL  PROPOSITION  8. 

If  a  pencil  be  drawn  from  a  point  to  the  four  points  of  a  harmonic 
range  and  if  a  straight  line  he  drawn  through  one  of  the  points  parallel 
to  the  ray  which  passes  through  the  conjugate  pointy  the  part  of  the  line 
intercepted  between  the  rays  through  the  other  pair  of  points  is  bisected 
at  the  point. 

Let  ABCD  be  a  harmonio  range,  and  0  be  any  point  not  in  the 
straight  line  AD,  Let  OA,  OB,  OD  be  drawn*,  and  let  FCH  be  drawn 
parallel  to  AO,  meeting  OB,  OD,  produced  if  necessary,  in  F,  H, 


Because  the  triangles  OAB,  FOB  are  equiangular  to  one  another, 

0^  is  to  i?'C  as  AB  to  BC;  (Prop.  4.) 

and  because  the  triangles  OAD,  HCD  are  equiangular  to  one  another, 

OA  is  to  HG  as  AD  to  DC. 
And  because  ABCD  is  a  harmonic  range, 

AB  is  to  BC  as  AD  to  DC; 
therefore  OA  is  to  FC  as  OA  to  HC;       (V,  Prop.  6.) 
therefore  FC  is  equal  to  HC,  (V.  Prop.  3.) 

NoTB.  The  converse  of  this  proposition  is  true,  viz.  if  the  line  FH 
be  bisected  at  C,  then  ABCD  is  a  harmonic  range. 

EXEBCISE. 

1.  Give  a  construction  to  find  the  fourth  point  of  a  harmonic 
range  when  three  points  are  given. 

*  The  ray  OC  of  the  pencil  0  (ABCD)  is  omitted  in  the  figure,  as 
it  is  not  wanted  in  the  proof.  Similar  omissions  will  be  met  with 
elsewhere. 
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ADDITIONAL  PROPOSITION   9. 

The  points  f  in  which  a  harmonic  pencil  is  cut  by  any  straight  line, 
form  a  harmonic  range. 

Let  O  (ABCD)  be  a  pencil  drawn  through  the  points  of  the  har- 
monic range  ABCD :  let  cibcd  be  any  other  straight  line  cutting  the 
rays  OA^  OB,  OG,  OD  in  a,  6,  c,  d  respectively. 

Through  C,  c  draw  GCF,  gcf  parallel  to  OA  cutting  the  rays  OB, 
OD,  produced  if  necessary,  in  F,  G  and/,  g. 


Because  ABCD  is  a  harmonic  range,  and  GCF  is  parallel  to  OA, 

therefore  FC  is  equal  to  GG.         (Add.  Prop.  8.) 
And  because /c^  is  parallel  to  FCG, 

therefore /c  is  equal  to  eg.       (Ex.  1,  page  369.) 
And  because /c^  is  parallel  to  Oa  and/c  is  equal  to  eg, 

abed  is  a  harmonic  range.  (Note,  p.  432.) 


EXERCISES. 

1.  The  pencil  formed  by  joining  the  four  angular  points  of  a 
square  to  any  point  on  the  circumscribing  circle  of  the  square  is  a 
harmonic  pencil. 

2.  Give  a  construction  for  drawing  the  fourth  ray  of  a  harmonic 
pencil,  when  three  rays  are  given. 

3.  Draw  a  harmonic  pencil  of  which  the  rays  pass  through  the 
angular  points  of  a  rectangle,  and  one  of  which  is  given  in  direction. 

4.  GA,  GB  are  two  tangents  to  a  circle;  E  is  the  foot  of  the 
perpendicular  from  B  on  AD  the  diameter  through  A ;  prove  that  CD 
bisects  BE, 
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ADDITIONAL  PEOPOSITION   10. 

If  two  harmonic  ranges  have  two  corresponding  points,  one  in 
each  range,  coincident^  the  straight  lines  joining  the  othen  pairs  of 
corresponding  points  pass  through  a  point. 

Let  AGBD,  Achd  be  two  harmonio  ranges,  of  which  the  point  A 
is  a  common  point. 

Draw  Gc,  Bb  and  let  them,  produced  if  necessary,  meet  in  0,  and 
draw  OD, 


Because  O  (AGED)  is  a  harmonio  pencil, 

if  Ach  cut  OB  in  d\ 
then  Achd'  is  a  harmonic  range ;        (Add.  Prop.  9.) 
therefore  Ac  is  to  ch  as  Ad'  to  d'h; 

but  Achd  is  a  harmonic  range ; 
therefore  Ac  is  to  ch  as  Ad  to  dh ; 
therefore  Ad'  is  to  d'h  as  Ad  to  dh,         (V.  Prop.  6.) 
and  d'  coincides  with  d\         (Ex.  1,  page  359.) 
i.e.  Gc,  Bh,  Dd  meet  in  a  point. 


EXEBCISE. 

1.  Prove  that  the  intersections  of  the  pairs  of  straight  lines  C6, 
Be;  Bd,  Dh;  Dc,  Gd  in  the  aboye  figure  lie  on  a  straight  line  whidi 
passes  through  A, 
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ADDITIONAL  PROPOSITION  11. 

If  two  harmonic  pencils  have  two  corresponding  rays,  one  of  each 
pencil,  coincident,  the  intersections  of  the  other  three  pairs  of 
corresponding  rays  lie  on  a  straight  line. 

Let  0  (ABCD),  O'  (abed)  be  two  harmonio  pencils,  of  which  OAaO' 
is  a  common  ray. 

Let  OB,  O'b  meet  in  Q,  and  OC,  O'c  in  i2;  draw  QB,  and  let  it 
meet  00'  in  P,  OD  in  S,  and  O'd  in  «. 


Then  beoanse  0  {ABCD)  is  a  harmonio  pencil, 

FQBS  is  a  harmonic  range;  (Add.  Prop.  9.) 

therefore  PQ  is  to  QB  as  BS  to  SB ; 
and  because  0'{aJbc6^  is  a  harmonic  pencil, 

BQBs  is  a  harmonic  range ; 
therefore  BQ  is  to  QB  as  Ps  to  sB ; 
therefore  Ps  is  to  sB  as  BS  to  SB,         (V.  Prop.  5.) 
and  the  points  S,  s  coincide ;     (Ex.  \,  page  859.) 
i.e.  the  intersections  of  OB,  O'b;  OC,  O'c,  and  OD,  O'd  are  ooUinear. 


EXEBGISE. 

1.  Prove  that  the  straight  lines  joining  the  intersections  of  the 
pairs  of  straight  lines  OB,  O'c  and  OC,  O'b;  OC,  ad  and  OD,  ac\ 
OD,  Qfb  and  OP,  O'd  intersect  in  a  point  which  lies  on  the  line  Oa, 
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ADDITIONAL  PBOPOSITION   12. 

If  a  pencil  he  drawn  from  a  point  to  the  fowr  points  of  an  anharmonic 
range  and  if  a  straight  line  be  drawn  through  one  of  the  points  parallel  to 
the  ray  which  passes  through  a  second  pointy  the  part  of  it  intercepted 
between  the  rays  through  the  other  pair  of  points  will  be  divided  in  a 
constant  ratio  at  the  first  poinU 

Let  ABCD  be  an  anhartnonio  range  and  0  be  any  point  not  in  the 
straight  line  AD. 

Let  OA,  OB,  OD  be  drawn  and  FCH  be  drawn  parallel  to  AO 
meeting  OB,  OD,  prodnoed  if  necessary,  in  F,  H. 


Beoanse  the  triangles  OAB,  FOB  are  eqaiangnlar  to  one  another, 

OAia  to  FG  as  AB  to  BC;  (Prop.  4.) 

and  beoanse  the  triangles  OAD,  HCD  are  equiangular  to  one  another, 

OA  is  to  HC  as  AD  to  DC; 

therefore  the  ratio  of  the  ratio  OA  to  FC  to  the  ratio  OA  to  HC  is 

equal  to  the  ratio  of  the  ratio  AB  to  BC  to  the  ratio  AD  to  DC, 

which  is  constant ; 

Le.  the  ratio  HC  to  FC  is  constant  and  is  equal  to  the  ratio  of  the 

range  ABCD.  (Def.  10.) 


EXEBOISES. 

1.  If  ABCD,  ABCE  be  two  like  anharmonic  ranges,  then  the 
points  D,  E  coincide. 

2.  If  the  ratio  of  the  range  ABCD  be  equal  to  the  ratio  of  the 
range  ADCB,  the  range  ABCD  is  harmonic. 
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ADDITIONAL  PROPOSITION   13. 

The  points  in  which  an  anharmonic  pencil  is  cut  by  any  straight 
line  form  an  anharmonic  range  of  constant  ratio. 

Let  0  {ABCD)  be  a  pencil  drawn  through  the  points  of  the  an- 
harmonic range  ABCD, 

Let  abed  be  any  other  straight  line  cutting  the  rays  OA,  OB,  00, 
OD  in  a,  b,  c,  d  respectively. 

Through  C,  c  draw  GCH,  gch  parallel  to  OA  cutting  the  rays  OD, 
OB  in  a,  Hand g,h. 


Because  ABCD  is  an  anharmonic  range, 

and  OCH  is  parallel  to  OA, 
therefore  the  ratio  of  OC  to  CH  is  the  ratio  of  the  range  ABCD ; 

(Add.  Prop.  12.) 
and  because  abed  is  an  anharmonic  range  and  gch  is  parallel  to  Oa, 
therefore  the  ratio  of  ge  to  ch  is  the  ratio  of  the  range  abed ; 

(Add.  Prop.  12.) 
and  because  gch  is  parallel  to  GCH, 

ge  is  to  ch  as  GO  to  CH\         (Ex.  2,  page  865.) 
therefore  abed  is  an  anharmonic  range  of  ratio  equal  to  that  of  the 
range  ABCD, 

EXERCISES. 

1.  Find  a  point  on  a  given  straight  line  such  that  lines  drawn 
from  it  to  three  given  points  shall  intercept  on  any  parallel  to  the 
given  line  lengths  having  a  given  ratio. 

2.  Three  points  F,  G,  H  are  taken  on  the  side  BC  of  a  triangle 
ABC :  through  O  any  line  is  drawn  cutting  AB  and  AC  ia  L  and  M 
respectively;  FL  and  HM  intersect  in  K;  prove  that  K  lies  on  a 
fixed  straight  line  passing  through  A, 
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ADDITIONAL  PEOPOSITION  14. 

If  two  like  anharmonic  ranges  have  two  corresponding  points,  one 
in  each  range,  coincident,  the  straight  lines  joining  the  other  pairs 
of  corresponding  points  pass  through  a  point. 

Let  ACBD,  Achd,  be  two  like  anharmonio  ranges,  of  which  the 
point  ^  is  a  common  point. 

Draw  Cc,  Bh,  and  let  them,  produced  if  necessary,  meet  in  O ;  and 
draw  OD. 


Because  0  {ACBD)  is  an  anharmonic  pencil, 

if^cfecut  ODind', 
then  Acbd'  is  an  anharmonic  range  of  ratio  equal  to  that  of  the  pencil; 

(Add.  Prop.  13.) 
and  Acbd  is  a  like  anharmonic  range; 
therefore  the  ratio  of  the  ratio  Ac  to  cb  to  the  ratio  Ad'  to  dfb  is  equal 
to  the  ratio  of  the  ratio  Ac  to  cb  to  the  ratio  Ad  to  db ; 
therefore  the  ratio  Ad'  to  d'b  is  equal  to  the  ratio  Ad  to  db, 

and  d'  coincides  with  d,  (Ex.  1,  page  359.) 

1.  e.  Cc,  Bb,  Dd  meet  in  a  point. 


EXERCISE. 

1.    Prove  that  the  intersections  of  the  pairs  of  straight  lines  Cb, 
Be ;  Bd,  Db ;  Dc,  Cd  in  the  above  figure  lie  on  a  straight  line  through  A, 
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ADDITIONAL  PROPOSITION  16. 

Jf  two  like  anhamumic  pencils  have  two  corresponding  rays,  one 
in  each  pencil,  coincident,  the  intersections  of  the  other  three  pairs  of 
corresponding  rays  lie  on  a  straight  line. 

Let  O  (ABCD)y  0'  {ahcd)  be  two  like  anharmonio  pencils,  of  which 
OAaO'  is  a  common  ray.  Let  OB,  O'b  meet  in  Q,  and  00,  O'c  in  R\ 
draw  Qi2  and  let  it  meet  00^  vaP,0Bm8  and  O'd  in  s. 


Because  PQR8  is  a  transversal  of  the  anharmonio  pencil  0  (ABOD), 
PQRS  is  a  range  of  ratio  equal  to  that  of  the  pencil;  (Add.  Prop.  13) 
and  because  PQRs  is  a  transversal  of  the  anharmonio  pencil  0'  (abcdj, 
PQRs  is  a  range  of  ratio  equal  to  that  of  the  pencil ; 
and  because  0  {A30D),  0'J[a5cd)  are  like  anharmonio  pencils, 

(Hypothesis) 
therefore  PQRS,  PQRs  are  two  like  anharmonio  ranges; 

therefore  the  points  IS,  s  coincide ;  (Ex.  1,  page  436) 
i.e.  the  intersections  of  OB,  O'b;  00,  O'c;  and  OD,  O'd  are  collinear. 


EXERCISE. 

1.  Prove  that  the  straight  lines  joining  the  intersections  of  the 
pairs  of  straight  lines  OB,  O'c  and  OC,  O'b;  OC,  O'd  and  OD,  O'c; 
OD,  O'b  and  OB,  O'd  intersect  in  a  point  which  lies  on  the  straight 
line  00'. 
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ADDITIONAL  PEOPOSITION  16. 

The  anharmonic  ratio  of  the  pencil  formed  by  joining  four  given 
points  on  a  circle  to  any  fifth  point  on  the  same  circle  is  constant. 

Let  Af  By  C,  X>  be  four  given  points  on  a  circle,  and  let  0  be  any 
fifth  point  on  the  circle,  and  let  the  pencil  0  (ABCD)  be  drawn. 

Take  0'  any  other  point  in  the  same  arc  AD  as  0; 
then  the  angles  AO'B,  BC/C,  CO'D  are  equal  to  the  angles  AOB, 
BOG,  COB  respectively; 
and  the  pencil  0'  {ABCD)  is  equal  *  to  the  pencil  O  (ABCD), 


Next  take  0'  any  point  in  the  arc  AB, 

Then  the  angles  BO'C,  CO'D  are  equal  to  the  angles  BOC,  COD 
respectively, 
and  the  angle  between  O'B  and  AO'  produced,  say  O^A^^  is  equal  to 
the  angle  AOB, 

and  the  pencil  O'  {AjBCD)  is  equal  to  the  pencil  0  {ABCD), 
Similarly  it  can  be  proved  that  the  pencil  is  the  same  for  all 
positions  of  (7  on  the  circle. 


EXEBCISE. 

1.  The  locus  of  the  vertex  of  a  harmonic  pencil,  whose  rays  pass 
through  the  angular  points  of  a  square,  is  the  circumscribed  oirde 
of  the  square. 


*    In  the  sense  that  one  pencil  can  be  shifted  so  that  its  rays 
coincide  with  the  rays  of  the  other  pencil.  (I.  Def.  21.) 
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ADDITIONAL  PEOPOSITION  17. 

The  anharmonic  ratio  of  the  range  formed  by  the  intersections  of 
four  given  tangents  to  a  circle  by  any  fifth  tangent  to  the  same  circle 
is  constant. 

Let  Aa,  Bh,  Cc,  Dd  be  the  tangents  at  four  given  points,  ^,  £,  0, 
D  on  a  circle,'  and  let  them  cut  the  tangent  at  any  fifth  point  T  on  the 
circle  in  a,  &,  c,  d. 

Find  P  the  centre,  and  take  any  point  0  on  the  circle. 

Draw  PA,  PB,  PT,  Pa,  Ph. 


Because  the  angle  APT  is  equal  to  twice  the  angle  AOT, 

(m.  Prop.  20) 
and  also  equal  to  twice  the  angle  aPT, 

the  angle  ^OT  is  equal  to  the  angle  aPT. 
Similarly  it  can  be  proved  that 

the  angle  BOT  is  equal  to  the  angle  hPT; 
therefore  the  angle  AOB  is  equal  to  the  angle  aPh. 
Similarly  it  can  be  proved  that  the  angles  BOG,  COB  are  equal  to 
the  angles  hPc,  cPd ; 

therefore  the  pencil  0  (ABCD)  is  equal  to  the  pencil  P  (ahcd), 
and  the  pencil  0  (ABCD)  has  a  constant  ratio ;  (Add.  Prop.  16) 
therefore  the  pencil  P  (ahcd)  has  a  constant  ratio ; 
and  therefore  the  range  ahcd  has  a  constant  ratio.  (Add.  Prop.  13) 


EXERCISE. 

1.    If  a  straight  line  cut  the  four  sides  of  a  square  in  a  harmonic 
range,  it  touches  the  inscribed  circle  of  the  square. 


T.  B. 


29 
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ADDITIONAL  PROPOSITION  18. 

The  anharmonic  ratio  of  the  pencil  formed  by  joining  four  points 
on  a  circle  to  any  fifth  point  on  the  circle  is  the  same  as  the  ratio  of 
the  rectangles  contained  by  the  chords  that  join  the  points. 

Let  ^,  B,  C,  D  be  four  given  points  on  a  oirole.  Draw  AB,  AC^ 
AD,  BGj  CD, 

In  AD  take  Ab  equal  to  AB;  draw  Bb  and  let  it  be  produced  to 
meet  the  cirde  in  0;  draw  OA,  OC,  OD  and  let  OC  cut  AD  in  c; 
draw  be  parallel  to  CD  to  meet  OC  in  e,  and  draw  Ae, 


Because  be  is  parallel  to  CD, 

the  angle  bee  is  equal  to  the  angle  OCD, 

which  is  equal  to  the  angle  OAc ;  (UL  Prop.  21) 

therefore  A,b,  e,  0  lie  on  a  circle. 

Therefore  the  angle  Aeb  is  equal  to  the  angle  AOB, 

which  is  equal  to  the  angle  ACB ; 

and  the  angle  Abe  is  equal  to  the  supplement  of  the  angle  AOe^ 

which  supplement  is  equal  to  the  angle  ABC ; 
therefore  the  triangles  Abe,  ABC  are  equiangular  to  one  another; 

and  ^5  is  equal  to  AB ;  (Constr.) 

therefore  be  is  equal  to  BC, 
Now  the  anharmonic  ratio  of  the  pencil  0  (ABCD)  is  equal  to  that 
of  the  range  AbcD,  (Add.  Prop.  18) 

which  is  equal  to  the  ratio  of  the  ratio  Abio  be  io  the  ratio  AD  to  Dc, 
that  is,  to  the  ratio  compounded  of  the  ratios  Ab  to  be  and  Dc  to  AD, 
which  is  the  ratio  of  the  rectangle  Ab^  cD  to  the  rectangle  AD,  be. 

(See  page  899.) 
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And  because  he  is  parallel  to  CD, 

the  triangles  BcG,  hce  are  equiangular  to  one  another  ; 

therefore  cD  is  to  be  as  CD  to  be ;  (Prop.  4) 

therefore  the  ratio  of  the  rectangle  Ab,  cD  to  the  rectangle  AD^  be 
is  equal  to  the  ratio  of  the  rectangle  AB,  CD  to  the  rectangle  AD,  be. 
Therefore  the  anharmonio  ratio  of  the  pencil  0  (ABCD)  is  equal 
to  the  ratio  of  the  rectangle  AB,  CD  to  the  rectangle  AD,  BC, 

The  anharmonic  ratio  of  a  range  ABCD  is  defined  to  be 
(Definition  10)  the  ratio  of  the  ratio  AB  to  BC  to  the  ratio  AD  to  DC, 
which,  by  Definition  8  of  Book  V.,  is  equal  to  the  ratio  compounded  of 
the  ratios  AB  to  BC  and  DC  to  AD ;  and  this  last  ratio  has,  on 
page  399,  been  shewn  to  be  equal  to  the  ratio  of  the  rectangle 
AB,  CD  to  the  rectangle  AD,  BC. 

Now  it  can  be  proved  (Ex.  1,  page  137)  that,  if  ABCD  be  a  range, 
the  sum  of  the  rectangles  AB,  CD  and  AD,  BC  Ib  equal  to  the 
rectangle  AC,  BD. 

If  therefore  any  two  of  these  three  rectangles  be  given,  the  third 
is  at  once  found.  There  are  six  ratios,  of  which  one  of  these  rectangles 
is  the  antecedent  and  another  the  consequent;  if  any  one  of  these 
ratios  be  given,  the  other  five  ratios  are  at  once  found.  Now  in 
the  definition  the  ratio  of  the  rectangle  AB,  CD  to  the  rectangle 
AD,  BC  is  defined  as  the  anharmonio  ratio  of  the  range  ABCD. 
There  is  no  reason  against  adopting  any  other  of  the  six  ratios  as  tJie 
ratio  of  the  range,  but  it  is  important  strictly  to  adhere  throughout  an 
investigation  to  one  and  the  same  ratio. 


EXEBCISES. 

1.  The  anharmonio  ratio  of  the  range  formed  by  the  intersections 
of  four  given  tangents  to  a  circle  with  any  fifth  tangent  is  equal  to  the 
ratio  of  the  rectangles  contained  by  the  chords  which  join  the  points 
of  contact  of  the  given  tangents. 

2.  Two  fixed  points  D,  E  are  taken  on  the  diameter  AB  of  $i 
circle,  and  P  any  point  on  the  circumference;  perpendiculars  AM^. 
BN  are  let  fall  on  PD,  PE;  prove  that  the  ratio  of  the  rectangle 
PM,  PN  to  the  rectangle  AM,  BN  is  constant. 

29—2 
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ADDITIONAL  PROPOSITION  19. 

If  two  triangles  he  such  that  the  straight  lines  joining  their  vertices 
in  pairs  pass  through  a  point,  the  intersections  of  pairs  of  correspond' 
ing  sides  lie  on  a  straight  line. 

Let  ABC,  abc  he  two  given  triangles  such  that  the  straight  lines 
Aa,  Bb,  Cc  meet  in  a  point  0. 

Let  the  pairs  of  sides  BC,  be;  CA,  ca;  AB,  aJ>,  produced  if 
necessary,  meet  ia  D,  E,  F  respeotiyely,  and  let  OBb  cut  AC,  ac  in 
H,h. 


Because  EAHC,  Eahc  out  the  same  pencil  O  (EAHC), 

EAHC,  Eahc  are  like  anharmonio  ranges ;  (Add.  Prop.  18), 
therefore  the  pencUs  B  {EAHC),  b  (Eahc)  are  like  anharmonio  pencils ; 

and  they  have  a  common  ray  BHhh ; 
therefore  the  intersections  of  the  pairs  of  rays  BC,  be;  BE,  bE; 
BA,  ba  lie  on  a  straight  line;  (Add.  Prop.  15); 

that  is,  D,  E,  i^  lie  on  a  straight  line. 

Note.  The  point  0  is  often  called  the  pole  of  the  triangles  ABC, 
abc,  and  the  straight  line  DEF  the  axis  of  the  triangles. 

This  theorem  may  then  be  enunciated  thus,  compolar  triangles  are 
coaxial, 

Compolar  triangles  are  often  said  to  be  in  perspective. 
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ADDITIONAL  PROPOSITION  20. 

If  two  triangles  be  such  that  the  intersections  of  their  sides  taken  in 
pairs  lie  on  a  straight  line^  the  straight  lines  joining  pairs  of  corre- 
sponding  vertices  meet  in  a  point.* 

Let  ABC,  ahc  be  two  given  triangles  Bnch  that  the  pairs  of  sides 
BGt  be;  CA,  ca;  AB,  ab  intersect  in  three  points  D,  E,  F  lying  on  a 
straight  line. 

Let  the  straight  lines  Aa,  Bb,  Cc  be  drawn  and  let  Bb  cut  AG,  ac, 
DEF  in  H,  h,  K  respectively. 

E 


Because  the  pencils  B  (EFKD),  b  (EFKD)  have  a  common  trans- 
versal EFKD, 

they  are  like  anharmonic  pencils ; 

and  because  EAHC  is  a  transversal  of  the  pencil  B  (EFKD), 
and  Eahc  is  a  transversal  of  the  pencil  b  (EFKD), 
EAHC,  Eahc  are  like  anharmonic  ranges ;  (Add.  Prop.  13) 
and  they  have  a  common  point  E ; 
therefore  the  lines  Aa,  Hh,  Cc  meet  in  a  point,  (Add.  Prop.  14) 
that  is,  Aay  Bb,  Cc  meet  in  a  point. 

Note.     The  s^bove  theorem  may  be  enunciated  thus,  coaxial  tri- 
angles are  compolar, 

*  The  theorems  of  this  and  the  preceding  pages  are  attributed  to 
Qerard  Desargues  (bom  at  Lyons  1598,  died  1662)^ 
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ADDITIONAL  PROPOSITION  21. 

If  a  hexagon  he  inscribed  in  a  circle^  the  intersections  of  pairs  of 
opposite  sides  lie  on  a  straight  line.* 

Let  ABCDEF  be  a  hexagon  inscribed  in  a  given  circle. 
Let  the  pairs  of  sides  AB,  DE ;  BG,  EF;  CD,  FA  meet  in  L,  M, 
N  respectively,  and  let  -4J3,  CD  meet  in  P,  and  BC,  DE  in  Q. 


Because  A,  B,  G,  D,  E,  F  are  points  on  a  circle, 
A  (BGDF),  E  (BGDF)  are  like  anharmonic  pencils;  (Add.  Prop.  16) 
and  because  PGDN  is  a  transversal  of  the  pencil  A  (BGDF), 
and  BGQM  is  a  transversal  of  the  pencil  E  (BGDF), 
PGDNy  BGQM  are  like  anharmonic  ranges;  (Add.  Prop.  13) 
and  they  have  a  common  point  C; 
therefore  the  lines  PB,  DQy  NM  meet  in  a  point,  (Add.  Prop.  14) 

that  is,  AB,  DE,  NM  meet  in  a  point, 
or,  in  other  words,  the  points  L,  ilf,  ^  lie  on  a  straight  line. 


EXERCISES. 

1.  If  the  tangents  to  the  circumscribed  circle  of  a  triangle  ABC 
at  A,  B,  C  meet  the  sides  BG,  GA,  AD,  in  i,  M,  N,  then  L,  3f,  N 
lie  on  a  straight  line. 

2.  If  AGE,  BDF  be  two  ranges,  then  the  intersections  of  the 
pairs  of  straight  lines  AB,  DE ;  BG,  EF ;  CD,  FA  are  collinear. 

*  This  theorem  is  true  for  any  conic.  It  was  discovered  at  the 
age  of  sixteen  by  Blaise  Pascal  (bom  at  Clermont  1623,  died  at  Paris, 
1662). 
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ADDITIONAL  PROPOSITION  22. 

If  a  hexagon  be  described  about  a  circlet  ^^  straight  lines  joining 
opposite  vertices  pass  through  a  point* 

Let  ABGDEF  be  a  hexagon  described  about  a  given  circle. 
Let  AB  meet  CD,  DE  in  L,  M  and  EF  meet  BC,  CD  in  N,  P. 


Because  the  six  sides  of  the  hexagon  are  tangents  to  a  circle,  the 
points  where  the  sides  AB,  EF  are  cut  by  the  remaining  sides  of  the 
hexagon  form  like  anharmonio  ranges,  (Add.  Prop.  17) 

that  is,  ABLMf  FNPE  are  like  anharmonic  ranges; 
therefore  D  (ABLM),  C{FNPE)  are  like  anharmonic  pencils; 
and  they  have  a  common  ray  LCDP; 
therefore  the  pairs  of  rays  DA,  CF;  DB,  ON;  DM,  CE  intersect  on 
a  straight  line,  (Add.  Prop.  15) 

that  is,  DA,  CF  meet  in  a  point  on  the  line  BE, 
or,  in  other  words,  AD,  BE,  CF  meet  in  a  point. 


EXEBCISE. 

1.    If  the  inscribed  circle  of  a  Mangle  ABC  touch  the  sides  BC, 
CA,  AB  in  D,  E,  F,  then  AD,  BE,  CF  meet  in  a  point. 


*  This  theorem  also  is  true  for  any  conic.    It  was  discovered  by 
Charles  Julieu  Brianohon  (bom  at  Sevres,  1785). 
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SIMILAR  FIGURES. 

If  two  similar  figures  be  placed  so  that  their  corresponding  sides 
are  parallel  in  pairs,  the  figures  are  then  said  to  be  Bimllar  and 
similarly  situate. 

It  appears  from  Proposition  32  that,  if  two  triangles  be  similar 
and  similarly  situate,  then  the  lines  joining  pairs  of  corresponding 
vertices  meet  in  a  point.  It  is  easily  proved  that,  if  two  polygons  of 
any  number  of  sides  be  similar  and  similarly  situate,  then  the  lines 
joining  pairs  of  corresponding  vertices  meet  in  a  point,  and  further 
that  the  ratio  of  the  distances  of  this  point  from  any  pair  of  cor- 
responding points  of  the  two  figures  is  constant,  and  is  equal  to  the 
ratio  of  a  pair  of  corresponding  sides  of  the  two  figures.  Such  a 
point  is  called  in  consequence  a  centre  of  similitude  of  the  two 
figures. 

It  is  also  easily  seen  that,  if  a  point  be  a  centre  of  similitude  of 
two  figures,  it  is  also  a  centre  of  similitude  of  any  two  figures 
similarly  described  with  reference  to  the  first  pair  of  similar  figures ; 
for  instance,  if  a  point  be  a  centre  of  similitude  of  two  triangles,  it  is 
also  a  centre  of  similitude  of  the  circumscribed  circles  of  the  triangles, 
and  also  a  centre  of  similitude  of  the  inscribed  circles  and  so  on. 

If  a  pair  of  corresponding  points  lie  on  the  same  side  of  the 
centre  of  similitude,  it  is  called  a  centre  of  direct  similitude:  if  a 
pair  of  corresponding  points  lie  on  opposite  sides  of  the  centre  of 
similitude,  it  is  called  a  centre  of  inverse  similitude. 

It  must  be  noticed  that  the  centre  of  direct  similitude  is  at  an 
infinite  distance  in  the  case  when  the  two  similar  figures  are  equal. 

As  an  example  we  will  prove  an  important  theorem  with  reference 
to  the  centres  of  similitude  of  the  circumscribed  circle  and  the  Nine 
Point  circle  of  a  triangle : 

The  orthocentre  and  the  centroid  of  a  triangle  are  the  centres 
of  direct  and  inverse  similitude  of  the  circumscribed  circle  and  the 
Nine  Point  circle  of  the  triangle. 
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If  ABC  be  a  triangle,  and  D,  E^  F  be  the  middle  points  of  its  sides^ 
the  triangles  ABC,  DEF  are  equiangular  to  one  another, 
and  the  ratio  of  AB  to  DE  is  equal  to  the  ratio  2  to  1. 

(Add  Prop.,  page  101.) 
Also  the  radii  of  the  circles  ABC,  DEF  are  in  the  ratio  of  2  to  1. 
Because  the  lines  AD,  BE,  CF  meet  in  a  point  O, 
and  the  ratios  AGix)  GD,  BQ  to  QE,  CQ  to  GF  are  each  equal  to  2  to  1, 

•  (Add  Prop. ,  page  103. ) 

A 


G  is  the  centre  of  inverse  similitude  of  the  two  circles  ABC,  DEF, 
Again,  if  P  be  the  orthocentre  of  the  triangle  ABC, 

and  a,  h,  c  be  the  middle  points  of  PA,  PB,  PC,  • 
the  ratios  PA  to  Pa,  PB  to  Pb,  PC  to  Pc  are  each  equal  to  2  to  1. 
Therefore  P  is  the  centre  of  direct  similitude  of  the  triangles 
ABC,  ahc,  and  therefore  of  the  circles  ABC,  dbc. 

Now  the  circles  abc,  DEF  are  identical.       (Add.  Prop.,  page  271.) 
Therefore  P  is  the  centre  of  direct  similitude  of  the  circles  ABC, 
DEF. 

Now,  if  0,  C  be  the  centres  of  the  circles  ABC,  DEF, 
since  the  radii  of  the  circles  are  in  the  ratio  2  to  1, 
their  centres  of  similitude  lie  in  the  straight  line  00', 
and  divide  the  distance  internally  and  externally  in  the  ratio  2  to  1. 
That  is,  P,  0',  G,  O  lie  on  a  straight  line, 

and  PO  is  equal  to  twice  PO', 
and  GO  is  equal  to  twice  GO'. 
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ADDITIONAL  PROPOSITION  28. 

Every  straight  line  which  passes  through  the  extremities  of  two 
parallel  radii  of  two  fixed  circles  passes  through  a  centre  of  similitude 
of  the  circles. 

Let  APy  BQ  be  two  parallel  radii  of  two  given  circles,  whose 
centres  are  A,  B, 

Draw  AB,  PQ  and  let  them,  produced  if  necessary,  meet  at  5. 


Because  the  triangles  APS^  BQ8  are  eqniangnlar  to  one  another, 

AS  is  to  B8  as  AP  to  BQ ;  (Prop.  4) 

that  is,  5  is  a  point,  which  divides  the  distance  AB  externally 
(fig.  1)  or  internally  (fig.  2)  in  the  ratio  of  the  radii; 

therefore  /Sf  is  a  fixed  point.       (Ex.  1,  page  359.) 

Again,  because  the  triangles  APS,  BQ8  are  equiangular  to  one 
another,  SP  is  to  SQ  as  AP  to  BQ ;  (Prop.  4) 

that  is,  the  ratio  of  the  distances  SP  to  SQ  is  a  constant  ratio ; 
therefore  iSf  is  a  centre  of  similitude  of  the  circles. 

In  figure  1,  where  the  two  radii  AP,  BQ  are  drawn  in  the  same 
sense,  £f  is  in  the  line  of  centres  AB  produced,  and  the  two  distances  SP, 
SQ  are  drawn  in  the  same  direction.    iSf  is  a  centre  of  direct  Bimllltade. 

In  figure  2,  where  AP,  BQ  are  drawn  in  opposite  senses,  <Sf  is  in 
the  line  of  centres  AB,  and  the  two  distances  SP,  SQ  are  drawn  in 
opposite  directions.    ^  is  a  centre  of  inverse  Bimllltade. 
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ADDITIONAL  PROPOSITION  24. 

If  a  circle  he  drawn  to  touch  two  given  circles^  the  straight  line 
which  passes  through  the  points  of  contact  passes  through  one  of  the 
centres  of  similitude  of  the  given  circles. 

Let  a  circle  be  drawn  to  touch  two  giyen  circles,  whose  centres  are 
A,  B,  at  P,  Q, 

Draw  APy  BQ  and  let  them,  produced  if  necessary,  meet  at  O  *. 

Draw  PQ  and  let  it,  produced  if  necessary,  meet  the  circles  again 
atP',  g':  drawBQ'. 


Because  the  circles  touch  at  P,  the  centre  of  the  circle  which 
is  described  to  touch  the  given  circles  must  lie  in  AP ; 

■  (III.  Prop.  10,  Coroll.) 
similarly  it  must  lie  in  PQ ; 
therefore  O  is  the  centre ; 
therefore  the  angle  OPQ  is  equal  to  the  angle  OQP, 
which  is  equal  to  the  angle  BQQ"  and  therefore  to  the  angle  BQ'Q; 

therefore  APO,  BQ'  are  parallel ;  (I.  Prop.  28) 

therefore  PQ  passes  through  a  centre  of  similitude.  (Add.  Prop.  23.) 

*  If  AP,  BQ  be  parallel,  so  that  the  point  O  is  infinitely  distant, 
and  the  radius  of  the  circle  which  touches  the  given  circles  at  P,  Q 
is  infinitely  large,  PQ  becomes  one  of  the  common  tangents  of  the 
given  circles,  which  common  tangents  pass  through  S, 
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ADDITIONAL  PROPOSITION  26. 

If  two  straight  lines  he  drawn  through  a  centre  of  similitude  of  two 
given  circles  to  cut  the  circles,  a  pair  of  chords  of  the  two  circles  join- 
ing pairs  of  inverse  *  points  intersect  on  the  radical  axis  of  the  given 
drcleSf  and  a  pair  of  chords  of  the  two  circles  joining  pairs  of  cor- 
responding points  are  parallel. 

Let  S  be  a  centre  of  similitude  of  two  given  circles  PQqp,  P^Q'q'p' 
and  let  SPQP'Qij  Spqp'q*  be  any  two  straight  lines  drawn  through 
8  cutting  the  circles;  P,  Q';  Q,  P';  p,  q' ;  q,  p'  being  pairs  of 
inverse  points  and  P,  P';  <?,  Q';i>,  p';  g,  g'  being  pairs  of  correspond- 
ing points. 

Draw  Pg,  Qlp\  and  let  them,  produced  if  necessary,  meet  at  12. 


Because  5  is  a  centre  of  similitude,  Sp  is  to  Sp*  as  SQ,  to  ^Q'; 

therefore  <2p»  Q!l9*  are  parallel;      (Prop.  2,  Part  2) 
therefore  the  angles  PQ:p^  PQ'p'  are  equal ;  (I.  Prop.  29) 
and  the  angles  PQp,  Pqp  are  equal;      (HI.  Prop.  21) 
therefore  the  angles  PQ'p',  Pqp  are  equal. 
Therefore  the  four  points  P,  q,  p',  Q'  lie  on  a  circle, 

(in.  Prop.  22,  CoroU.) 

and  the  rectangle  EP,  Bq  is  equal  to  the  rectangle  BQ',  Bp'; 

(in.  Prop.  36) 

therefore  the  squares  on  the  tangents  drawn  from  B  to  the  two  circles 
are  equal, 

and  consequently  B  lies  on  the  radical  axis  of  the  given  circles. 

(Add.  Prop,  page  264.) 

*  For  this  name  see  page  460. 
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ADDITIONAL  PROPOSITION  26. 

1}  a  straight  line  he  drawn  through  a  centre  of  similitude  of  two 
given  circles,  the  rectangle  contained  by  the  distances  of  two  inverse 
points  is  constant. 

Let  Shea  centre  of  similitude  of  two  given  circles,  whose  centres 
are  A,  B, 

Draw  MNS  a  common  tangent  through  S  (see  note  on  page  451), 
and  let  SQ'QP'P  be  any  straight  line  through  S  cutting  the  circles 
in  P,  JP'  and  Q,  Q\ 

Draw  AP,  BQ,  AM,  BN. 


Becanse  the  rectangle  SP,  5P^  is  equal  to  the  square  on  SM, 

8P  is  to  SM  as  SM  to  SP\      (Prop.  17,  Part  2.) 

And  because  /8f  is  a  centre  of  similitude, 

SP  is  to  SQ  as  SM  to  SN; 

and  therefore  SP  is  to  SM  as  SQ  to  SN;     (V.  Prop.  9) 

therefore  SQ  is  to  SN  as  SM  to  SP';        (V.  Prop.  6) 

therefore  the  rectangle  SQ,  SP'  is  equal  to  the  rectangle  SM,  SN. 

(Prop.  16,  Part  1.) 
Similarly  it  can  be  proved  that  the  rectangle  SP,  SQ'  is  equal 
to  the  rectangle  SM,  SN. 

EXERCISE. 

1.    Prove  that  in  the  above  figure  the  rectangle  PQ,  P'Q'  is  equal 
to  the  square  on  MN, 
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ADDITIONAL  PROPOSITION  27. 

The  six  centres  of  similitude  of  three  given  circles  taken  in  pairs  lie 
three  by  three  on  four  straight  lines*. 

Let  AfBt  C  be  the  centres  of  three  giyen  circles;  let  a,  b,  c  be  the 
radii  of  the  A,  B,  C  circles,  and  let  D,  D'  be  the  centres  of  direct  and 
of  inverse  similitude  of  the  B,  G  circles,  E^  E'  those  of  the  C,  A  circles, 
and  JP,  F'  those  of  the  A^  B  circles. 


Because  BB  is  to  DG  as  b  to  c, 

and  GE  is  to  EA  as  c  to  a, 

and  AF  is  to  F£  as  a  to  b,      (Add.  Prop.  23) 

therefore  the  ratio  compounded  of  the  ratios 

BB  to  DC,  GE  to  EA  and  AF  to  FB, 

is  equal  to  the  ratio  compounded  of  the  ratios 

5  to  c,  c  to  a  and  a  to  5,  that  is  to  unity ; 

therefore  BEF  is  a  straight  line.       (Add.  Prop.  2.) 

Similarly  it  can  be  proved  that  DE'F',  D'EF',  I/E'F  are  straight 
lines, 

and  also  that  the  lines  of  each  of  the  sets  AD\  BE\  GF'\  Ajy,  BE,  GF ; 
AJ>,  BE\  GF;  AD,  BE,  GF'  meet  in  a  point.  (Add.  Prop.  4.) 

*  These  lines  are  called  the  axes  of  similitude  of  the  three  circles. 


CIRCLES  TOUCHING  TWO  CIRCLES.       455 

ADDITIONAL  PROPOSITION  28. 

If  a  point  on  the  radical  axU  of  two  given  circles  he  joined  to  the 
points  of  contact  of  a  circle,  which  tomhes  both  the  given  circles,  by 
straight  lines  which  cut  the  circles  again,  another  circle  can  be  de- 
scribed to  touch  the  given  circles  at  the  points  of  section. 

Let  0  be  a  point  on  the  radical  axis  of  the  given  circles  A,  B\ 
and  let  a  circle  tonch  them  at  P,  Q. 

Draw  OP,  OQ  and  let  them  meet  the  A,  B  circles  in  p,  q.  Draw 
PT,  QS,  pt,  qs  the  tangents  to  the  circles  at  P,  Q,  p^  q  and  draw 


Because  0  is  on  the  radical  axis  of  the  circles  A,  B, 

the  rectangle  OP,  Op  is  eqnal  to  the  rectangle  OQ,  Oq; 

therefore  P,  Q,  q,  j>  lie  on  a  circle.  (Ex.  1,  page  253.) 
The  difference  of  the  angles  tpO,  sqO  is  equal  to 

the  difference  of  the  angles  TPO,  SQO, 
which  is  equal  to  the  difference  of  the  angles  PQO,  QPO, 
which  is  equal  to  the  difference  of  the  angles  qpO,  pqO ; 

(IIL  Prop.  22) 
therefore  the  angle  tpq  is  equal  to  the  angle  sqp. 
It  is  therefore  possible  to  describe  a  circle  touching  the  circles 
A,  B  eXp,  q. 

GoBOLLABY.  If  the  radical  centre  of  three  given  circles  be  joined 
to  the  points  of  contact  of  a  circle,  which  touches  all  the  three  given 
circles,  by  straight  lines  which  cut  the  circles  again,  another  circle  can 
be  described  to  touch  the  given  circles  at  the  points  of  section. 

(See  Ex.  140,  page  284.) 
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ADDITIONAL  PBOPOSITION  29. 

If  two  circles  he  drawn  to  touch  three  given  circles,  so  that  the 
straight  line  joining  the  two  points  of  contact  on  each  of  the  given  circles 
passes  through  the  radical  centre  of  the  given  circles,  the  radical  axis 
of  the  pair  of  circles  is  one  of  the  axes  of  similitude  of  the  three  given 
circles. 

Let  PQB,  pqr  be  a  pair  of  circles  touching  three  given  circles  A^ 
Bf  C  a,t  P,  p;  Qf  q;  R,  r,  so  that  Pp,  Qq,  Rr  pass  through  0  the 
radical  centre  of  the  circles  A,  B,  C.  (Add.  Prop.  28,  CorolL)' 


Draw  PQi  pq  and  let  them,  produced  if  necessary,  meet  in  F. 

Because  the  circles  PQB,  pqr  touch  the  circles  A,  B, 

the  lines  PQ,  pq  pass  through  one  of  the  centres  of  similitude  of  the 
curcles  AandB;  (Add.  Prop.  24) 

therefore  the  rectangle  FP,  FQ  is  equal  to  the  rectangle  Fp,  Fq ; 

(Add.  Prop.  26.) 
therefore  jP  is  a  point  on  the  radical  axis  of  the  circles  PQR,  pqr. 

Similarly  it  can  be  proved  that  a  centre  of  similitude  of  each  of 
the  pairs  of  circles  B,  C  and  C,  A  lies  on  the  radical  axis  of  PQR, 
pqr. 

Therefore  the  radical  axis  of  the  circles  PQR,  pqr  is  an  axis  of 
similitude  of  the  circles  A,  B,  C, 
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ADDITIONAL  PROPOSITION  80. 

If  a  pair  of  chords  of  two  given  circles  intersect  in  the  radical 
axis,  and  if  the  chords  intersect  the  polars  of  one  of  the  centres  of 
similitude,  in  two  points  coUinear  with  the  centre  of  similitude ,  then 
the  points  of  intersection  of  the  chords  with  the  circles  lie  two  by  two 
on  two  straight  lines  through  the  centre  of  similitude. 

Let  8  be  one  of  the  centres  of  similitude  of  two  given  circles  A,B\ 
let  L,  if  be  two  points  oollinear  with  S^  on  the  polars  of  S  with 
respect  to  the  circles  A^  B\  and  let  0  be  a  point  on  the  radical  axis. 

Draw  OLy  and  let  it  intersect  the  circle  AmPyp. 

Draw  SP,  Sp,  and  let  them  meet  the  circle  ^  in  P',  p\  and  let  the 
corresponding  points  to  P,  P\  p,  p%  where  the  lines  meet  the  circle 
B  be  g',  Q,  q\  q. 


Becanse  L  is  on  the  polar  of  8,  the  line  Py  passes  through  L, 

(Add.  Prop,  page  261.) 
Because  8  is  the  centre  of  similitude,  and  the  intersections  of 
Ppy  P'p',  and  of  Qfq\  Qq  are  corresponding  points,  and  Pp^  P'p'  inter- 
sect at  Ly 

and  Ly  M  are  corresponding  points, 

therefore  Qqy  Q'q'  intersect  at  M\ 

and  because  8  is  the  centre  of  similitude, 

Pp,  Qq  intersect  on  the  radical  axis,   (Add.  Prop.  25) 

that  is,  Qq  must  pass  through  0 ;  and  it  also  passes  through  M, 

Therefore  the  points  Q,  q  obtained  by  the  above  construction  are 

the  points  where  the  straight  line  OM  cuts  the  circle  B,  that  is,  if  OL 

cut  the  circle  AmP^p  and  OM  cut  the  circle  B  in  Q,  9,  then  PQ,  pq 

pass  through  8, 

T.  E.  30 
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ADDITIONAL  PBOPOSITION  31. 

To  describe  a  circle  to  touch  three  given  circles* 

Let  Af  B,  C  he  three  given  circles.  Find  0  the  radical  centre  of 
the  circles  A,  B,  C7,  and  draw  DEF  one  of  their  axes  of  similitude. 

Find  the  poles  X,  M^  N  of  the  line  DEF  with  respect  to  the  cirdes 
At  B,  C  respectively.  Draw  OL^  OM^  ON  and  let  them,  produced  if 
necessary,  out  the  circles  A,  B,  C  respectively  in  P,  p;  Q,  g ;  R,r. 


Because  L,  M  are  the  poles  of  DEF  with  respect  to  the  circles 
A,  B,  therefore  L,  M  are  on  the  polars  of  F  with  respect  to  the  circles 
A,B; 

and  because  F  is  a  centre  of  similitude  of  the  two  circles, 
therefore  LMF  is  a  straight  line. 
Therefore  the  line  PQ  passes  through  F.  (Add.  Prop.  SO.) 


*  This  solution  of  the  problem  is  due  to  Joseph  Diez  Gergonne 
(bom  at  Nancy  1771,  died  at  Montpellier  1859). 
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Therefore  a  circle  can  be  described  through  P,  Q  to  touch  the 
given  circles  at  P,  Q,  (Add.  Prop.  24.) 

Similarly  it  can  be  proved  that  circles  can  be  described  through 
Q,  iS,  and  through  i2,  P  to  touch  at  each  pair  of  points. 
Therefore  these  three  circles  are  identical  (see  Ex.  140,  page  284), 
that  is,  the  circle  PQB.  touches  the  given  circles  at  P,  Q,  R, 
Similarly  the  circle  pqr  touches  the  given  circles  at  p^  q,  r. 

Since  there  are  four  axes  of  similitude,  and  since  two  circles  can 
be  obtained  by  the  foregoing  construction  from  each  axis  of  similitude, 
there  are  2  x  4  or  8  circles  which  can  be  described  to  touch  three  given 
circles. 

It  is  readily  seen  that,  if  three  circles  touch  a  fourth  circle,  there 
are  two  distinct  possible  types  of  configuration  of  the  three  circles 
relatively  to  the  circle  which  they  touch  : 

(1)  the  three  circles  may  lie  on  the  same  side  of  the  fourth  circle, 

(2)  two  of  the  three  circles  may  lie  on  one  side  and  the  third  on 
the  other  side  of  the  fourth  circle. 

Since  any  one  of  the  three  given  circles  may  be  the  one  which  lies 
by  itself  on  the  one  side  of  the  fourth  circle,  the  type  (2)  may  be  sub- 
divided into  three  different  groups. 

It  can  be  proved  without  much  difficulty  that  of  the  eight  circles 
which  can  be  described  to  touch  three  given  circles  A^  B^  C,  there 
are  four  pairs  of  circles,  such  that 

A,  Bf  Clie  on  the  same  side  of  each  circle  of  one  pair ; 

A  lies  on  one  side,  and  P,  C  on  the  other,  of  each  circle  of  a 
second  pair ; 

B  lies  on  one  side,  and  C,  A  on  the  other,  of  each  circle  of  a  third 
pair; 

and  C  lies  on  one  side,  and  ^1,  P  on  the  other,  of  each  circle  of  a 
fourth  pair. 

Each  of  these  four  pairs  of  circles  is  obtained  by  the  above  con- 
struction from  one  of  the  axes  of  similitude  of  the  given  circles. 


30—2 
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INYEBSION. 

1.  We  will  now  proceed  to  give  an  account  of  a  geometrical  Method 
called  InverBion,  and  we  will  do  so  without  stating  the  theorems 
which  we  are  about  to  establish  in  the  formal  way  in  which  theorems 
have  been  stated  heretofore.  We  will  further  depart  from  our  former 
method  bj  making  use  of  the  arithmetical  method  of  representing 
geometrical  magnitudes  (see  page  135),  so  that  we  shall  not  be 
debarred  from  using  fractions  to  represent  the  ratios  of  geometrical 
quantities,  and  if  necessary  we  shall  use  the  signs  ordinarily  used  in 
Algebra  to  signify  addition,  sabtraotion,  and  the  other  elementary 
operations. 

2.  Definition.  If  0  be  a  fixed  point  and  P  any  other  point,  and  if 
on  the  straight  line  OF  (produced  if  necessary)  we  take  a  point  P'  such 
that 

OF.OF'=a\ 

where  a  is  a  constant,  then  each  of  the  points  P,  P'  is  called  the 
inyene  of  the  other  with  respect  to  the  circle  whose  centre  is  0  and 
radius  a. 


The  straight  line  OP  is  often  called  the  radius  Teetor  of  the 
point  P. 

The  point  0  is  called  the  pole  of  liiyerslon  and  a  the  radius  of 
Inyersion. 

If  the  point  P  trace  out  a  curve,  the  curve  which  is  the  locus  of 
P'  is  called  the  inyerse  of  the  curve  which  is  the  locus  of  P. 
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8.    If  we  oomdder  the  pointB  P\  P",  which  are  the  inverses  of  P 
with  respect  to  the  same  pole  and  different  radii  of  inyersion  a,  6, 
since  OP,  OP'=a^  and  OP .  0JP"=6*, 

therefore  OP'  :  OF'=a^  :  hK 

It  follows  that  since  the  points  i",  F'  lie  on  the  same  radius  vector, 
and  OP* :  OP"  is  a  constant  ratio,  the  loci  of  P*,  P"  are  two  similar 
corves  of  which  0  is  a  centre  of  similitude. 

4.    If  P,  P'y  and  Q,  Q!  be  two  pairs  of  inverse  points,  then  since 

OP .  OP'^a^  and  OQ .  OCf^^a^ 
therefore  OP  .OP=OQ,Oq!', 

it  follows  that  P,  Q,  Q',  P'  lie  on  a  circle,  and  the  angle  OPQ  is  equal 
to  the  angle  OQIF. 

Again,  if  the  line  OQQ'  approach  nearer  and  nearer  to  the  posi- 
tion of  OPP'i  the  lines  QP,  Q,'P'  in  the  limit  are  the  tangents  to  the 
curves  which  are  the  loci  of  P  and  P'  at  P  and  P'  respectively. 

(See  page  217.) 

We  may  state  this  result  in  the  form  : 

Two  inverse  curves  at  two  iiwerse  points  cut  the  raditu  vector 
through  the  pole  of  inversion  at  the  same  angle  on  opposite  sides. 


It  follows  that  any  two  curves  cut  at  the  same  angle  as  their 
inverse  curves  at  the  inverse  point.    (See  Definition  on  page  266.) 

5.  From  the  definition  of  inversion  it  foUows  at  once  that  a 
straight  line  through  the  pole  inverts  into  itself. 

Three  points  A,  B,  C  in  the  same  radius  vector,  whose  distances 
OA,  OB  J  OC  are  such  that  0^  +  0C=  20^,  invert  into  three  points 
A\  B\  C,  whose  distances  0A\  OB',  OC  are  such  that 

1  12 

OA''^  OCOB^' 


(l 
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Three  xnagnitudeB  snoh  as  OA^  OB^  OC  are  said  to  be  in  Azltli- 
metlcal  FrogresBloii,  and  three  magnitudes  snoh  as  0A\  OB',  OC  are 
said  to  be  in  Harmonlcal  Frogression. 

Because  7777  + 


OA'  "^  OC  ~  OB' ' 
therefore  OB' .  OC+OA' .  0B'=20A' .  OC; 
whence  OA*  .B'C'^OC  .  A'B\ 
and  OA':A'B':=-OCr:CrB'; 
therefore  OA'B'C  is  a  harmonic  range. 

Also  three  points  A,  B,  C  in  the  same  radius  vector,  whose  distances 
OA,  OB,  OC  axe  such  that  OA  .  OC—OB^,  invert  into  three  points 
A',  B',  C,  whose  distances  are  such  that  OA' .  OC'^OB^. 

Three  magnitudes  such  as  OA,  OB,  OC  are  said  to  be  in 
Geometrical  FrogresBlon. 

It  may  be  noticed  that  three  magnitudes  a,  5,  c  are  in  Arithmetical, 
Geometrical,  or  Harmonical  Progression  according  as 

a-h  :  b-c=a  :  a, 

a-h  :  b-c=a  :  h, 
or  a-h  :b-c=a:  c  respectively. 

6.  Let  P  be  a  point  on  a  fixed  straight  line ;  draw  OA  perpendicular 
to  the  line,  and  on  OA,  produced  if  necessary,  take  the  point  A'  such 
that  0^.0^'= a«. 


Let  P*  be  the  inverse  of  P,  so  that  OP .  OP'  =  a» :  then 
OP,OP'==OA.OA';  therefore  P,  A,  A',  P'  Ue  on  a  circle,  and  the 
angle  0P'-4'= the  angle  0-4P=a  right  angle;  therefore  the  locus  of 
P'  is  a  circle  whose  diameter  is  OA',    Hence  the  theorem  : 

A  straight  line  which  does  not  pass  through  the  pole  of  inversion 
inverts  into  a  circle  which  passes  through  the  pole  and  touches  there  a 
parallel  to  the  given  line. 
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7.  Again  let  P  be  any  point  on  a  drole,  of  which  OA  is  a  diameter. 
Take  in  OA^  prodooed  if  neoessaxy,  the  point  A'  saoh  that 
OA.OA'^aK 


Let  P'  be  the  inverse  of  P,  so  that  OP,  OP'=^a^; 

then  OP.  0P'=  0-4. Oii' 5 
therefore  P,  A,  A\  P',  lie  on  a  circle, 

and  the  angle  P'X'0=: the  angle  OP^=a  right  angle,  i.e.  the  locns 
of  P'  is  a  straight  line  through  il'  the  inverse  of  ^  drawn  at  right 
angles  to  0A\    Hence  the  theorem : 

A  circle  which  passes  through  the  pole  of  inversion  inverts  into  a 
straight  line  parallel  to  the  tangent  at  the  pole, 

8.  Again,  let  P  be  any  point  on  a  circle,  which  does  not  pass  through 
the  pole,  and  P'  be  the  inverse  point  so  that  OP .  OP = a^ :  let  OP,  pro- 
duced if  necessary,  cut  the  circle  in  Q ;  find  A  the  centre  and  draw  QA, 
and  let  OA^  produced  if  necessary,  cut  PB  drawn  parallel  to  QA  in  B, 


Because  OP .  OQ—t\  where  t  represents  the  length  of  the  tangent 
from  0  to  the  given  circle,  and  OP .  OP=a^, 
therefore  OP" :  OQ=a^ :  t«=  OB  :  OA=BP  :  AQ ; 

therefore  the  locus  of  P'  is  a  oirde  such  that  B  is  its  centre  and  0  is 
one  of  the  centres  of  similitude  of  it  and  the  given  circle. 

Hence  the  theorem :  A  circle,  which  does  not  pass  through  the  pole 
of  inversion,  inverts  into  a  circle  which  does  not  pass  through  the  pole, 
and  is  suah  that  the  pole  is  a  centre  of  similitude  of  the  two  circles. 
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9.    Again,  if  P,  P'  and  Q,  Q!  be  two  pairs  of  inverse  points, 

OP.OF=OQ,.Oq!=a\ 
the  triangles  OPQ,  OQ!P'  are  similar. 

Therefore  ^-=?^=  <'«'•  ^-      «' 


i>Q  ~  OP  ~  OP.  OQ  ~  OP.  Oe* 

°'  ^«'="'o^- 

Thns  the  distance  between  two  points  in  a  fignre  is  expressed  in 
terms  of  the  distance  between  their  inverse  points  and  the  distances 
of  the  inverse  points  from  the  pole. 

10.  Now  let  ns  take  the  ordinary  definition  of  a  circle,  i.e.  the 
loons  of  a  point  P  such  that  its  distance  PC  from  a  fixed  point 
C  is  constant. 

Let  P'  be  the  inverse  point  of  P ;  take  (7'  the  inverse  point  of  (7. 

If  we  please  we  may  in  this  investigation  choose  the  radios  of 
inversion  (see  page  461)  equal  to  the  tangent  drawn  from  0  to  the 
original  circle ;  then  P'  lies  on  the  same  circle  as  P, 

and  OC.  OC^OT^-^ OP .  OP'. 


Therefore  the  triangles  OP'O,  OCP  are  similar, 
and  OFiP'Cr=OC\CP, 

Hence  the  theorem  (which  has  been  already  proved  otherwise. 
Add.  Prop.  5) : 

The  locus  of  a  point  the  distances  of  which  from  two  fixed  points 
are  in  a  constant  ratio  is  a  circle. 

It  will  be  seen  that  the  straight  line  TT',  which  is  the  polar  of  0, 
and  the  circle  on  0C7  as  diameter  are  inverses  of  each  other. 
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11.  Again,  it  is  known  from  Book  HI.  that  all  straight  lines  which 
cnt  a  circle  at  right  angles  pass  through  the  centre,  and  also  that  all 
straight  lines  through  the  centre  cnt  the  circle  at  right  angles. 

If  therefore  we  invert  a  figure  consisting  of  a  series  of  straight 
lines  cutting  a  series  of  concentric  circles  (centre  C)  at  right  angles, 
we  shall  obtain  a  series  of  coaxial  circles  passing  through  0  the  pole 
of  inversion  az^d  through  C^  the  inverse  point  of  C,  and  cutting  each 
of  a  second  series  of  circles  at  right  angles.    (Add.  Prop,  page  268.) 


Hence  the  theorem : 

A  system  of  Qpncentrie  circles  inverts  into  a  system  of  coaxial  circles. 

In  the  above  diagram  0  is  the  pole  of  inversion,  and  the  tangent 
from  0  to  the  cirde  PQR  (or  P*Q'B')  is  taken  as  the  radius  of  inver- 
sion so  that  the  circle  inverts  into  itself.  The  points  0,A,Bm  the 
left-hand  figure  are  supposed  to  coincide  with  0,  B^  A'  respectively  in 
the  right-hand  figure :  the  figures  are  drawn  apart  merely  for  the  sake 
of  clearness. 

Further,  if  we  invert  the  last  system  with  respect  to  any  point,  we 
shall  get  a  system  of  exactly  the  same  nature ;  viz.  a  system  of  circles 
passing  through  two  fixed  points  and  cutting  each  of  another  system 
of  circles  at  right  angles. 

Hence  the  theorem : 

A  system  of  coaxial  circles  inverts  into  another  system  of  coaxial 
circles,  and  the  limiting  points  into  the  limiting  points. 
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12.  A  drole  oan  be  inverted  into  itself  with  respeot  to  any  point 
as  pole  of  inversion,  if  the  tangent  to  the  oirde  from  the  point  be 
taken  as  the  radios  of  inversion. 

Any  two  oiroles  can  be  inverted  into  themselves  with  respeot  to 
any  point  on  their  radical  axis  as  the  pole  of  inversion. 

Any  three  circles  can  be  inverted  into  themselves  with  respect  to 
their  radical  centre  as  the  pole  of  inversion. 

Hence  we  conclude  that  when  one  circle  is  drawn  to  touch  two 
given  circles  at  P  and  Q,  if  0  be  any  point  on  the  radical  axis 
of  the  given  circles,  the  lines  OP,  OQ  will  cut  the  circles  again  in 
two  points  P',  Q',  such  that  another  circle  can  be  described  to  touch 
the  given  circles  at  P',  Q'. 

We  also  conclude  that  when  one  circle  is  drawn  to  touch  three 
given  circles  at  P,  Q,  JR,  if  0  be  the  radical  centre,  the  lines  OP, 
OQ,  OR  out  the  circles  again  in  three  points  P',  Q',  Bf  such  that  a 
circle  described  through  them  will  touch  the  circles  at  P',  Q',  R\ 

These  two  theorems  have  been  proved  before  (page  455). 

13.  If  two  circles  PQO,  pqOhe  described  to  touch  two  given  circles 
At  B  at  Pfp;  Q,  g,  and  to  touch  each  other  at  0,  then  the  centre  of 
similitude  P,  which  is  the  point  of  intersection  of  the  straight  lines 
PQ,  pq,  must  lie  on  the  common  tangent  to  the  circles  at  0. 

(Add.  Prop.  29.) 

Hence,  if  0  be  taken  as  the  pole  of  inversion,  the  two  circles 
OPQ,  Opq  will  invert  into  two  parallel  common  tangents  to  the 
inverse  circles  (page  423),  and  therefore  the  given  circles  wiU  invert 
into  a  pair  of  equal  circles. 

And  since  FO^=FP .  FQ=:FM  .  FN,  if  FMN  be  a  common  tangent 
to  the  given  circles,  (Add.  Prop.  26) 

we  see  that  the  pole  0  may  be  chosen  anywhere  on  the  circle,  whose 
centre  is  F  and  whose  radius  is  a  mean  proportional  between  the 
tangents  from  the  point  F  to  the  circles  A,  P. 

Hence  with  any  point  on  two  definite  circles  as  pole  of  inversion 
we  can  invert  two  given  circles  into  two  equal  circles. 

It  follows  that  with  any  one  of  certain  definite  points  as  pole  of 
inversion,  three  given  circles  can  he  inverted  into  three  equal  circles. 
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14.    If  we  take  A\  B',  C  three  points  in  order  on  a  straight  line, 
the  relation  A'B''\-B'C'—A'C'  exists  between  the  segments. 


If  we  invert  with  respect  to  any  pole  0,  the  three  inverse  points 
Ay  B,  C  will  lie  on  a  cirde  through  0,  and  the  chords  will  satisfy  the 
relation 


AB 


+ 


BC 


AC 


(see  page  464), 


OA.OB^  OB.OC  OA.OC 
or  AB.OC  +  BC ,OA  =  AG,  OB, 

which  is  Ptolemy's  Theorem.  (III.  Prop.  37  B.) 

Again  if  we  take  A'y  B%  C,  D',  four  points  in  order  on  a  straight 
line,  the  relation 

A'B' .  C'D'  +  ^'D' .  B'C"=^'C' .  B'D' 

exists  between  the  segments.  (Ex.  1,  page  137.) 

If  we  invert  with  respect  to  any  pole  0,  the  four  inverse  points 
AjB,  C,  D  will  lie  on  a  circle  through  0,  and  the  chords  will  satisfy 
the  relation. 


AB 


CD 


AD 


BC 


AC 


BD 


OA.OB'  OCOD^  OA.OD'  OB.OC~  OA.OC  OB.OD* 
or  AB  .  CD-\-AD  .  BC=AO.BD, 

which  also  is  a  form  of  Ptolemy's  Theorem. 
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PEAUOELLIER'S  CELL. 

15.  Before  we  leave  the  enbjeot  of  inyersiou,  it  will  be  as  well  to 
explain  the  nature  of  a  simple  piece  of  mechanism,  by  the  use  of 
which  the  inverse  of  any  given  curve  can  be  drawn. 

The  figure  represents  such  an  instrument ;  OA^  OB  are  two  equal 
rods  and  AP^  PB,  BP',  P'A,  four  other  equal  rods,  all  six  being  freely 
hinged  together  at  the  points  0,  A,  B^  P,  P'. 


This  iilstrument  is  generally  called  a  Peancelller's  Cell*. 
Because  APBP^  is  a  rhombus, 
its  diagonals  bisect  each  other  at  right  angles  at  M;  (Ex.  1,  page  89) 
and  because  OAB  is  an  isosceles  triangle, 
and  M  is  the  middle  point  of  AB^ 
OM  is  at  right  angles  to  AB. 
Therefore  OPP'  is  a  straight  line, 

and  the  rectangle  OP  .  0P'=0:M^-MP^  (II.  Prop.  6) 

=  OA^'-AP^ 
=a  constant. 
If  therefore  the  point  0  be  fixed,  and  P  be  made  to  trace  out  any 
curve,  P'  will  trace  out  the  inverse  curve. 


*  This  mechanical  invention  is  due  to  A.  Peaucellier,  Gapitaine 
du  G^nie  (k  Nice),  who  proposed  the  design  of  such  an  instrument  as 
a  question  for  solution  in  the  NmiveUes  Annales  1864  (p.  414).  His 
solution  was  published  in  the  Nouvellea  Annales  1873  (pp.  71 — 8). 
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We  will  now  proceed  to  prove  a  theorem  which  establishes  a 
relation  between  six  of  the  common  tangents  of  pairs  of  four  circles 
which  touch  a  fifth  given  circle,  of  a  kind  similar  to  that  which 
Ptolemy's  Theorem  establishes  between  the  chords  joining  the  points 
of  contact. 

Let  a  circle  whose  centre  is  0  touch  two  given  circles  whose 
centres  are  A^  B  oX  Fj  Q ;  let  PQ,  produced  if  necessary,  cut  the 
circles  Ay  B  again  in  P',  Q'  and  pass  through  their  centre  of  similitude 
F\  and  let  pqF  be  one  of  their  common  tangents  through  F, 

(Add.  Prop.  24  note.) 


Because  F  is  a  centre  of  similitude  of  the  circles, 

pP'  is  parallel  to  qQ,  and  pP  to  gQ' ;  (Add.  Prop.  26) 

therefore p?  iP'Q,=Fq\  FQ, 
and^)^  :PQ'=Fq  :FQ'; 
therefore  pq*  :  FQ  .  PQ'^Fq^ :  FQ  .  FQ' ; 
andP'g2=Pg  ,FQ'\ 
therefore  pq^^^P'Q  .  PQ\         (Ex.  1,  page  468.) 

Again  because  P  is  a  centre  of  similitude, 

OPA  is  parallel  to  Q'B,  and  OQB  to  P'A  ; 
therefore  OA\OP=P'Q  i  PQ, 
and  OB  :  OQ=PQ'  :  PQ; 
therefore  OA  ,  OB  :  OP  .  OQ  =  PQ' .  P'Q  :  PQ\ 
or  OA.OB  :  OP^=pq^  :  PQ^; 
therefore,  if  OA  .  OB=OL\ 
then  OL  :  OP=pq  :  PQ,  (V.  Prop.  16.) 
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Similarly,  if  two  other  oircles,  whose  centres  are  C,  D,  touch  the 
same  circle,  centre  0,  at  R,  8,  and  r«  be  their  common  tangent, 

OC  .0D:0I^=r8^:RS^; 
therefore,  i£  OC  .  0D= OM^, 
then  OM  :  OP^rs  :  RS;  (V.  Prop.  16) 

therefore  OL  .  OM :  OP^=pq  ,  rs  :  PQ  .  R8, 

If  we  denote  the  common  tangent  to  the  two  circles  which  touch  the 
fifth  circle  at  P,  Q  by  {PQ)t  and  so  on  for  the  other  pairs  of  circles, 
we  may  write  this  proportion, 

OL.OM:  OP^=(PQ) .  (RS) :  PQ  .  RS, 

It  can  be  proved  in  a  similar  manner  that, 
if  OL'^=OA  .  OC  and  OM'^=OB  .  OD, 

then  OL' .  OM' :  OP^=(PR)  .  {QS) :  PR  .  QS. 

Now  0L2  :  OL'^=OA  .  OB  :  OA  ,  OC^OB  :  OC, 

and  OM'^  :  OM^=OB  ,  OD  :  OC ,  OD  =  OB  :  OC; 

therefore  OL^  :  OL'^=OM'^  :  0M\ 

and  OL  :OL'  =  OM'  :0M;                   (V.  Prop.  16) 

therefore  OL  .  0M=  OL' .  OM'.                       (Prop.  16.) 

Hence  we  have 

{PQ) .  {RS)  :  PQ  .  R8={PR) .  (Q5f)  :  PR  .  QS 
and  sunilarly  =  (P5f)  .  (QB) :  PS  .  QR, 

And  because,  if  PQRS  be  a  convex  quadrilateral, 

Pi2 .  giS=PQ  .  i2/S+P5  .  QB  (Ptolemy's  theorem), 
therefore  {PR)  .  (QS)=(PQ)  .  (Bfif)  +  (P5f) .  (QJ2). 

This  theorem  is  generally  known  as  Casey's  Theorem*. 

It  may  be  observed  that  the  common  tangent  of  each  pair  of 
circles,  which  appears  in  the  equation,  is  that  tangent  which  passes 
through  the  same  centre  of  similitude  of  the  circles  as  the  chord 
joining  the  points  of  contact  of  the  circles  with  the  fifth  circle. 


*  This  theorem  was  discovered  by  John  Casey  (bom  at  EUbenny, 
County  Cork,  1820,  died  at  Dublin  1890). 
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It  is  readily  seen  that,  if  four  circles  touch  a  fifth  circle,  there  are 
three  distinct  possible  types  of  configuration  of  the  four  circles 
relatively  to  the  circle  which  they  touch ; 

(1)  the  four  circles  may  lie  on  the  same  side  of  the  fifth  circle, 

(2)  three  of  the  four  circles  may  lie  on  one  side  and  the  fourth 
circle  on  the  other  side, 

(3)  two  of  the  four  circles  may  lie  on  one  side  and  the  other  two 
on  the  other  side. 

The  converse  of  Casey's  Theorem  may  be  stated  in  the  following 
manner :  if  an  equation  of  the  form  of  the  equation  in  Casey* 8  Theorem 
exist  between  the  common  tangents  of  four  circles  taken  in  pairs^  the 
common  tangents  being  chosen  in  accordance  with  one  of  the  three 
possible  types  of  co^/igurationt  then  the  four  circles  touch  a  fifth  circle. 

The  truth  of  this  converse  theorem  which  is  often  assumed  without 
any  attempt  at  proof  can  be  proved,  but  the  proof  of  it  is  thought  to 
be  beyond  the  scope  of  this  work. 
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CONTINUITY. 

Let  us  consider  a  variable  point  P  on  a  given  straight  line,  on 
which  ul,  £  are  two  fixed  points.    It  is  seen  at  once  that, 

(1)  if  P  be  outside  AB  beyond  A ,  then  the  excess  of  PB  over  PA 
is  eqnal  io  AB\ 

(2)  if  P  be  in  AB,  then  the  sum  of  AP  and  PB  is  eqnal  to  AB^ 
and 

(3)  if  P  be  outside  AB  beyond  P,  then  the  excess  of  AP  over  BP 
is  eqnal  \o  AB» 


(1)  (2)  (3) 


— r— 1 —  — I x X" 

A         B  A         P         B 


We  can  write  these  results  in  the  forms 

(1)  P4+JP=PP, 

(2)  AB=AP+PB, 

(3)  AB->tBP=AP. 

Here  we  observe  that,  while  P  changes  from  one  side  of  A  to  the 
other,  the  distance  PA^  which  vanishes  when  P  coincides  with  A^ 
changes  sides  in  the  equation,  which  otherwise  remains  unchanged; 
and  again  that  while  P  changes  from  one  side  of  P  to  the  other,  the 
distance  PB  similarly  changes  sides  in  the  equation. 

A  geometrical  theorem  consists,  in  many  cases,  of  a  proof  that  a 
certain  equation  exists  between  a  number  of  geometrical  magnitudes, 
such  equation  remaining  unchanged  in  form  for  variations  in  the 
geometrical  magnitudes  involved,  consistent  with  the  conditions  to 
which  they  are  subject. 
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It  is  found  in  many  of  such  theorems,  as  in  the  illustration 
which  we  have  just  given,  that,  if  subjeot  to  continuous  variation  of 
some  chosen  geometrical  magnitude  some  other  magnitude  con- 
tinuously diminish  and  vanish,  then  in  the  equation  which  applies  to 
the  configuration  determined  by  the  next  succeeding  values  of  the 
chosen  variable  magnitude,  the  magnitude  which  has  vanished 
appears  on  the  opposite  side  of  the  equation.  This  fact  is  due  to  the 
absence  of  any  sudden  changes  in  the  magnitudes  under  considera- 
tion.   The  general  law  that  no  sudden  change  occurs  is  often  spoken 

of  as  THE  PBIMCIPLE  OF  CONTINUITY. 

Let  us  consider  a  variable  point  P  on  a  given  straight  line,  on 
which  ^  is  a  fixed  point ;  and  let  us  consider  any  equation  between 
variable  geometrical  magnitudes,  one  of  which  is  PA  the  distance 
between  P  and  A,  The  principle  of  continuity  leads  us  to  expect 
that,  if  P  in  the  variation  of  its  positiqn  pass  from  one  side  to 
the  other  of  A^  the  sign  of  PA  in  the  equation  will  change.  In  other 
words,  we  may  consider  the  equation  to  remain  unchanged  in  form,  if 
we  resolve  to  represent  by  the  expression  PA  not  only  the  distance 
between  P  and  A,  but  also  the  fact  that  the  distance  is  measured 
from  P  towards  A,  This  result  is  at  once  obtained  by  resolving 
that  -  PA  shall  represent  a  distance  equal  to  PA  and  measured  in 
the  opposite  direction ;  in  other  words,  that  ^P=  -  PA, 

Let  us  return  to  the  consideration  of  a  variable  point  P  on  a  given 
straight  line,  on  which  Ay  B  9XQ  two  fixed  points.  It  appears  that 
the  equation  which  exists  between  the  distances  between  the  points 
takes  different  forms  according  as  P  is  (1)  in  BA  produced,  (2)  in 
AB,  or  (3)  in  AB  produced. 

If  we  allow  the  use  of  the  minus  sign,  we  may  write  these  equations, 

(1)  AB^-PA-PB=Q, 

(2)  AB-AP-PB=^0, 

(3)  .4B-i4P+BP=0, 

where  each  symbol  such  as  AB  represents  merely  the  length  of  a 
line  measured  in  the  same  direction  as  AB, 

It  is  at  once  seen  that,  if  we  adopt  the  convention  that 

all  these  equations  are  the  same ;  each  may  be  written 

^B=^P+PB, 
or  ilB+PP+P^=0. 

T.  B.  31 
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The  first  form  expresses  that  the  operation  of  passing  from  ^  to  £  is 

the  same  as  passing  from  A%oP  and  then  from  P  to  JB ; 
the  second  form  expresses  that  the  aggregate  result  of  the  operations 

of  passing  from  A  to  JB,  and  then  from  B  to  P  and  then  from  P 

to  Jl  is  to  arrive  at  the  point  A  of  starting ; 
both  of  which  facts  are  true  for  all  combinations  of  three  points 

^,  £,  P  on  a  straight  line. 

The  results  of  the  theorems  contained  in  Propositions  5  and  6  of 
Book  n.  become  the  same,  if  we  take  into  account  the  fact  that  the 
distance  BD  is  measured  in  opposite  directions  in  the  two  figures :  and 
similarly  the  results  of  Propositions  12  and  13  of  Book  U.  become 
the  same,  if  we  take  into  account  the  sign  of  CD. 

As  a  further  illustration  of  the  Principle  of  Continuity  we  will 
take  Ptolemy's  Theorem. 

Let  us  consider  a  variable  point  P  on  a  circle,  on  which  A^  B,  G 
are  three  fixed  points.    It  is  proved  in  III.  Prop.  87  B,  that 

(1)  if  P  be  in  the  arc  .4P, 

AB.FC=BC.PA  +  CA.PB\ 

(2)  if  P  be  in  the  arc  PC, 

BC.PA^CA.PB^-AB.PCi 
and 

(S)   if  P  be  in  the  arc  CA, 

CA  .  PB=AB  .  PC+BC.PA. 

These  equations  may  be  written 

(1)  AB,PC-BG.PA"CA.PB==0, 

(2)  AB.PC-BC.PA  +  CA.PB=0, 

(3)  AB.PC+BC.PA-CA.PB=zO. 

Hence,  while  P  passes  along  the  arc  from  one  side  of  P  to  the 
other,  the  sign  of  PB,  which  vanishes  when  P  coincides  with  P, 
changes  sign  in  the  equation,  which  otherwise  remains  unchanged, 
and  so  on  for  passage  through  C  or  A, 
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PORISMATIO  PROBLEMS. 

In  some  oases,  when  a  Geometrical  problem  is  submitted  for 
solution,  it  is  found  that  some  relation  between  the  geometrical 
magnitudes  or  figures  which  are  given  is  necessary  in  order  that 
a  solution  may  be  possible,  and  that,  if  one  solution  be  possible, 
and  therefore  the  relation  exist,  the  number  of  possible  solutions 
is  infinite.    The  solution  is  then  said  to  be  indeterminate. 

Such  a  problem  is  called  a  pobism. 

We  might  take  as  an  illustration  of  such  a  problem  the  problem, 
to  construct  a  triangle  which  shall  be  inscribed  in  one  and  described 
about  another  of  two  given  concentric  circles.  It  is  easily  seen  that, 
if  one  such  triangle  exist,  the  radius  of  the  first  circle  must  be  equal 
to  twice  the  radius  of  the  second,  and  that  then  every  equilateral 
triangle  which  is  inscribed  in  the  first  circle  is  also  described  about 
the  second  circle. 

Again  we  might  take  the  problem,  to  construct  a  triangle  so  that 
each  vertex  shall  lie  on  one  of  three  given  concentric  circles,  and  that 
each  side  shall  touch  a  fourth  given  concentric  circle.  It  is  easily 
proved  by  means  of  the  method  of  rotation  (page  186)  that,  if  such  a 
triangle  be  possible,  an  infinite  number  of  such  triangles  are  possible. 

We  will  now  proceed  to  find  the  relation  which  must  exist  between 
two  circles  which  are  not  concentric,  in  order  that  it  may  be  possible 
to  construct  a  triangle  which  shall  be  inscribed  in  one  and  described 
about  the  other,  and  we  shall  prove  that,  if  it  be  possible  to  construct 
one  such  triangle,  it  is  possible  to  construct  an  infinite  number. 


31—2 


476  BOOK  71. 


The  square  on  the  straight  line  joining  the  centres  of  the  circum- 
scribed circle  and  the  inscribed  circle  of  a  triangle  is  less  than  the 
square  on  the  radius  of  the  circumscribed  circle  by  twice  the  rectangle 
contained  by  the  radii  of  the  two  circles. 

Let  ABC  be  the  circumscribed  circle  of  the  triangle  ABC  and  DBF 
the  inscribed  circle  touching  AB  at  F, 

Find  0, 1  the  centres  of  the  circles  ABCy  DBF.  Draw  AI,  IB, 
BOy  IF  and  let  AI,  BO  produced  meet  the  circle  ABC  at  Hy  K. 

Draw  BH,  HK. 


Because  the  angle  FAI  (or  BAH)  is  equal  to  the  angle  HKB, 
and  the  angle  AFI  is  equal  to  the  angle  KHB, 
the  triangles  FAI,  HKB  are  equiangular  to  one  another; 
therefore  the  rectangle  AI^  BR  is  equal  to  the  rectangle  KB,  IF, 

(HI.  Prop.  37  A.) 

Because  the  angle  BIH  is  equal  to  the  sum  of  the  angles  BAI,  ABI, 

which  is  equal  to  the  sum  of  the  angles  HBC,  CBI^ 

that  is,  to  the  angle  IBR; 

therefore  BR  is  equal  to  IR\ 

therefore  the  rectangle  AI^  BR  is  equal  to  the  rectangle  AI,  IR^ 

which  is  equal  to  the  difference  of  the  squares  on  OB,  01; 

(in.  Prop.  35) 
therefore  the  difference  of  the  squares  on  OB,  01  is  equal  to  the  rect- 
angle KB,  IF, 

that  is,  to  twice  the  rectangle  contained  by  the  radii 
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If  two  circles  he  such  that  one  triangle  can  he  constructed  that  is 
inacrihed  in  one  circle  and  circumscribed  about  the  other  circle,  an 
infinite  number  of  such  triangles  can  he  constructed. 

Let  ABC  be  a  triangle:  and  let  its  circumscribed  and  inscribed 
circles  be  described,  and  let  I  be  the  centre  of  the  inscribed  circle. 


Take  any  other  point  A'  on  the  cir- 
cumscribed circle  ABC ;  draw  -41,  A' I  arid 
produce  them  to  cut  the  circle  ABC  at 

With  centre  H'  and  radius  H'l  draw 
a  circle  cutting  the  circle  ABC  in  B\  C\ 

Draw  A'B\  B'C\  C'A\ 


Because  H'B'  is  equal  to  H'l, 

the  angle  H'lB'  is  equal  to  the  angle  H'B'I\ 
therefore  the  sum  of  the  angles  IB'A\  lA'B'  is  equal  to  the  sum  of  the 
angles  JBT'B'C,  CB'l,  (I.  Prop.  82.) 

And  because  the  chords  IVB\  H'C  are  equal, 

the  angle  lA'B'  is  equal  to  the  angle  H'B'C\ 

therefore  the  angles  IB'A\  C'B'I  are  equal, 

that  is,  B'l  is  the  bisector  of  the  angle  A'B'C, 

And  A'l  is  the  bisector  of  the  angle  B'A'C ; 

therefore  J  is  the  centre  of  the  inscribed  circle  of  the  triangle  A'B'C, 

Because  AIB.,  A'lH'  are  two  chords  of  the  circle  ABC, 

the  rectangle  AI^  IH  is  equal  to  the  rectangle  A'l,  IH'; 

and  the  rectangle  AI^  IH  is  equal  to  twice  the  rectangle  contained  by 

the  radius  of  the  circle  ABC  and  the  radius  of  the  inscribed  circle 

of  the  triangle  ABC,  (p&ge  476) 

and  the  rectangle  A'l,  IH'  is  equal  to  twice  the  rectangle  contained  by 

the  radius  of  the  circle  ABC  and  the  radius  of  the  inscribed  circle 

of  the  triangle  A'B'C.  (page  476.) 

Therefore  the  radii  of  the  inscribed  circles  of  the  triangles  ABC, 
A'B'C  &re  equal: 

and  the  circles  have  a  common  centre  I. 

Therefore  the  triangle  A'B'C  has  the  same  circumscribed  circle  and 
the  same  inscribed  circle  as  the  triangle  ABC, 
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We  now  proceed  to  prove  a  theorem  which  might  fairly  have  been 
incladed  at  an  earlier  stage. 

Let  PAB  be  any  triangle  and  £  be  a  point  in  AB^  such  that 
mAE=nEB.  Here  E  is  the  centroid  of  weights  m  and  uAtA  and  £, 
(See  page  425.) 

Draw  PM  perpendicular  to  AB  and  draw  PE, ' 


Because 
and 

and  because 
and  therefore 


PA^=PE^-hEA^-2ME  .AE; 

PB»=PE^+EB^+2ME  .EB, 

mAE=nEB, 

mME .  AE=nME  .  EB ; 


(IL  Prop.  13) 
(II.  Prop.  12) 


therefore        mPA^ + nPB^  =  (m + w)  PEl^ + mEA^ + nEBK 

Hence  the  theorem : 

The  sum  of  any  multiples  of  the  squares  on  the  distances  of  any 
point  from  two  given  points  is  equal  to  the  sum  of  the  same  multiples  of 
the  squares  on  the  distances  of  the  given  points  from  the  centroid  of 
weights  at  the  given  points  proportional  to  those  multiples^  together 
with  the  sum  of  the  multiples  of  the  square  on  the  distance  of  the  point 
from  the  centroid. 

Because  mAE = nEB, 

therefore  mAE^ = nAE .  EB, 

and  mAE^ + nEB^ =nAE,EB-h  nEB^ 

=nAB.EB, 

« 

We  may  therefore  write  the  result  of  this  theorem  in  the  form 
mPA^+nPB^={m  +  n)PE^+nBE  .  BA 

or  nPB^-nBE  .  BA  =  {m+n)  PE^~mPAK 
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Next,  let  ns  assnme  P  a  point  snch  that  the  tangents  Pl\  PS 
drawn  from  it  to  two  given  circles,  whose  centres  are  At  B,  satisfy 
the  equation  mPT=nP8. 

Take  two  points  0,  0'  in  AB^  saoh  that 

AO .  A(y=AT^  and  BO .  B0'=B8^. 

(Add.  Prop,  page  268.) 


Because  mPT=nP8t 

therefore  m«  (PA^  -Ar)=n^  {PB^  -  B5?), 

or  ma  {PA*  ^AO.  AO')  =n*  {PB*  -  BO .  B&). 

Now  by  the  last  theorem,  if  qAO=pOO'  and  rOO^=qO'By 
q  (PB^  -  BO .  BO)  =  (r + 5)  PO^  -  rPO\ 
and  q  {PA*  -A0.AO')  =  {p  +  q)PO*  -pPO'*, 

Therefore 

n*{q'hr)PO'*-nh'PO*=m*{p'^q)PO*'-m*pPO'*t 
or  {m*{p+q)+nh}PO*=:{n*{q+r)+m'^}PO'*. 

Therefore  PO  is  to  PO*  in  a  constant  ratio,  and  therefore  the 
locus  of  P  is  one  of  the  system  of  coaxial  circles,  of  which  0,  0'  are  the 
limiting  points.  (See  Note  on  page  429.) 

In  consequence  of  the  very  algebraical  character  of  the  proof 
which  has  just  been  given,  we  will  give  another  proof  of  the  same 
theorem  depending  in  a  great  measure  on  the  theory  of  similitude. 
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Let  ns  again  assame  P  is  a  point  snch  that  the  tangents  PTj  PS 

drawn  to  two  given  circles,  whose  centres  are  A,  B,  satisfy  the 

equation 

iiiPr=iiP5f. 

There  must  be  some  point  Q  in  AB,  such  that,  if  QH,  QK  be  the 
tangents  to  the  circles, 

mQH^nQK; 
therefore  w?PT^=v?PS^, 

and  m^QH^=n^QK^i 

therefore  m«  (PT»  -QH^)=  n^  (PS*  -  QK}), 

or  v^(PA^'-AQ^=v?(PB^^B(^. 


and 

therefore 

or 

Therefore 
or 

Therefore 
since 


Now  draw  two  circles,  with  centres  A  and  P,  and  radii  AQ,  BQ, 
and  let  PQ  cnt  these  circles  in  Zi,  ilf  respectively;  then 

PA^-AQ^=PQ.PL, 

PB^  -  QB*=PQ .  PM;  (IH.  Prop.  S6) 

m}PQ.PL=:n^PQ.PM, 
m^PL^n^PM. 

»»» {PQ  +  gL) = w«  {PQ  -  QM), 
(w2  -  wi»)  PQ = m^QL  +  v?QM, 

(n3-mS)Pg  :  QM=:m}QL+n^QM  :  QM 

=m}QA  +  n}QB  :  QB, 
QL  :  gjf  =  QA  :  QB. 

From  this  it  follows  that  the  ratio  QP  :  QM  is  constant ;  therefore 
the  locns  of  P  is  a  circle  which  passes  through  Q,  and  has  its  centre 
in  the  line  AB.  (See  page  450.) 

Hence  the  theorem :  the  locus  of  a  point,  such  that  the  tangents 
drawn  from  it  to  two  given  circles  are  in  a  constant  ratio,  is  a  circle. 
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Next,  let  P  be  a  point  on  the  locus  such  that  PT,  Pt,  the  tangents 
drawn  to  two  given  circles,  are  in  a  given  ratio. 

Draw  Ss  a  common  tangent  to  the  two  given  circles. 

Let  Si  cut  the  radical  axis  of  the  given  circles  in  3f,  and  the 
<$irole  which  is  the  locus  of  P  in  Q  and  B. 


Because  both  Q  and  R  are  points  on  the  locus  of  P, 

Q8  is  to  Qs  as  RStoRs-y 
therefore  SQsR  is  a  harmonic  range. 
And  because  M  is  the  middle  point  of  Ss, 
MS^=M8^=MQ,MRy 
and  MQ .  MR  is  equal  to  the  square  on  the  tangent  from  M  to  the 
locus  of  P. 
It  follows  therefore  that  Jf  is  a  point  on  the  radical  axis  of  each 
of  the  pairs  of  circles;    and  since  their  centres  are  oollinear,  the 
circles  have  a  common  radical  axis. 

Hence  the  theorem: 

The  circle  which  is  the  locus  of  a  point,  sttch  that  the  tangents  drawn 
from  it  to  two  given  circles  are  in  a  constant  ratio,  belongs  to  the  same 
coaxial  system  as  the  given  circles. 
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We  will  now  prove  the  theorem : 

If  two  opposite  tides  of  a  quadrilateral^  tohich  it  imeribed  in  a 
circle,  touch  another  circle,  the  other  sides  of  the  quadrilateral  touch  a 
third  circle  coaxial  with  the  other  two. 

Let  ABCD  be  a  quadrilateral  inscribed  in  a  given  circle ; 

and  let  AB,  CD  touch  another  given  circle  at  P,  Q, 
Draw  PQ  and  let  it  be  produced  to  meet  AD,  BC  in  R,  S, 


dB 


Because  the  angles  BPS,  DQR  are  equal 

and  the  angles  PBS,  QDR  are  equal,  (III.  Prop.  21) 

therefore  the  triangles  BPS,  DQR  are  equiangular  to  one  another; 
therefore  BP  is  to  B8  as  DQ  to  DR.  (Prop.  4.) 

Similarly  it  can  be  proved  that  the  triangles  APR,  CQS  are  equi- 
angular to  one  another  and  that  AP  is  to  AR  as  CQ  to  C8, 
Again,  because  the  angles  BSP,  DRQ  are  equal, 

a  circle  can  be  described  to  touch  BC,  DA  at  S,  R, 

Next,  because  in  the  two  triangles  ARP,  BSP, 
the  angles  APR,  BPS  are  equal, 
and  the  angles  ARP,  BSP  are  supplementaiy; 
therefore  AP  is  to  AR  as  BP  to  BS.  (Prop.  5  A.) 

Therefore  the  ratios  of  the  tangents  drawn  from  the  four  points 
A,B,  C,  D  to  the  two  circles  PQ,  BS  are  equal. 

Therefore  the  four  points  A,  B,  C,  D  B,Vi  lie  on  a  circle  coaxial 
with  the  two  circles  PQ,  RS ;  (pago  481) 

that  is,  the  circle  ABCD  is  coaxial  with  the  circles  PQ,  RS, 
or,  in  other  words,  the  circle  RS  is  coaxial  with  the  circles  ABCD 
and  PQ. 
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Next,  lei  ABC^  A'B'C  be  two  triangles  msoribed  in  a  circle,  snch 
that  ABj  A'B*  touch  a  second  circle  and  BC^  B'C^  a  third  circle 
belonging  to  the  same  coaxial  system. 


Because  ABB* A'  is  a  qnadrilateral  inscribed  in  the  circle  ABC^ 

and  AB,  B'A'  touch  another  circle, 

therefore  AA\  BB'  touch  a  circle  of  the  same  coaxial  system ; 

and  because  BCC'B'  is  a  quadrilateral  inscribed  in  the  circle  ABC, 

and  BC,  C'B'  touch  another  circle  of  the  system ; 

therefore  BB\  CC  touch  a  circle  of  the  system. 

Therefore  AA'^  BB',  CC  touch  the  same  circle  of  the  system. 

And  because  AA'C'C  is  a  quadrilateral  inscribed  in  the  circle  ABC, 

and  AA\  CC  touch  another  circle  of  the  system, 

therefore  AC,  A'C  touch  a  circle  of  the  system ; 

that  is,  A!C'  always  touches  that  circle  of  the  system  which  ^C  touches, 

or,  in  other  words,  A'C  touches  a  definite  circle  of  the  system. 

Hence  the  theorem : 

If  two  sides  of  a  triangle  inscribed  in  a  given  circle  touch  given 
circles  of  the  same  coaxial  system  as  the  first  circle,  the  third  side 
touches  a  fourth  fixed  circle  of  the  system,* 

GoBOLLABY.  If  all  the  sides  but  one  of  a  polygon  inscribed  in  a 
given  circle  toiu:h  given  circles  of  the  same  coaxial  system  as  the  first 
circle,  the  remaining  side  touches  another  fixed  circle  of  the  system.* 

*  These  theorems  are  due  to  Jean  Victor  Poncelet  (bom  at  Metz 
1788,  died  at  Paris  1867). 
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MISCELLANEOUS  EXERCISES. 

1.  Two  triangles  ABC,  BCD  have  the  side  BG  common,  the 
angles  at  B  equal,  and  the  angles  ACB,  BDG  right  angles.  Shew 
that  the  triangle  ABC  is  to  the  triangle  BCD  as  AB  to  BD. 

2.  The  rectangle  contained  by  two  straight  lines  is  a  mean  pro- 
portional between  the  squares  described  upon  them. 

3.  Any  polygons  whatsoever  described  about  a  circle  are  to  one 
another  as  their  perimeters. 

4.  The  sum  of  the  perpendiculars  drawn  from  any  point  within 
an  equilateral  triangle  on  the  three  sides  is  invariable. 

5.  In  a  parallelogram  £,  F,  G,  H  are  the  middle  points  of  the 
sides  AB,  BG,  GD,  DA  ;  if  AFy  AG,  GE,  GH  be  drawn,  the  parallelo- 
gram formed  by  them  is  one-third  of  the  parallelogram  ABGD, 

6.  ABG  is  a  triangle,  D  any  point  in  AB  produced ;  E  a  point  in 
BGy  such  that  CE  \a  to  EB  as  AD  to  BD,  Prove  that  DE  produced 
bisects  AG, 

7.  ABG,  ABD  are  triangles  on  the  same  base,  and  GD  meets  the 
base  in  E ;  then  GE  is  to  DE  as  the  triangle  J[£C7  to  the  triangle  ABD, 

8.  Triangles  of  unequal  altitudes  are  to  each  other  in  the  ratio 
compounded  of  the  ratios  of  their  altitudes  and  their  bases. 

9.  If  triangles  ABG,  AEF  have  a  conmion  angle  A,  the  triangle 
ABG  is  to  the  triangle  AEF  as  the  rectangle  AB,  AG  to  the  rectangle 
AE,  AF. 

10.  O  is  the  centre  of  the  circle  inscribed  in  a  triangle  ABG,  and 
BO,  GO  meet  the  opposite  sides  iD.D,E  respectively.  Prove  that  the 
triangles  BOE,  GOD  are  to  one  another  in  the  ratio  of  the  rectangles 
AE,AB\  AD,  AG. 

11.  If  in  the  sides  of  a  triangle  BG,  GA,  AB,  points  D,  E,  F  he 
taken  such  that  BD  is  twice  DG,  GE  twice  EA,  and  AF  twice  FB,  and 
AD,  BE,  GF  intersect  in  pairs  in  P,  Q,  M,  then  the  areas  of  the 
triangles  PQR,  ABG  are  in  the  ratio  of  1  to  7. 

12.  A  point  and  a  straight  line  being  given,  to  draw  a  line  parallel 
to  the  given  line  such  that  all  the  lines  drawn  through  the  point  may 
be  cut  by  the  parallels  in  a  given  ratio. 

13.  If  from  a  point  O  in  the  base  BG  of  a  triangle  OM  and 
ON  be  drawn  parsdlel  to  the  sides  AB  and  AG  respectively,  then  the 
area  of  the  triangle  AMN  is  a  mean  proportional  between  the  areas  of 
BNO  and  GMO. 

14.  II P,  Q  be  two  points  within  a  parallelogram  ABGD,  and  if 
PA,  QB  meet  in  jR,  and  PD,  QG  meet  in  8,  and  if  PQ  be  parallel  to 
AB,  then  RS  is  parallel  to  AD, 
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15.  A  point  P  is  taken  on  the  bisector  of  the  angle  BAG  of  the 
triangle  ABC  between  A  and  the  base;  prove  that,  if  ^C7  be  greater 
than  ABy  the  ratio  PC  to  PB  is  greater  than  the  ratio  AC  io  CB, 

16.  On  a  circle  of  which  AB  is  a  diameter  take  any  point  P, 
Draw  PCy  PD  on  opposite  sides  of  AP,  and  equally  inclined  to  it, 
meeting  AB  &t  C  and  D :  prove  that  ACiB  to  BG  b,b  AD  is  to  BD, 

17.  Apply  YI.  3  to  solve  the  problem  of  the  trisection  of  a  finite 
straight  line. 

18.  AB  is  a  diameter  of  a  circle,  GD  is  a  chord  at  right  angles  to 
it,  and  E  is  any  point  in  GD ;  AE  and  BE  are  drawn  and  produced 
to  cut  the  circle  at  F  and  G:  shew  that  the  quadrilateral  GFDG 
has  any  two  of  its  adjacent  sides  in  the  same  ratio  as  the  remaining 
two. 

19.  ABGD  is  a  quadrilateral  having  the  opposite  sides  AD,  BG 
parallel;  £  is  a  point  in  AB^  and  the  straight  lines  EC^  ED  are 
drawn ;  AF  is  diawn  parallel  to  EG  meeting  GD  in  F ;  shew  that 
BF  is  parallel  to  ED. 

20.  If  a  straight  line  AD  be  drawn  bisecting  the  angle  BAG  -of 
the  triangle  BAG,  and  meeting  BG  in  D,  and  FDC  be  drawn  perpen- 
dicular to  ADy  to  meet  AB  and  AG  produced  if  necessary,  in  F  and  E 
respectively,  and  EG  he  drawn  parallel  to  BG,  meeting  AB  in  G, 
then  BG  is  equal  to  BF. 

21.  The  side  AB  of  the  triangle  ABG  is  produced  to  G,  and  the  angle 
CBG  bisected  by  BE  meeting  AG  inE:  the  angle  EBG  is  bisected  by 
BL  and  the  exterior  angle  of  the  triangle  EBG  got  by  producing  EB 
is  bisected  by  BF,  Shew  that,  if  BL  be  parallel  to  AG  and  BF  meet 
AG  inF,  GE  is  a  mean  proportional  between  GA  and  GF, 

22.  Each  acute  angle  of  a  right-angled  triangle  and  its  cor- 
responding exterior  angle  are  bisected  by  straight  lines  meeting  the 
opposite  sides ;  prove  that  the  rectangle  contained  by  the  portions  of 
those  sides  intercepted  between  the  bisecting  lines  is  four  times  the 
square  on  the  hypotenuse. 

23.  A  and  B  are  fixed  points,  and  AP,  BQ  are  parallel  chords  of 
a  variable  circle,  which  passes  through  the  fixed  points.  If  the  ratio 
of  AP  to  BQ  be  constant,  then  the  loci  of  P  and  Q  are  each  a  pair  of 
circles,  and  the  sum  of  the  radii  of  two  of  these  circles,  and  the 
difference  of  the  radii  of  the  other  two,  are  independent  of  the  magni- 
tude of  the  ratio. 

24.  If  two  chords  AB,  AG,  drawn  from  a  point  A  in  the  circum- 
ference of  the  circle  ABG,  be  produced  to  meet  the  tangent  at  the 
other  extremity  of  the  diameter  through  A  inD,  E  respectively,  then 
the  triangle  A  ED  is  similar  to  the  triangle  ABG, 

25.  AB  is  the  diameter  of  a  circle,  E  the  middle  point  of  the 
radius  OB ;  on  AE,  EB  as  diameters  circles  are  described ;  PQL  is  a 
common  tangent  meeting  the  circles  at  P  and  Q,  and  AB  produced  at 
L :  shew  that  BL  is  equal  to  the  radius  of  the  smaller  circle. 
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26.  From  B  the  right  angle  of  a  right-angled  triangle  ABC,  Bp  is 
let  fall  perpendicular  to  ^  C ;  from  p,  pq  is  let  fall  perpendicular  to  BA ; 
from  qt  qr  is  let  fall  perpendicular  to  AG^  and  so  on;  prove  that 

Bp+pq  +  &c.  :  AB=AB  +  AC  :  BC, 

27.  An  isosceles  triangle  is  described  on  a  side  of  a  square  and 
the  vertex  joined  with  the  opposite  angles :  the  middle  segment  of  the 
side  has  to  either  of  the  outside  segments  double  of  the  ratio  of  the 
altitude  of  the  triangle  to  its  base. 

28.  A  straight  line  DE  is  drawn  parallel  to  the  side  BC  of  a 
triangle  ABC,  Q  is  a  point  in  BC  such  that  the  rectangle  BC^  CQ  is 
equal  to  the  square  on  DE^  and  CB  is  taken  equal  to  DE  in  BC  pro- 
duced.   Prove  that  AR  is  parallel  to  DQ. 

29.  ABC,  DEF  are  triangles,  having  the  angle  A  equal  to  the 
angle  D;  and  AB  is  equal  to  DF:  shew  that  the  areas  of  the  triangles 
are  as  AC  to  DE, 

80.  CA,  CB  are  diameters  of  two  circles  which  touch  each  other 
externally  at  C;  a  chord  AD  of  the  former  circle,  when  produced, 
touches  the  latter  at  E,  while  a  chord  BF  of  the  latter,  when  pro- 
duced, touches  the  former  at  O:  shew  that  the  rectangle  contained 
by  AD  and  BF  is  four  times  that  contained  by  DE  and  FG, 

81.  If  AA'  B'B,  BB'  C'C,  CC  A' A  be  three  circles,  and  the 
straight  lines  AA'y  BB\  CC'  cut  the  circle  A'B'C  again  in  a,  jS,  7  re- 
spectively, the  triangle  a/37  ^^  ^  similar  to  the  triangle  ABC. 

82.  On  the  two  sides  of  a  right-angled  triangle  squares  are 
described :  shew  that  the  straight  lines  joining  the  acute  angles  of  the 
triangle  and  the  opposite  angles  of  the  squares  cut  off  equal  segments 
from  the  sides,  and  that  each  of  these  equal  segments  is  a  mean 
proportional  between  the  remaining  segments. 

83.  ABA'B'  is  a  rectangle  inscribed  in  a  circle  and  AB  is  twice 
A^B  ;  ACisA  chord  equal  to  AB  and  meeting  B'A'  in  J^and  BA'  in  E ; 
prove  that  AF:AE=CF:CA, 

84.  If  BDj  CD  are  perpendicular  to  the  sides  ABf  A  C-ot  a  triangle 
ABC  and  CE  is  drawn  perpendicular  to  AD,  meetixig  AB  in  E,  then 
the  triangles  ABC,  ACE  are  similar. 

85.  Describe  a  circle  touching  the  side  BC  of  the  triangle  ABC 
and  the  other  two  sides  produced;  and  shew  that  the  distance  between 
the  points  of  contact  of  BC  with  this  circle  and  the  inscribed  circle  is 
equal  to  the  difference  between  AB  and  AC, 

86.  A  straight  line  AB  is  divided  into  any  two  parts  at  C,  and  on 
the  whole  straight  line  and  on  the  two  parts  of  it  equilateral  triangles 
ADB,  ACE,  BCF  are  described,  the  two  latter  being  on  the  same  side 
of  the  straight  line,  and  the  former  on  the  opposite  side;  O,  H,  JTare 
the  centres  of  the  circles  inscribed  in  these  ^iangles :  shew  that  the 
angles  AGH,  BGK  are  respectively  equal  to  the  angles  ADC,  BDC, 
and  that  GHK  is  an  equilateral  trian^e. 
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B7.  Two  circles,  centres  A  and  B,  touch  one  another  at  G,  A 
straight  line  is  drawn  cutting  one  circle  in  P  and  Q  and  the  other 
circle  in  i2  and  8,  Prove  that  the  ratio  of  the  rectangle  PB^  PS  to 
the  square  on  GP  is  constant. 

88.  ilB  is  the  diameter  of  a  circle,  E  the  middle  point  of  the 
radius  OB ;  on  AE,  EB  as  diameters  circles  are  described.  PQL  is  a 
common  tangent,  meeting  the  circles  in  P  and  Q,  and  AB  produced 
in  L,    Shew  that  BL  equals  the  radius  of  the  lesser  circle. 

39.  If  through  the  vertex,  and  the  extremities  of  the  base  of  a 
triangle,  two  circles  be  described,  intersecting  one  another  in  the  base, 
or  the  base  produced,  their  diameters  are  proportional  to  the  sides  of 
the  triangle. 

40.  D  is  the  middle  point  of  the  base  BG  of  an  isosceles  triangle, 
CF  perpendicular  to  AB,  BE  perpendicular  to  (7F,  EQ  parallel  to  the 
base  meets  AD  in  O;  prove  that  JE7(r  is  to  GA  in  the  triplicate  ratio 
of  BD  to  DA, 

41.  Two  straight  lines  and  a  point  between  them  are  given  in 
position;  draw  two  straight  lines  from  the  given  point  to  terminate 
in  the  given  straight  lines,  so  that  they  shall  contain  a  given  angle 
and  have  a  given  ratio. 

42.  Four  lines,  AB,  GDy  EF,  GH,  drawn  in  any  directions,  inter- 
sect in  the  same  point  P ;  then  if  from  any  point  m  in  one  of  these 
lines,  another  be  drawn  parallel  to  the  next  in  order,  cutting  the  re- 
maining two  in  p  and  q ;  the  ratio  mp  :pq  is  the  same  in  whichever 
line  the  point  m  is  taken. 

43.  If  P,  Q  be  the  points  of  intersection  of  a  variable  circle  drawn 
through  two  given  points  A,  B  with  a  fixed  circle,  prove  that  the 
ratio  AP  .AQ:  BP  ,BQ  is  constant. 

44.  A  quadrilateral  is  divided  into  four  triangles  by  its  diagonals; 
shew  that  £f  two  of  these  triangles  are  equal,  the  remaining  two  are 
either  equal  or  similar. 

45.  ABGD  is  a  quadrilateral  inscribed  in  a  circle,  E^  P,  G  are  the 
points  of  intersection  of  AB  and  GD,  AG  and  PZ),  AD  and  BG  re- 
spectively. K  is  the  foot  of  the  perpendicular  let  fall  from  F  on  EG. 
Prove  that  KA  :  KB=FA  :  FB. 

46.  Divide  a  given  finite  straight  line  similarly  to  a  given  divided 
straight  line  parallel  to  the  first  Hne. 

47.  If  two  parallel  straight  lines  ABy  GD  be  divided  proportionally 
at  P,  Q,  so  that  AP  is  to  PB  as  GQ  to  QD,  then  the  straight  lines  AG, 
PQf  BD  meet  in  a  point. 

48.  BAG,  DAE  are  similar  equal  triangles,  BAD  and  GAE  being 
straight  lines;  and  the  parallelograms  of  which  BG  and  DE  are 
diagonals  are  completed.  Prove  that  the  lines  drawn  to  complete  the 
parallelograma  themselves  form  a  parallelogram  whose  diagonal  passes 
through  A, 
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49.  If,  in  similar  triangles,  any  two  eqnal  angles  be  joined  to  the 
opposite  sides  by  straight  Imes  making  equal  angles  with  homologous 
sides;  these  lines  shall  have  the  same  ratio  as  the  sides  on  which 
they  fall,  and  shall  divide  those  sides  proportionally. 

50.  APBf  CQD  are  parallel  straight  lines,  and  AP  is  to  PB  as 
DQ  to  QGy  prove  that  the  straight  lines  PQ,  AD,  BG  meet  in  a  point. 

51.  Describe  a  oircle  which  shall  pass  through  a  given  point  and 
touch  two  given  straight  lines. 

52.  AB  the  bisector  of  the  base  of  the  triangle  ABC  is  bisected 
in  E,  BE  cuts  AC  in  F,  prove  that  AFiFCiil:  2. 

53.  A  straight  line  drawn  through  the  middle  point  of  a  side  of  a 
triangle  divides  the  other  sides,  one  internally,  the  other  externally  in 
the  same  ratio. 

54.  In  the  triangle  ABC  there  are  drawn  AD  bisecting  BC,  and 
EF  parallel  to  BC  and  cutting  AB,  AC  in  E,  F,  Shew  that  BF  and 
CE  intersect  in  AD, 

55.  In  the  triangle  ACB,  having  C  a  right  angle,  AD  bisecting 
the  angle  A  meets  CB  in  D,  prove  ^t  the  square  on  AC  is  to  the 
square  on  AD  aa  BC  to  2BD, 

56.  AB  and  CD  are  two  parallel  straight  lines ;  E  is  the  middle 
point  of  CD ;  AC  and  BE  meet  at  F,  and  AE  and  BD  meet  at  G:  shew 
that  FG  is  parallel  to  AB. 

57.  A,  B,  C  are  three  fixed  points  in  a  straight  line;  any  straight 
line  is  drawn  through  C;  shew  that  the  perpendiculars  on  it  from  A 
and  B  are  in  a  constant  ratio. 

58.  If  the  perpendiculars  from  two  fixed  points  on  a  straight 
line  passing  between  them  be  in  a  given  ratio,  the  straight  line  must 
pass  through  a  third  fixed  point. 

59.  Through  a  given  point  draw  a  straight  line,  so  that  the  parts 
of  it  intercepted  between  that  point  and  perpendiculars  drawn  to  the 
straight  line  from  two  other  given  points  may  have  a  given  ratio. 

60.  A  tangent  to  a  circle  at  the  point  A  intersects  two  parallel 
tangents  at  B,  C,  the  points  of  contact  of  which  with  the  circle  are 
D,  E  respectively ;  and  BE,  CD  intersect  at  F :  shew  that  AF  is 
parallel  to  the  tangents  BD,  CE, 

61.  P  and  Q  are  fixed  points ;  AB  and  CD  are  fixed  parallel 
straight  lines;  any  straight  Ime  is  drawn  from  P  to  meet  AB  at  M, 
and  a  straight  line  is  drawn  from  Q  parallel  to  PM  meeting  CD  at 
N :  shew  that  the  ratio  of  PM  to  QN  is  constant,  and  thence  shew 
that  the  straight  line  through  M  and  N  passes  through  a  fixed  point. 

62.  If  two  circles  touch  each  other,  and  also  touch  a  given 
straight  line,  the  part  of  the  straight  line  between  the  points  of  con- 
tact  is  a  mean  proportional  between  the  diameters  of  the  circles. 
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63.  If  at  a  given  point  two  circles  intersect,  and  their  centres  lie 
on  two  fixed  straight  lines  which  pass  through  that  point,  shew  that 
whatever  he  the  magnitude  of  the  circles  their  common  tangents  will 
always  meet  in  one  of  two  fixed  straight  lines  which  pass  through 
the  given  point. 

64.  From  the  angular  points  of  a  parallelogram  ABGB  perpen- 
diculars are  drawn  on  the  diagonals  meeting  them  at  E,  F,  O,  H 
respectively:  shew  that  EFOH is  a  parallelogram  similar  to  ABCD, 

65.  ABODE  is  a  regular  pentagon,  and  AD,  BE  intersect  at  O : 
shew  that  a  side  of  the  pentagon  is  a  mean  proportional  between  AO 
and  AD. 

66.  ACB  is  a  triangle,  and  the  side  ACia  produced  to  D  so  that 
CD  is  equal  to  AC,  and  BD  is  joined:  if  any  straight  line  drawn 
parallel  to  AB  cuts  the  sides  AC,  CB,  and  from  Hhe  points  of  section 
straight  lines  be  drawn  parallel  to  DB,  shew  that  these  straight  Hues 
will  meet  AB  at  points  equidistant  from  its  extremities. 

67.  If  a  circle  be  described  touching  externally  two  given  circles, 
the  straight  line  passing  through  the  points  of  contact  will  intersect 
the  straight  line  passing  through  the  centres  of  the  given  circles  at  a 
fixed  point. 

68.  A  and  B  are  two  points  on  the  circumference  of  a  circle  of 
which  C  is  the  centre ;  draw  tangents  at  A  and  B  meeting  at  T ;  and 
from  A  draw  AN  perpendicular  to  CB :  shew  that  BT  is  to  BC  as  BN 
is  to  NA. 

69.  Find  a  point  the  perpendiculars  from  which  on  the  sides  of  a 
given  triangle  shall  be  in  a  given  ratio. 

70.  A  quadrilateral  ABCD  is  inscribed  in  a  circle  and  its  dia- 
gonals AC,  BD  meet  at  O.  Points  P,  Q  are  taken  in  AB,  CD  such 
that  AP  is  to  PB  as  AO  to  OB,  and  CQ  is  to  QD  as  CO  to  02);  prove 
that  a  circle  can  be  described  to  touch  AB,  CD  at  P,  Q. 

71.  Prove  that  the  diagonals  of  the  complements  of  parallelo- 
grams about  a  diagonal  of  a  parallelogram  meet  in  the  diagonal  of 
the  parallelogram. 

72.  Through  a  point  O  of  the  side  CD  of  a  parallelogram  ABCD 
are  drawn  AG  and  BO  meeting  the  sides  in  E  and  F;  and  OH  is 
drawn  parallel  to  EF,  meeting  AF  in  H;  prove  that  FH  is  equal 
to^D. 

73.  Any  regular  polygon  inscribed  in  a  oirde  is  a  mean  propor- 
tional between  the  inscribed  and  circumscribed  regular  polygons  of 
half  the  number  of  sides. 

74.  If  two  sides  of  a  parallelogram  inscribed  in  a  quadrilateral  be 
parallel  to  one  of  the  diagonals  of  the  quadrilateral,  then  the  other 
sides  of  the  parallelogram  are  parallel  to  the  other  diagonal. 

75.  A  circle  is  described  round  an  equilateral  triangle,  and  from 
any  point  in  the  circumference  straight  lines  are  drawn  to  tiie  angular 
points  of  the  triangle :  shew  that  one  of  these  straight  lines  is  equal 
to  the  other  two  together. 

T.  B.  32 
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76.  ABC  is  a  triangle.  At  A  a,  straight  line  AD  is  drawn  making 
the  angle  CAD  equal  to  CBA,  and  at  C  the  straight  line  CD  is  drawn 
making  the  angle  ACD  equal  to  BAC,  Shew  that  AD  is  a  fourth 
proportional  to  AB,  BC  and  CA. 

77.  If  bd  be  drawn  catting  the  sides  AB^  AD  and  the  diagonal  AC 
of  the  parallelogram  ABCD  in  6,  <f,  and  e  respectively,  so  that  Ab  is 
equal  to  Ad,  then  the  sum  of  AB,  AD  is  to  the  sum  o{  Ab,  Adas  AG 
to  twice  Ac, 

78.  Having  given  the  base  of  a  triangle  and  the  opposite  angle, 
find  that  triangle  for  which  the  rectangle  contained  by  the  x>erpen- 
diculars  from  the  ends  of  the  base  on  the  opposite  sides  is  greater 
than  for  any  other. 

79.  Through  each  angular  point  of  a  quadrilateral  a  straight  line 
is  drawn  perpendicular  to  the  diagonal  which  does  not  pass  through 
that  point,  shew  that  the  parallelogram  thus  formed  is  similar  to  the 
parallelogram  formed  by  joining  the  middle  points  of  the  sides  of  the 
given  quadrilateral. 

80.  ABCD  is  a  quadrilateral  inscribed  in  a  drcle;  BA,  CD  pro- 
duced meet  in  P,  and  AD,  BC  produced  in  Q,  Prove  that  PC  is  to 
PB  as  QA  to  QB, 

81.  Through  D,  any  point  in  the  base  of  a  given  triangle  ABC, 
straight  lines  DE,  DF  are  drawn  parallel  to  the  sides  AB,  AC  and 
meeting  the  sides  in  E,  F  and  EF  is  drawn ;  shew  that  the  triangle 
AEF  is  a  mean  proportional  between  the  triangles  FBD,  EDC, 

82.  If  through  the  vertex  and  the  extremities  of  the  base  of  a 
triangle  two  circles  be  described  intersecting  each  other  in  the  base  or 
the  base  produced,  their  diameters  are  proportional  to  the  sides  of 
the  triangle. 

83.  Draw  a  straight  line  such  that  the  perpendiculars  let  fall 
from  any  point  in  it  on  two  given  straight  lines  may  be  in  a  given 
ratio. 

84.  In  any  right-angled  triangle,  one  side  is  to  the  other,  as  the 
excess  of  the  hypotenuse  above  tiie  second,  to  the  line  cut  off  from 
the  first  between  the  right  angle  and  the  line  bisecting  the  opposite 
angle. 

85.  AB  is  a  fixed  straight  line,  C  a  moving  point,  and  CD  a  line 
parallel  to  AB ;  a  variable  line  PQR  is  drawn  cutting  ACin  P,  BC  ia 
Q  and  CD  in  JR ;  prove  that  if  the  ratios  AP  to  PC,  and  BQ  to  QC  bo 
constant,  CR  is  of  constant  length. 

86.  If  J,  I^  be  the  centres  of  the  inscribed  circle  of  a  triangle 
ABC  and  of  the  circle  escribed  beyond  BC,  the  rectangle  AI,  AIi  is 
equal  to  the  rectangle  AB,  AC. 

87.  If  I,  Ii  be  the  centres  of  the  inscribed  circle  of  a  triangle 
ABC  and  of  the  circle  escribed  beyond  BC,  and  D,  E  he  the  points  of 
contact  of  those  circles  with  AB,  then  ID  is  to  DB  as  EB  to  EIi. 
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88.  If  J^,  I2  be  the  centres  of  the  circles  of  a  triangle  ABC 
escribed  beyond  BC^  CA  respectively  and  E^  F  be  their  points  of 
contact  with  AB,  then  I^E  is  to  EB  as  BF  to  I^F, 

89.  0  is  a  fixed  point  in  a  given  straight  line  OA,  and  a  circle  of 
given  radius  moves  so  as  always  to  be  toached  by  OA ;  a  tangent  OP 
is  drawn  from  O  to  the  circle,  and  in  OP  produced  PQ  is  taken  a 
third  proportional  to  OP  and  the  radius:  shew  that  as  the  circle 
moves  along  OA^  the  point  Q  will  move  in  a  straight  line, 

90.  On  AB,  AGf  two  adjacent  sides  of  a  rectangle,  two  similar 
triangles  are  constructed,  and  perpendiculars  are  drawn  to  AB,  AG 
from  the  angles  which  they  subtend,  intersecting  at  the  point  P.  If 
AB,  AG  he  homologous  sides,  shew  that  P  is  in  all  cases  in  one  of 
the  diagonals  of  the  rectangle. 

91.  If  at  any  two  points  A,  B ;  AG,  BD  be  drawn  at  right  angles 
to  AB  on  the  same  side  of  it,  so  that  AB  is  &  mean  proportional 
between  AG  and  BD;  the  circles  described  on  AG,  BD  as  diameters 
will  touch  each  other. 

92.  One  circle  touches  another  internally  at  A,  and  from  two 
points  in  the  line  joining  their  centres,  perpendiculars  are  drawn 
intersecting  the  outer  circle  in  the  points  B,  G,  and  the  inner  in  D,E; 
shew  that  AB:AG=AD:  AE. 

93.  Find  a  straight  line  such  that  the  perpendiculars  on  it  from 
three  given  points  shall  be  in  given  ratios  to  each  other. 

94.  Divide  a  given  arc  of  a  circle  into  two  parts,  so  that  the 
chords  of  these  parts  shall  be  to  each  other  in  a  given  ratio. 

95.  GAB,  GEB  are  two  triangles  having  a  common  angle  GBAy 
and  the  sides  opposite  to  it  GA,  CE  equal.  If  BA  be  produced  to  D, 
and  ED  be  taken  a  third  proportional  to  BA,  AG,  then  the  triangle 
BDG  is  similar  to  the  triangle  BAG. 

96.  One  side  of  a  triangle  is  given,  and  also  its  points  of  inter- 
section with  the  bisector  of  the  opposite  angle  and  the  perpendicular 
from  the  opposite  vertex ;  construct  the  triangle. 

97.  The  diameter  of  a  circle  is  a  mean  proportional  between  the 
sides  of  an  equilateral  triangle  and  a  regular  hexagon  which  are 
described  about  the  circle. 

98.  If  two  regular  polygons  of  the  same  number  of  sides  be  con- 
structed, one  inscribed  in  and  the  other  described  about  a  given  circle, 
and  a  third  of  double  the  number  of  sides  be  inscribed  in  the  circle, 
this  last  is  a  mean  proportional  between  the  other  two. 

99.  A  triangle  DEF  is  inscribed  in  a  triangle  ABG  so  that  DE, 
DF  are  parallel  to  BA,  GA  respectively;  prove  that  the  triangle 
DEF  is  to  the  triangle  ABG  9^^  the  rectangle  BD,  DG  to  the  square 
on  BO. 

32—2 
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100.  The  vertioal  angle  (7  of  a  triangle  is  bisected  by  a  straight 
line  which  meets  the  base  at  D,  and  is  produced  to  meet  the  circle 
ABC  at  E ;  prove  that  the  rectangle  contained  by  CD  and  CE  is  equal 
to  the  rectangle  contained  hy  AC  and  CB, 

101.  A  straight  line  is  divided  in  two  given  points,  determine 
a  third  point,  such  that  its  distances  from  the  two  given  points  may 
be  proportional  to  its  distances  from  the  ends  of  the  line. 

102.  i4B  is  a  diameter  of  a  circle,  BQ  a  chord  perpendicular  to  AB, 
O  any  point  on  the  circle;  OP,  OQ  meet  AB  in  R  and  S\  prove  that 
the  rectangle  AR .  BS  is  equal  to  the  rectangle  AS .  BR, 

103.  A,  B  are  two  fixed  points  and  P  a  variable  point  on  a  circle, 
AA't  BB*  are  drawn  parallel  to  a  fixed  line  to  meet  the  circle  mA'tB": 
the  fixed  line  meets  ^  fi'  in  D,  A'B  in  D',  AP  in  E,  BPiaE';  prove 
that  DE  .  lyE'  is  constant. 

104.  Prove  that,  if  ABCD  be  a  quadrilateral  not  insoriptible  in  a 
circle,  a  point  E  exists  such  that  the  rectangle  AB,  CD  is  equal  to  the 
rectangle  AE,  BD  and  the  rectangle  ADj  BC  ia  equal  to  the  rectangle 
CE,  BD.    Hence  prove  the  converse  of  Ptolemy's  Theorem. 

105.  BE  and  CF  are  perpendiculars  upon  AD  the  bisector  of  the 
angle  ^  of  a  triangle  ABC.  The  area  of  the  triangle  is  equal  to  either 
of  the  rectangles  AE,  CF  or  AF,  BE, 

106.  If  the  exterior  angle  CAE  of  a  triangle  be  bisected  by  the 
straight  line  AD  which  likewise  cuts  the  base  produced  in  D ;  then 
BA .  AC,  the  rectangle  of  the  sides,  is  less  than  the  rectangle  BD .  DC 
by  ihe  square  on  AD, 

107.  ABC  is  an  isosceles  triangle,  the  side  AB  being  equal  iio  AC; 
F  is  the  middle  point  of  BC;  on  any  straight  line  through  A  perpen- 
diculars FG  and  CE  are  drawn:  shew  that  the  rectangle  AC,  EF 
is  equal  to  the  sum  of  the  rectangles  FC,  EO  and  FA,  FG. 

108.  Describe  a  circle  which  shall  pass  through  a  given  point  and 
touch  a  given  straight  line  and  a  given  circle. 

109.  Divide  a  triangle  into  two  equal  parts  by  a  straight  line  at 
right  angles  to  one  of  the  sides. 

110.  If  a  straight  line  drawn  from  the  vertex  of  an  isosceles  triangle 
to  the  base,  be  produced  to  meet  the  circumference  of  a  circle  de- 
scribed about  the  triangle,  the  rectangle  contained  by  the  whole  line 
so  produced  and  the  part  of  it  between  the  vertex  and  the  base  shaU 
be  equal  to  the  square  on  either  of  the  equal  sides  of  the  triangle. 

111.  Two  straight  lines  are  drawn  from  a  point  A  to  touch  a 
circle  of  which  the  centre  is  E ;  the  points  of  contact  are  joined  by  a 
straight  line  which  cuts  EA  at  H;  and  on  HA  as  diameter  a  circle  is 
described :  shew  that  the  straight  lines  drawn  through  E  to  touch  this 
circle  will  meet  it  on  the  circumference  of  the  given  circle. 
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112.  Two  triangles  BAD^  BAG  have  the  side  BA  and  the  angle  A 
common:  moreover  the  angle  ABD  is  equal  to  the  angle  ACBi  shew 
that  the  rectangle  contained  hy  AC^  BD  is  eqoal  to  that  contained  by 
ABy  BC, 

118.  ABCD  is  a  quadrilateral  in  a  circle ;  the  straight  lines  CE, 
DE  which  bisect  the  angles  ACB,  ABB,  cut  BD  and  AC  9,i  F  and  G 
respectively;  shew  that  EF  is  to  EQ  as  ED  is  to  EC, 

114.  A  square  D£F(t  is  inscribed  in  a  right-angled  triangle  ABC, 
so  that  D,  Q  are  in  the  hypotenuse  AB  of  the  trian^e  E  ia  AC,  and^F 
in  CB :  prove  that  the  area  of  the  square  is  equal  to  the  rectangle 
AD,  BG, 

115.  A,B,C  are  three  points  in  order  in  a  straight  line:  find  a 
point  P  in  the  straight  line  so  that  PB  may  be  a  mean  proportional 
between  PA  and  PC, 

116.  AB  is  a  diameter,  and  P  any  point  in  the  circumference  of  a 
circle;  AP  and  BP  are  joined  and  produced  if  necessary;  from  any^ 
point  C  in  AB  a  straight  line  is  drawn  at  right  angles  to  AB  meeting 
AP  at  D  and  BP  at  E,  and  the  circumference  of  the  circle  at  F:  shew 
that  CD  is  a  third  proportional  to  CE  and  CF, 

117.  If  ^  be  a  point  in  the  side  CB  of  a  right-angled  triangle  and 
CD,  FE  be  perpendiculars  on  the  hypotenuse  AB,  then  the  sum  of  the 
rectangles  AD,  AE  and  CD,  EF  is  equal  to  the  square  on  AC, 

118.  In  the  figure  of  II.  11  shew  that  four  other  straight  lines 
besides  the  given  straight  line  are  divided  in  the  required  manner. 

119.  A  straight  line  CD  bisects  the  vertical  angle  (7  of  a  triangle 
ABC,  and  cuts  the  base  in  D,  on  AB  produced  a  point  E  is  taken 
equidistant  from  C  and  D :  prove  that  the  rectangle  AE .  BE  is  equal 
to  the  square  on  DE, 

120.  If  the  perpendicular  in  a  right-angled  triangle  divide  the 
hypotenuse  in  extreme  and  mean  ratio,  the  less  side  is  equal  to  the 
alternate  segment. 

121.  ABC  is  a  right-angled  triangle,  CD  a  perpendicular  from  the 
right  angle  upon  AB;  shew  that  if  ^C  is  double  of  BC,  BD  is  one- 
fifth  of  ^IB. 

122..  Through  a  given  point  draw  a  chord  in  a  given  circle  so  that 
it  shall  be  divided  at  the  point  in  a  given  ratio.  Find  the  limiting 
value  of  the  ratio. 

123.  ABCD  is  a  parallelogram;  from  jB  a  straight  line  is  drawn 
cutting  the  diagonal  AC  at  F,  the  side  DC  at  G,  and  the  side  AD  pro- 
duced at  E :  shew  that  the  rectangle  EF,  FG  is  equal  to  the  square 
on  BF. 

124.  Find  a  point  in  a  side  of  a  triangle  from  which  two  straight 
lines  drawn,  one  to  the  opposite  angle,  and  the  other  parallel  to  the 
base,  shall  cut  off  towards  the  vertex  and  towards  the  base,  equal 
triangles. 
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125.  On  a  chord  AB  of  a  circle  any  point  P  is  taken :  on  AP^  PB 
any  two  similar  and  similarly  situated  triangles  APE^  PBF  are  con- 
structed, and  the  straight  line  EF  joining  the  vertices  of  these  triangles 
is  produced  to  meet  AB  produced  in  Q.  li  any  circle  be  described 
touching  AB  at  P  the  common  chord  of  these  two  circles  passes 
through  Q, 

126.  With  a  point  A  in  the  circumference  of  a  circle  ABC  as 
centre,  a  circle  PBG  is  described  cutting  the  former  circle  at  the 
points  B  and  C;  any  chord  AD  of  the  former  meets  the  common 
chord  BG  at  E^  and  the  circumference  of  the  other  circle  at  O :  shew 
that  the  angles  EPO  and  DPO  are  equal  for  all  positions  of  P. 

127.  It  is  required  to  cut  off  from  one  given  line  a  part  such  that 
it  may  be  a  mean  proportional  between  the  remainder  and  another 
given  line. 

128.  Construct  a  square  so  that  its  vertices  shall  lie  on  four  of  the 
sides  of  a  regular  pentagon. 

129.  Shew  how  to  divide  a  given  triangle  into  any  number  of 
equal  parts  by  lines  parallel  to  the  base. 

130.  Divide  a  given  triangle  by  a  straight  line  drawn  in  a  given 
direction  into  two  parts  whose  areas  shall  be  in  a  given  ratio. 

131.  If  E  be  the  intersection  of  the  diagonals  of  a  quadrilateral 
ABCDf  which  has  the  sides  AB  and  CD  pareJlel^  then 

(i)  the  straight  line  joining  the  middle  points  of  AB  and  CD 
passes  through  E ; 

(ii)  if  P  be  .any  point  in  DB  produced,  the  rectangles  PB,  EC  and 
PD,  EA  are  together  equal  to  the  rectangle  PE,  AC, 

132.  Two  quadrilaterals  ABCD,  ABEF  in  which  BC,  CD,  DA 
are  equal  to  BE,  EF,  FA  respectively,  are  on  the  same  side  of  AB, 
Prove  that  if  the  rectangles  OA,  CD  and  OB,  OC  be  equal,  where  O 
is  the  point  of  intersection  of  the  bisectors  of  the  angles,  DAF, 
CBE,  then  the  quadrilaterals  are  equal  in  area. 

133.  Prove  that  the  area  of  a  quadrilateral,  whose  sides  are  all  of 
given  lengths,  is  a  maximum  when  two  opposite  angles  of  the  quadri- 
lateral are  supplementary. 

134.  Having  four  given  finite  straight  lines,  construct  the  quadri- 
lateral of  maximum  area  which  can  be  formed  with  them  taken  in  a 
given  order  for  sides. 

135.  Either  of  the  complements  is  a  mean  proportional  between 
the  parallelograms  about  the  diameter  of  a  parallelogram. 

136.  Shew  that  one  of  the  triangles  in  the  figure  of  iv.  10  is  a 
mean  proportional  between  the  other  two. 

137.  The  sides  AB  and  AC  ot  9k  triangle  ABC  are  produced  to  D 
and  E  respectively,  and  DE  is  joined.  A  point  F  is  taken  in  BC  such 
that  BF  :  FC=AB  .AEiAC,  AD,  prove  that,  if  AF  be  joined  and 
produced,  it  will  pass  through  the  middle  point  of  DE. 


MISCELLANEOUS  EXERCISES,  495 

138.  In  any  triangle  ABC,  if  BD  be  taken  equal  to  one-fourth  of 
JBC,  and  CE  one-fourth  of  AC,  the  straight  line  drawn  from  C  through 
the  intersection  of  BE  and  AD  will  divide  AB  into  two  parts,  which 
are  in  the  ratio  of  nine  to  one. 

139.  Lines  drawn  from  the  extremities  of  the  base  of  a  triangle 
intersecting  on  the  line  joining  the  vertex  with  the  middle  point  of  the 
base,  cut  the  sides  proportionally ;  and  conversely. 

140.  2)  is  the  middle  point  of  the  side  BC  of  a  triangle  ABC,  and 
P  is  any  point  in  AD\  through  P  the  straight  lines  BPEj  GPF  are 
drawn  meeting  the  other  sides  a.t  E,  F:  shew  that  EF  is  parallel 
to  BC. 

141.  ABC  is  a  triangle  and  2),  E,  F  points  in  the  sides  BGy  CA^ 
AB  respectively  such  that  AD,  BE,  CF  meet  in  O ;  prove  that  the 
ratio  AO  to  OD  is  equal  to  the  sum  of  the  ratios  AF  to  FB  and  AE 
to  EC, 

142.  Through  any  point  O  within  triangle  ABC  straight  lines 
AO,  BO,  CO  are  drawn  cutting  the  opposite  sides  in  D,  E,  F.  EF, 
FD,  DE  are  produced  to  meet  the  sides  again  in  G,  H,  K.  Prove  that 
circles  on  DG,  EH,  FK  as  diameters  pass  through  the  same  two 
points. 

143.  Find  a  point  without  two  circles  such  that  the  tangents 
drawn  therefrom  to  the  circles  shall  contain  equal  angles. 

144.  Prove  that  the  locus  of  a  point,  at  which  two  given  parts 
of  the  same  straight  line  subtend  equal  angles  is  two  circles. 

145.  Find  on  a  given  straight  line  AB  two  points  P,  Q  such  that 
APQB  is  a  harmonic  range,  and  the  ratio  AP  to  PQ  is  equal  to  a  given 
ratio. 

146.  P  is  a  point  on  the  same  straight  line  as  the  harmonic 
range  ABCD ;  prove  that 

P4_PP     PD 

AC"  BC^  DC' 

147.  A  chord  AB  and  a  diameter  CD  of  a  circle  out  at  right 
angles.  If  P  be  any  other  point  on  the  circle,  P  {AOBD)  is  a  harmonic 
pencil. 

148.  If  two  circles  touch  one  another  externally  and  from  the 
centre  of  one  tangents  be  drawn  to  the  other,  the  chord  joining  the 
points  in  which  the  first  circle  is  cut  by  the  tangents,  will  be  an  har- 
monic mean  between  the  radii. 

149.  A,B,  C,  A\  P',  C  are  two  sets  of  three  points  lying  on  two 
parallel  straight  lines ;  prove  that  the  intersections  of  the  three  pairs 
of  lines  AA',  B'C;  BB',  CA ;  CC,  A'B  He  on  a  straight  Hne. 

150.  P  and  Q  are  any  two  points  in  AD,  BC  two  opposite  sides 
of  a  paralldogram ;  X  and  Y  are  the  respective  intersections  of 
AQ,  BP,  and  DQ,  CP;  prove  that  XY,  produced,  bisects  the 
parallelograqi. 
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151.  If  the  sideB  of  a  quadrilateral  oiromnsoribing  a  cirole  tondi 
at  the  angular  points  of  an  inscribed  quadrilateral,  all  the  diagonals 
meet  in  a  point. 

152.  The  square  inscribed  in  a  circle  is  to  the  square  inscribed  in 
the  semicircle  as  5  to  2. 

153.  Describe  a  rectangle  which  shall  be  equal  to  a  given  square 
and  have  its  sides*  in  a  given  ratio. 

154.  In  a  given  rectangle  inscribe  a  rectangle  whose  sides  shall 
have  to  one  another  a  given  ratio. 

155.  Describe  a  triangle  similar  to  a  given  triangle,  one  angular 
point  being  on  the  bounding  diameter  of  a  given  semicircle,  and  one 
of  the  sides  perpendicular  to  this  diameter,  and  the  other  two  angnlfrr 
points  on  the  arc  of  the  semicircle. 

156.  If  Jlf ,  ^  be  the  points  at  which  the  inscribed  and  an 
escribed  circle  touch  the  side  JIC  of  a  triangle  ABC  and  if  J33f 
be  produced  to  out  the  escribed  oirde  again  at  P,  then  ^P  is  a 
diameter. 

157.  Shew  that  in  general  two  circles  can  be  described  to  cut  two 
lines  AB^  AC  9,\  given  angles  and  to  pass  through  a  fixed  point  P.  If 
T,  T'  be  the  centres  of  these  circles,  tiben  FA  bisects  the  exterior  angle 
TCT\ 

158.  From  a  given  point  outside  two  given  circles  which  do  not 
meet,  draw  a  straight  line  such  that  the  portions  of  it  intercepted  by 
the  circles  shall  be  in  the  same  ratio  as  tiieir  radii. 

159.  A!<t  B\  C*  are  the  middle  points  of  the  sides  of  the  triangle 
ABC^  and  P  is  the  orthocentre  and  BA\  PB',  PC  produced  meet  the 
circumscribing  circle  in  A"j  B",  C";  prove  that  the  triangle  A"Bf*C*  is 
equal  in  all  respects  to  the  triangle  ABC, 

160.  If  through  any  point  in  the  arc  of  a  quadrant,  whose  radius 
is  i2,  two  circles  be  drawn  touching  the  bounding  radii  of  the 
quadrant,  and  r,  r'  be  the  radii  of  these  circles,  then  1^=^^^* 

161.  Let  two  circles  touch  one  another,  and  a  common  tangent  be 
drawn  to  them  touching  them  in  P,  Q.  If  a  pair  of  parallel  tangents 
be  drawn  to  the  two  circles  meeting  PQ  in  J,  P,  and  if  the  line  joining 
their  points  of  contact  meet  PQ  in  C,  then  the  ratio  of  AP  to  PQ  is 
either  equal  to  or  duplicate  of  the  ratio  of  PC  to  QC,  according  as  one 
or  another  pair  of  parallel  tangents  is  taken. 

162.  If  three  drdes  touch  a  straight  line  one  of  the  cirdes  which 
touches  the  three  circles  passes  through  their  radical  centre. 

163.  Two  circles  cut  in  the  points  A^  B\  any  chord  through  A 
cuts  the  circles  again  at  P  and  Q\  shew  that  the  locus  of  the 
point  dividing  PQ  in  a  constant  ratio  is  a  circle  passing  through  A 
and  P. 
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164.  AB  and  AC  are  two  fixed  straight  lines,  and  O  is  a  fixed 
point.  Two  eircles  are  drawn  through  0,  one  of  which  touches  AB 
and  AC  bX  D  and  E  respectively,  and  the  other  touches  them  at  F 
and  Q  respectively.  Prove  that  the  cirdes  passing  round  OBP  and 
OEG  touch  one  another  at  0. 

165.  Prove  that  the  locus  of  the  middle  points  of  the  sides  of  all 
triangles  which  have  a  given  orthocentre  and  are  inscribed  in  a  given 
circle  is  another  circle. 

166.  From  any  point  P  on  the  circle  ABC  a  pair  of  tangents 
PQ,  PR  are  drawn  to  the  circle  DEF,  and  the  chord  QR  is  bisected 
in  S,  Shew  that  the  locus  of  fif  is  a  circle;  except  when  the  circle 
ABC  passes  through  the  centre  of  the  circle  DEF^  when  the  locus  of 
5  is  a  straight  line. 

167.  It  is  required  to  describe  a  circle  through  two  given  points 
A,  B  and  to  touch  a  given  circle  which  touches  AB  at  D.  Find  C  the 
centre  of  the  circle :  draw  GA^  CBy  and  draw  AOy  BO  at  right  angles 
to  CAf  CB  respectively.  Prove  that  OD  produced  wiU  out  the  circle 
in  a  point  P,  such  that  the  circle  APB  will  touch  the  given  circle 
at  P. 

168.  O  is  the  radical  centre  of  three  circles.  Points  A^  B,  C  are 
taken  on  the  radical  axes  and  AB,  BC,  CA  are  drawn.  Prove  that 
the  six  points  in  which  these  meet  the  three  given  circles  lie  on  a 
circle.  If  radii  veotores  are  drawn  from  0  to  these  six  points,  they 
meet  the  three  given  circles  in  six  points  on  a  circle  and  its  common 
chords  with  the  three  circles  meet  in  pairs  on  OA^  OBy  OC. 

169.  If  from  a  given  point  ^S^,  a  perpendicular  SY  he  drawn  to 
the  tangent  PY  at  any  point  P  of  a  circle,  centre  C7,  and  in  the  line 
MP  drawn  perpendicular  to  CS,  or  in  MP  produced,  a  point  Q  be 
taken  so  that  MQ=z8Yy  Q  will  lie  on  one  of  two  fixed  straight  lines. 

170.  The  diagonals  ACy  BD,  of  a  quadrilateral  inscribed  in  a 
circle  out  each  other  in  E»  Shew  that  the  rectangle  ABy  BC  is  to 
the  rectangle  AD,  DC  as  BE  to  ED. 

171.  The  square  on  the  straight  line  joining  the  centres  of  the 
circumscribed  circle  and  an  escribed  circle  of  a  triangle  is  greater  than 
the  square  on  the  radius  of  the  circumscribed  circle  by  twice  the 
rectangle  contained  by  the  radii  of  the  circles.    (See  p.  476.) 

172.  If  one  triangle  can  be  constructed  such  that  one  of  two 
given  circles  is  the  circumscribed  circle  and  the  other  of  the  given 
circles  is  one  of  its  escribed  circles,  an  infinite  number  of  such  triangles 
can  be  constructed.    (See  p.  477.) 

173.  A,  By  C  are  three  circles:  prove  that,  if  the  common 
tangent  of  A  and  C  be  equal  to  the  sum  of  the  common  tangents  of  A 
and  B  and  of  B  and  C,  the  three  circles  touch  a  straight  line. 

174.  Three  oirdes  AyB,C  touch  a  fourth  circle :  prove  that  the 
ratio  of  the  common  tangent  of  A  and  B  to  the  common  tangent  of 
A  and  C  is  independent  of  the  radius  of  A, 
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175.  If  ABGD  be  a  quadrilateral  insoribed  in  a  circle  and  a 
second  circle  touch  this  at  A^  and  the  tangents  to  it  from  B,  C,  X>  be 
Bbt  Gct  Dd,  then  the  rectangle  BD,  Ce  is  equal  to  the  sum  of  the 
rectangles  BC,  Dd  and  CD,  Bh. 

176.  ABGD  is  a  quadrilateral  inscribed  in  a  circle,  F  the  inter- 
section of  the  diagonals :  shew  that  the  rectangle  AF^  FD  is  to  the 
rectangle  BF,  FG  as  the  square  on  ilD  to  the  square  on  BG, 

177.  The  diagonals  of  a  quadrilateral,  inscribed  in  a  circle,  are 
to  one  another  in  the  same  ratio  as  the  sums  of  the  rectangles  con- 
tained by  the  sides  which  meet  their  extremities. 

178.  The  sides  of  a  quadrilateral  ABGD  produced  meet  in  P 
and  Q.  Prove  that  the  rectangles  PD,  DQ ;  AD,  DG;  PBy  BQ; 
AB,  BG  are  proportionals. 

179.  Prove  that  the  locus  of  a  point  such  that  the  square  on  its 
distance  from  a  fixed  point  varies  as  its  distance  from  a  fixed  straight 
line  is  a  circle. 

180.  A  quadrilateral  circumscribes  a  circle.  Shew  that  the 
rectangles  contained  by  perpendiculars  from  opposite  angles  upon 
any  tangent  are  to  one  another  in  a  constant  ratio. 
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DEFINITIONS. 


The  Geometrical  propositions  in  the  preceding  Books  of 
Euclid  relate  to  figures  in  one  plane.  The  propositions  of 
this  Book  relate  to  figures  which  are  not  entirely  confined 
to  one  plane.  This  part  of  Geometry  is  called  Solid 
Geometry. 

It  mast  be  remembered  that  the  diagrams  throughout  this  Book 
are  intended  to  represent  figures  which  do  not  lie  in  one  plane.  To 
more  readily  suggest  the  relative  position  of  the  lines  in  the  figure,  a 
line  is  dotted  when  it  is  supposed  to  be  seen  through  part  of  a  plane 
which  constitutes  part  of  the  figure.  Thick  lines  are  sometimes 
introduced  in  the  diagrams  with  a  view  of  more  readily  suggesting  to 
the  eye  the  relative  positions  of  different  parts  of  the  figure. 

The  reader  must  be  warned  that  equal  straight  lines  and  equal 
angles  in  the  figure  are  represented  in  the  diagrams  by  straight  lines 
and  angles  which  are  not  necessarily  equal  and  in  most  cases  are 
unequal.  The  principles  on  which  the  diagrams  are  drawn  will  be 
fully  understood  when  the  reader  has  acquired  a  knowledge  of  the 
principles  of  Perspective  Drawing  (see  pages  576—581). 

T.  E.  33 
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The  definition  of  a  plane,  adopted  in  Book  I.  (page  6), 
was 

^  A  surface  such  thcU  the  straight  line  joining  amy  tivo 
points  in  the  surface  lies  wholly  in  the  surface  is  called 
a  plane. 

It  follows  at  once  from  this  definition  and  from  Postu- 
lates 1  and  2  of  Book  I.  that : — 

(i)  One  part  of  a  straight  line  ccmnot  lie  in  a  plcme  and 
another  part  without  thepUme; 

(ii)  If  two  planes  have  two  points  in  common,  the 
straight  line  joining  the  points  lies  wholly  in  each  of  the 
pla/nes; 

(iii)  If  two  pla/nes  ha/ve  three  povnis,  which  cfo  not  lie  in 
a  straight  line,  in  common,  the  pUimes  are  coincident  through- 
out their  whole  surface. 

The  first  two  results  are  obvious.     The  third  may  be  proved  thus: 

Let  A,  B,  C  be  the  three  points,  which  are  common  to  the  two 
planes;  draw  the  straight  lines  AB,  BC,  CA.  These  lines  lie  wholly 
in  each  of  the  two  planes.  Any  straight  line  in  one  of  the  planes 
mnst  intersect  at  least  two  of  the  lines  AB^  BO,  CA:  let  it  intersect 
two  of  them  in  P,  Q :  then  since  P,  Q  are  also  in  the  second  plane,  the 
whole  line  PQ  lies  in  the  second  plane.  Hence  every  straight  line  in 
either  of  the  planes  lies  wholly  also  in  the  other,  and  therefore  the 
planes  are  coincident  throughout  their  whole  surface. 

A  straight  line,  which  lies  wholly  in  each  of  two  pla/nes 
is  often  called  the  common  section  of  the  planes. 

Postulate  1.  A  plane  Toay  he  drawn  through  any  three 
points. 

It  appears  from  what  has  been  said  already  that,  if  the  three  given 
points  do  not  lie  in  a  straight  line,  only  one  plane  can  be  drawn 
through  them :  but  that,  if  they  do  lie  in  a  straight  line,  a  plane  can 
be.  drawn  through  them  and  any  other  point  chosen  arbitrarily. 

Postulate  2.  A  part  of  a  plane  may  be  produced  to  any 
extent  in  amy  direction  in  its  plane. 
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Definition  1.  The  €mgular  opening  bettveen  two  or  more 
pkmesy  <U  a  point  where  they  meet^  is  called  a  solid  angle  or 
a  polyhedral^  angle. 

A  solid  cmgle/ormed  by  two  planes  is  called  dihedral*, 
one  formed  by  three  phmes  is  called  trihedral'^, 
one  formed  hyfov/r  pUmes  is  called  tetrahedral''^, 
one  formed  by  five  planes  is  called  pentahedral^. 

Names  might  be  giyen  for  a  solid  angle  at  a  point  where  six  or 
more  planes  meet,  but  snob  names  would  be  but  seldom  used. 

The  student  must  be  warned  here  that  solid  angles  and  plane  angles 
are  geometrical  magnitudes  of  essentially  different  kinds.  -The  Sixth 
Book  has  taught  him  that  plane  angles  are  proportional  to  the 
arcs  of  equal  circles  which  subtend  them  at  their  centres.  In  the 
same  way  it  can  be  proved  that  solid  angles  are  proportional  to  the 
areas  of  the  parts  of  equal  spheres  which  subtend  them  at  the 
centres.  When  this  is  proved,  it  appears  that,  whereas  a  plane 
angle  may  be  measured  by  the  length  of  the  arc  of  a  circle,  a 
solid  angle  may  be  measured  by  the  area  of  part  of  the  surface  of  a 
sphere. 

It  must  also  be  noted  that,  just  as  the  magnitude  of  a  plane  angle 
is  not  affected  by  the  lengths  of  the  straight  lines  which  bound  it,  so 
the  magnitude  of  a  solid  angle  is  not  affected  by  the  distance  to  which 
the  bounding  planes  extend  from  the  point  at  which  the  solid  angle 
exists. 

It  is  necessary  to  have  some  method  of  denoting  the  solid  angle  at 
a  point  contained  by  given  planes.  It  is  desirable  to  select  a  system 
which  is  applicable  to  solid  angles  contained  by  two  or  any  greater 
number  of  planes.  The  method  which  is  used  in  this  work  is  to  writo 
first  the  letter  denoting  the  point  at  which  the  solid  angle  exists,  and 
afterwards  letters  to  denote  any  surface,  which  subtends  the  angle  at 
the  point.  For  instance  the  trihedral  angle  at  the  point  O  contained 
by  the  planes  AOB,  BOC^  COA  is  denoted  by  O  {ABC),  and  the 
tetrahedral  angle  contained  at  the  point  0  by  four  planes  AOB,  BOC, 
.  COD,  DOA  by  0{ABCD), 

*  Derived  ftnom  noXin  "much,"  Wo  "two,"  rpcU  "three,"  rtrrapt^  "four," 
ireWt  "five"  reepectively,  and  ««pa  **a  baae." 

33—2 
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In  applying  this  system  to  a  dihedral  angle  we  mention  two  points 
in  the  common  section  of  the  planes  which  form  the  angle«  and  also 
a  point  in  each  of  the  planes:  for  instance,  the  dihedral  angle 
contained  by  two  planes  ABC,  ABD  at  a  point  0  in  ^IB  is  denoted  by 
O  {ACBD). 

Test  of  Equality  of  Solid  Angles.  Strictly  speaking  two  solid 
angles  are  said  to  be  equal,  when  it  is  possible  to  shift  the  planes 
forming  one  of  the  angles,  unchanged  in  position  relative  to  each 
other,  so  as  to  exactly  coincide  in  direction  with  the  planes  forming 
the  other  solid  angle. 


For  instance,  the  trihedral  angles  at  A  and  E  will  be  equal,  if  it  be 
possible  to  shift  the  planes  BAG,  CAD,  DAB  unchanged  in  position 
relative  to  each  other,  so  that  A  coincides  with  E  and  each  of  the  planes 
BA  C,  CAD,  DAB  coincides  in  direction  with  one  of  the  planes  FEQ^ 
GEH,  HEF :  it  is  clear  that  this  is  the  same  as  saying  the  trihedral 
angles  at  A  and  E  will  be  equal,  if  it  be  possible  to  shift  the  planes  so 
that  A  coincides  with  E  and  each  of  the  lines  AB,  AC,  AD  coincides 
in  direction  with  one  of  the  lines  EF,  EG,  EH, 

In  Book  I.  (see  page  93)  two  figures  have  been  called  equal  when 
they  were  only  equal  in  area  and  not  eqtuil  in  all  respects.  In  the  same 
way  two  solid  angles  will  be  sometimes  called  equal  when  they  are 
equal  in  opening  though  not  equal  in  all  respects,  that  is  when  they 
are  capable  of  being  divided  into  a  number  of  solid  angles  which 
in  pairs  are  equal  in  all  respects.  When  it  is  necessary  to  avoid 
all  danger  of  mistake  we  shall  therefore  for  the  future  in  general 
speak  of  two  solid  angles  which  are  equal  in  all  respects  as  equal 
in  all  respects  or  as  equal  and  similar;  and  we  shall  speak  of  two 
angles  which  are  not  equal  in  all  respects,  but  which  admit  of 
division  into  solid  angles  which  in  pairs  are  equal  in  all  respects, 
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as  equal  in  opening.    When  however  there  is  no  danger  of  ambiguity, 
we  shall  speak  of  angles  which  are  merely  equal  in  opening  as  equal. 

It  may  be  remarked  that  equal  and  similar  solid  angles  at  the 
centres  of  equal  spheres  are  subtended  by  portions  of  the  surfaces  of 
the  spheres  which  are  equal  in  all  respects,  but  that  soHd  angles 
which  are  only  equal  in  opening  are  subtended  by  portions  of  the 
surfaces  of  the  spheres  which  are  only  equal  in  area. 

DUiedzal  Angles.  If  a  plane  move,  while  two  points  in  the  plane 
remain  fixed  in  space,  the  plane  is  said  to  turn,  rotate,  or  revolve 
about  the  straight  line  joining  the  fixed  points.  If  the  revolving 
plane  move  from  any  one  position  to  any  other  position,  it  generates 
at  any  point  in  the  line  joining  the  fixed  points  a  dihedral  angle. 

It  will  be  proved  (Prop.  10  Coroll.  2)  that  the  dihedral  angles 
between  two  planes  at  all  points  in  their  line  of  section  are  the  same. 

The  two  dihedral  angles  which  two  planes  make  at  a  point  on  the 
same  side  of  one  of  the  planes  but  on  opposite  sides  of  the  other  are 
called  adjacent  dihedral  angles. 


Definition  2.  If  two  solid  angles  at  a  point  be  such  that 
each  is  formed  by  prodtidng  the  planes  which  contain  the 
other  through  the  point,  they  are  called  vertically  opposite 
solid  angles. 


Definition  3.  If  two  adja^cent  dihedral  angles  made  by 
two  planes  at  a  point  be  eqiml,  the  planes  a/re  said  to  be 
at  right  angles  to  each  other. 

It  will  be  proved  (Prop.  10  Coroll.  2)  that  if  two  planes  be  at  right 
angles  at  one  point  of  their  line  of  section  they  are  at  right  angles  at 
every  point  of  it. 


Definition  4.  The  trihedral  angle  made  by  three  planes 
which  are  ai  right  angles  to  each  other  in  pairs  is  called 
a  right  solid  angle. 
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Definition  5.  When  a  straight  line  is  cU  right  angles  to 
evert/  straigJU  line  meeting  it  in  the  pla/rts,  it  is  said  to  he 
at  right  angles  to  the  plane,  and  the  plane  is  said  to  be  at 
rigJU  angles  to  the  line. 

It  will  be  proved  hereafter  (Prop.  4)  that,  if  a  straight  line  be  at 
right  angles  to  tvfo  straight  lines  meeting  it  in  a  plane,  it  is  at  right 
angles  to  every  straight  line  meeting  it  in  the  plane. 

Definition  6.  Two  planes,  which  do  not  meet  however 
far  they  may  he  prodtbced  in  every  possible  direction^  are 
said  to  be  parallel  to  one  another. 

A  plane  a/nd  a  straight  line,  which  do  not  meet  Jwwever 
far  they  unay  be  produced  in  every  possible  direction^  a/re  said 
to  be  parallel  to  one  another. 

Definition  7.  If  two  planes  be  not  po/raUd  to  o?ie 
another,  they  are  said  to  be  inclined  to  one  another. 

If  from  a  point  in  the  common  section  of  two  planes 
a  straight  line  be  drawn  in  each  of  the  planes  at  right  angles 
to  their  common  section  the  angle  between  these  lines  is  called 
the  inclination  of  the  planes  to  one  another  a^  the  point. 

It  will  be  proved  (Prop.  10  Goroll.  1)  that  the  inclination  of  two 
planes  to  one  another  is  the  same  at  every  point  of  their  section. 

Definition  8.  If  a  straight  line  be  not  parallel  to  a 
pkme,  it  is  said  to  be  inclined  to  the  plane. 

The  smallest  angle  made  by  it  with  a  straight  line  meeting  it  in 
the  plane  is  called  the  Inclination  of  the  straight  line  to  the  plane. 

Definition  9.  A  closed  rectilineal  figure,  whose  sides 
do  not  all  lie  in  one  plane,  is  called  a  skew  figwre. 

Definition  10.  A  surface,  such  that  every  section  of 
it  made  by  any  plcme  which  intersects  it  consists  of  one  or 
more  closed  lines,  is  called  a  closed  surface. 
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A  dosed  Bv/rfotce  composed  wholly  of  planes  is  called 
a  polyhedron*. 

The  planes,  which/orm  a  polyhedron,  are  called  the  faces 
of  the  figure. 

The  line,  in  which  two  faces  meet,  is  called  an  edge 
of  the  figv/re. 

The  point,  where  three  or  more  edges  meet,  is  called 
a  vertex  or  an  angnlar  point  or  a  comer  of  the  figure. 

A  polyhedron  of  four    faces  is  called  a    tetrahedron*, 
one         of  five      faces  is  called  a    pentahedron*, 
one         of  six       faxxs  is  called  a    hexahedron*, 
one         of  eight    faces  is  called  an  octahedron*, 
one         of  tuoelve  fa^es  is  called  a    dodecahedron*, 
one         qf  ttoerUy  faces  is  called  an  icosahedron*. 

Definition  11.  A  polyhedron,  which  is  such  that  the 
wh(^e  figure  lies  on  one  side  only  of  each  of  the  faces  of  the 
figure,  is  called  a  convex  polyhedron. 

It  is  at  onoe  seen  that  every  plane  section  of  a  convex  polyhedron 
is  a  convex  polygon. 

Definition  12.  A  polyhedron,  of  which  all  the  faces  are 
regula/r- polygons  of  the  same  kind  a/nd  all  the  solid  angles 
are  equal,  is  called  a  regular  solid. 

It  will  be  proved  hereafter  that  there  are  five  and  only  five  possible 
convex  regular  solids  and  that  the  tetrahedron,  the  hexahedron,  the 
octahedron,  the  dodecahedron  and  the  icosahedron  are  the  only 
polyhedrons  which  can  possibly  be  regnlar. 

The  regular  hexahedron  is  generally  called  a  cube.    (See  Def.  18.) 

♦  Derived  from  wokvt  *'much.'*  rrrrapei  "four,"  wivrt  "five,"  H  "six,"  iicT» 
"eight;,''  a«5ffKa  "twelve,"  tucwn  "twenty"  lespectively,  and  iipa  "abase." 
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Definition  13.  A  hexahedron^  whose  opposite  faces  are 
parallel,  is  called  a  parallelepiped  *, 

A  parallelepiped,  one  of  wJwse  trihedral  a/ngles  is  a  right 
solid  angle,  is  called  a  rectangular  paralleleiaped,  or  an 
orthohedronf. 

It  will  be  proved  later  that  each  trihedral  angle  of  a  rectangular 
parallelepiped  is  a  right  solid  angle. 

An  orthohedron,  three  of  whose  edges  meeting  in  a  vertex 
a/re  equal,  is  called  a  cube}:. 

Definition  14.  A  polyhedron,  aU  hut  one  of  wivose 
faces  meet  in  a  point,  is  called  a  pyramid  §. 

Definition  15.  A  polyhedron,  all  Imt  two  of  the  faces 
of  which  are  parallel  to  one  straight  line,  is  called  a  prism  ||. 

The  two  faces  of  the  prism,  which  are  not  parallel  to  the  straight 
line,  are  generally  assumed  to  be  parallel  to  one  another. 

Definition  16.  Two  solid  figu/res  are  said  to  he  equal  in 
all  respects,  when  it  is  possible  to  shift  one  unchanged  in 
shape  and  size  so  as  to  coincide  vdth  the  otJier. 

Definition  17.  When  tlie  solid  a^ngles  of  one  poly- 
hedron taken  in  order  are  equal  and  similar  to  the  solid 
angles  of  another  taken  in  order,  the  two  polyJiedrons  are 
said  to  he  equiangular  to  one  another. 

When  two  polylied/rons  are  equiangula/r  to  one  another, 
a/ad  when  the  ratio  of  an  edge  of  one  of  them  to  the  corre- 
sponding edge  of  the  other  is  the  same  for  all  pairs  of  cor- 
responding edges,  the  polyhedrons  are  said  to  he  pimilfLy  to 
one  another. 

*  Derived  firom  iropoAXifAoc  "parallel/'  and  eiriire6oi'  "a  plane." 

t  Derived  from  opOhi  "right  (at  right  angles},"  and  cjpa  "a  base." 

t  Deriyed  fh>m  icv/3os  "a  die." 

§  Derived  from  mpofiU  "a  pyramid." 

II  Derived  from  irpCaiia  "a  prism." 
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Definition  18.  A  closed  surface^  which  is  su>ch  thcU 
(HI  straight  lines  drawn  to  it  from  a  fixed  point  are  equals 
is  called  a  sphere^. 

This  point  is  caUed  the  centre  of  the  sphere. 
It  will  be  proved  (page  590)  that  a  sphere  has  only  one  centre. 

A  straight  line  drawn  from  the  centre  of  a  sphere  to  the 
sphere  is  called  a  radins. 

A  straight  line  drawn  through  the  cent/re  a/nd  terminated 
both  ways  by  the  spliere  is  coiled  a  diameter. 

It  will  be  proved  (page  573)  that  four  points  on  a  sphere  not  in  the 
same  plane  completely  fix  the  position  and  magnitude  of  the  sphere : 
hence  we  generally  denote  a  sphere  by  mentioning  f  onr  points  on  it. 

Definition  19.  A  straight  line  drawn  through  the 
centre  of  a  cyrcle  at  right  angles  to  its  plane  is  called  the 
axis  of  the  cirde. 

Definition  20.  If  a  straight  Une  pass  through  a 
moveable  point  on  a  fixed  circle  a/nd  a  fixed  point  not  in  the 
plane  of  the  circle,  the  surface  generated  by  the  straight  line, 
when  the  moveable  point  describes  the  circle,  is  called  a 
circular  cone  t. 

The  fixed  point  is  called  the  vertex  of  the  cone. 

If  the  fixed  point  lie  on  the  axis  of  the  circle  the  cone  is 
said  to  be  a  right  circular  cone. 

Definition  21.  If  a  straight  line  be  draum  through  a 
moveable  point  on  a  circle  pa/rallel  to  a  faced  straiglU  line, 
tJhe  surface  generated  by  the  moving  line,  as  the  moveable 
point  describes  the  circle,  is  called  a  circular  cylinder  %, 

If  the  moving  line  be  parallel  to  the  aacis  of  the  circle, 
the  cylinder  is  said  to  be  a  right  circular  cylinder. 


*  Berived  from  ir^otpa  "a  ball." 
t  Derived  from  kSh^  "  a  cone." 
t  Derived  from  m^XtvApof  "a  cylinder." 
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PROPOSITION   1. 

If  tv)0  planes  meet  vn  a  pointy  they  meet  in  a  straight 
Une. 

Let  ABCy  ADE  be  two  given  planes,  which  meet  at  the 
point  A : 

it  is  required  to  prove  that  they  meet  in  a  straight  line. 

CoNSTEUcrnoN.  Take  any  two  points  B^  C  lying  in  the 
plane  ABC^  and  not  in  the  plane  ADE  but  on  the  same 
side  of  it ;  draw  AB^  AG  and  produce  BA  to  F,    Draw  CF. 


Proof.     Because  B  and  G  are  on  the  same  side  of  the 
plane  ADE^ 

and  B  and  F  are  on  opposite  sides, 
therefore  G  and  F  are  on  opposite  sides. 
Therefore  the  straight  line  GF  must  meet  the  plane  ADE 

in  some  point,  say  G, 
Then  because  A  and  G  are  in  each   of  the  planes  ABC^ 
ADE, 

the  straight  line  AG  is  in  both  planes.     (I.  Def.  7.) 

Wherefore,  if  two  planes  &c. 


PROPOSITION  1.  609 


EXERCISES. 

1.  How  many  different  planes  can  be  drawn  throngh  three  out  of 
(a)  four,  (b)  five  given  points  ? 

2.  How  many  different  straight  lines  are  formed  by  the  inter- 
sections of  two  out  of  (a)  three,  (6)  four,  (c)  five  planes  ? 

8.  Into  how  many  parts  is  space  divided  by  (a)  one,  (&)  two, 
(c)  three,  (d)  four  planes? 

4.  Shew  how  to  draw  through  a  given  point  a  straight  line 
to  intersect  two  non-intersecting  straight  lines. 

5.  Prove  that  every  plane  not  passing  through  an  angular  point 
of  a  skew  quadrilateral  outs  an  even  number  of  the  sides  of  the  quad- 
rilateral in  points  in  the  sides  themselves  and  an  even  number  in 
points  in  the  sides  produced. 

6.  If  two  triangles  ABC,  A'B'C  in  different  planes  be  such  that 
the  lines  AA\  BB\  CC  meet  in  a  point  5,  then  the  three  pairs  of 
corresponding  sides  JBC,  JB'C;  CA^  CA'\  AB,  A'Bf  intersect  in  points 
lying  on  a  straight  line. 
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PROPOSITION  2. 

Every  pointy  which  is  equidistant  /rom  ttuo  fioced  pointSy 
lies  in  ajfhsedplane. 

Let  A,  Bhe  two  given  points: 
it  is  required  to  prove  that  every  point  which  is  equidistant 
from  A  and  B  lies  in  a  fixed  plane. 

Construction.  Take  P,  Q  any  two  points,  such  that 
each  is  equidistant  from  A  and  B,  Draw  AB  and  bisect 
ABmC  and  draw  CP,  FQ,  QG. 

Take  any  point  R  in  PQ  and  draw  RA,  RB,  RC. 


Proof.     Because  in  the  triangles  APQ^  BPQj 

AP,  PQ,  QA  are  equal  to  BP,  PQ,  QB  respectively, 

the  angles  APQ,  BPQ  are  equal.    (I.  Prop.  8.) 
And  because  in  the  triangles  APR,  BPR 

AP,  PR  are  equal  to  BP,  PR  respectively, 
and  the  angles  APR,  BPR  are  equal, 

RA  is  equal  to  RB;  (I.  Prop.  4.) 

that  is,  any  point  R  in  the  straight  line  joining  P,  Q  two 
points  which  are  equidistant  from  A  and  B 

is  also  itself  equidistant  from  A  and  B, 
Similarly  it  can  be  proved  that  any  point  on  GP  or  GQ 

satisfies  the  same  condition. 
Therefore  every  point  in  the  plane  GPQ  is  equidistant  from 

A  and  B, 
Again  no  other  point  can  be  equidistant:  for  if  the  straight 
line  AS,  joining  A  to  any  point  S  not  in  the  plane,  cut 
the  plane  in  P ; 
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because  PA  is  equal  to  PB 
the  angles  PBAy  PAB  are  equal.   (I.  Prop.  5.) 
Therefore  the  angles  SBA^  SAB  are  not  equal, 

and  SA  is  not  equal  to  SB,      (T.  Prop.  19.) 

Wherefore,  every  point  <kc. 


EXEBGISES. 

1.  The  plane  which  is  the  locns  of  a  point  equidistant  from  two 
giyen  points  bisects  the  straight  line  joining  the  points,  and  is  at  right 
angles  to  it. 

2.  The  locns  of  a  point  which  is  equidistant  from  three  given 
points  is  a  straight  line  whidi  passes  through  the  centre  of  the  circle 
through  the  given  points. 

3.  The  straight  line  which  is  the  locns  of  a  point  equidistant 
from  three  given  points  is  at  right  angles  to  the  plane  through  the 
given  points. 

4.  Prove  that,  if  a  straight  line  AP  make  equal  angles  with  two 
given  straight  lines  AB^  AC,  it  lies  in  one  or  other  of  two  fixed  planes. 

5.  Every  point  which  is  equidistant  from  two  given  intersecting 
straight  lines  Ues  in  one  or  other  of  two  fixed  planes. 
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PROPOSITION  3. 

If  three  planes  intersect  each  other  in  pairs ,  their  common 
sections  either  meet  in  a  point  or  are  parcUlel  in  pairs. 

Let  ABDGy  GDFE,  EFBA  be  three  planes  which  inter- 
sect each  other  in  pairs  in  the  straight  lines  EF^  AB,  CD : 
it  is  required  to  prove  that  AB,  CI),  EF  either  meet  in  a 
point  or  are  parallel  in  pairs. 


Proof.     First,  if  AB,  CD  intersect: 
since  every  point  in  J  ^  is  common  to  the  planes  ABDC, 

EFBA  and  every  point  in  CD  is  common  to  the  planes 

ABDC,  CDFE, 
the  intersection  of  AB  and  CD  is  common  to  the  planes 

CDFE.EFBA, 
that  is  to  say  the  straight  line  EF  passes  through  the  inter- 
section of  AB  and  CD. 
Secondly,  if  AB,  CD  be  parallel; 
EF  cannot  intersect  AB,  since,  if  it  did,  then,  by  the  first 

case,  CD  would  meet  ^^  in  the  same  point:  but  it  is 

parallel  to  it; 
and  because  AB  and  EF  lie  in  the  plane  ABEF  and  they 

do  not  meet,  they  are  parallel.  (I.  Def.  9.) 

Similarly  it  can  be  proved  that  CD  and  EF  are  parallel. 

Wherefore,  if  three  planes  Ac. 
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EXEBCISES. 

1.  How  many  different  points  are  formed  by  the  intersection  of 
three  planes  out  of  (a)  four,  {Jb)  five  given  planes  ? 

2.  If  three  straight  lines  intersect  each  other  in  pairs,  they  meet 
at  a  point  or  lie  in  a  plane. 

8.    If  two  straight  lines,  one  in  each  of  two  intersecting  planes,  be 
parallel,  each  is  parallel  to  the  common  section  of  the  planes. 

4.  Draw  through  a  given  straight  line  a  plane  parallel  to  another 
given  straight  line. 

5.  Draw  a  straight  line  to  meet  two  given  non-intersecting  straight 
lines  and  parallel  to  a  third  given  straight  line. 

Shew  that  the  solution  is,  in  general,  unique. 

6.  If  two  straight  lines  be  parallel,  any  plane  through  one  of 
them  is  parallel  to  the  other. 

7.  If  a  plane  cut  a  tetrahedron  in  a  parallelogram,  the  plane  is 
parallel  to  two  opposite  edges  of  the  tetrahedron. 
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If  one  of  three  concu/rrent  straight  lines  be  at  right  angles 
to  the  other  two^  thejvrst  is  at  right  angles  to  the  plane  throtigh 
the  others. 

Let  DAy  DB,  DC  be  three  concurrent  straight  lines  such 
that  the  angles  ADB,  ADC  are  right  angles : 
it  is  required  to  prove  that  DA  is  at  right  angles  to  the 
plane  BDC. 

CoNSTBUCTiON.  Produce  AD  to  E  and  make  DB  equal 
to  DA.  Draw  AB,  BE,  AC,  CE,  CB.  In  the  plane  BDC 
draw  through  D  any  straight  line  DF  meeting  BC  in  the 
point  i^and  draw  FA,  FE. 


Proof.     Because  in  the  triangles  ABD,  EBD 
AD,  DB  are  equal  to  ED,  DB  respectively, 
and  the  angle  ADB  to  the  angle  EDB, 

AB\&  equal  to  EB,  (I.  Prop.  4.) 

Similarly  it  can  be  proved  that 

^C7  is  equal  to  EC. 
And  because  in  the  triangles  ABC,  EBC, 

AB,  BC,  CA  are  equal  to  EB,  BC^  CE  respectively, 
the  angle  ABC  is  equal  to  the  angle  EBC.  (I.  Prop.  8.) 
And  because  in  the  triangles  ABF^  EBFy 

AB,  BF  are  equal  to  EB,  BF  respectively, 
and  the  angle  ABF  to  the  angle  EBF, 

AF  is  equal  to  EF.  (I.  Prop.  4.) 
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And  because  in  the  triangles  ADF^  EDFj 

AD,  DF,  FA  are  equal  to  ED,  DF,  FE  respectively, 
the  angle  ADF  is  equal  to  the  angle  EDF:  (I.  Prop.  8.) 
that  is,  DF  any  straight  line  through  D  in  the  plane  BCD 
is  at  right  angles  to  DA ; 

therefore  DA  is  at  right  angles  to  the  plane  BDC, 

(Def.  5.) 
Wherefore,  if  one  of  three  <fec. 


EXEBCISES. 

1.  If  from  a  pomt  A  without  a  plane  BCD,  there  be  drawn  two 
straight  lines  AB^  AC,  of  which  ^C  is  at  right  angles  to  the  plane, 
then  the  angle  ABC  is  the  inclination  of  AB  to  the  plane  BCD,  (See 
Def.  8.) 

2.  Equal  straight  lines  drawn  from  a  gi?en  point  to  a  given 
plane  are  equally  inclined  to  the  plane. 

3.  If  two  straight  lines  in  one  plane  be  equally  inclined  to 
another  plane,  they  are  equally  inclined  to  the  common  section  of 
these  planes. 

4.  Through  a  given  point  draw  a  plane  at  right  angles  to  a  given 
straight  line. 
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PROPOSITION  5. 

If  one  of  four  concurrent  straight  lines  he  at  right  angles 
to  the  other  three,  those  three  lie  in  a  plane. 

Let  EAy  EBy  EG,  ED  be  four  concurrent  straight  lines 
such  that  the  angles  AEB,  AEG,  AED  are  right  angles : 
it  is  required  to  prove  that  EB,  EG,  ED  lie  in  a  plane. 

Construction.    Draw  any  straight  line  BG  cutting  EB 
and  EG,  and  let  it  cut  the  plane  AED  in  F,  draw  EF, 


Proof.     Because  EA  is  at  right  angles  to  EB  and  EG, 
it  is  at  right  angles  to  the  plane  BEG,    (Prop.  4.) 

And  ^i^^lies  in  this  plane; 

therefore  the  angle  AEF  is  a  right  angle. 

And  the  angle  AED  is  a  right  angle,  (Hypothesis) 

and  the  angles  are  in  the  same  plane; 

therefore  EF  and  ED  are  in  the  same  straight  line, 

that  is,  EB,  EG,  ED  lie  in  a  plane. 

Wherefore,  if  one  of  four  <fec. 

Corollary.     Only  one  plane  can  be  dra/um  at  right 
angles  to  a  given  straight  line  through  a  given  point  on  it. 
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EXERCISES. 

1.  If  OP  make  equal  angles  with  three  complanar  straight  lines 
OQj  OR,  08,  OP  is  at  right  angles  to  the  plane  QRS. 

2.  Prove  that,  if  two  spheres  intersect,  their  curve  of  section 
is  a  circle. 
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PROPOSITION  6. 

If  ttvo  straight  lines  he  at  right  angles  to  t/te  same  plane^ 
tliey  a/re  parallel  to  one  another. 

Let  AJB,  CD  be  two  straight  lines  at  right  angles  to  the 
plane  ACH : 

it  is  required  to  prove  that  A  By  CD  are  parallel  to  one 
another. 

Construction.  Draw  AC,  and  in  the  plane  ACB  draw 
CH  at  right  angles  to  AC,  Take  AB,  CE  equal  to  one 
another  and  draw  AE,  EB,  BC. 

D 


Proof.     Because  AB  is  at  right  angles  to  the  plane  ACE, 
each  of  the  angles  BAC,  BAE  is  a  right  angle.        (Def.  5.) 
Because  in  the  triangles  EC  A,  BAC, 

EC,  CA  are  equal  to  BA,  AC  respectively, 
and  the  angle  EC  A  to  the  angle  BAC, 

therefore  EA  is  equal  to  BC.         (I.  Prop.  4.) 
And  because  in  the  triangles  ECB,  BAE, 

EC,  CB,  BE  are  equal  to  BA,  AE,  EB  respectively, 
the  angle  ECB  is  equal  to  the  angle  BAE,  (I.  Prop.  8.) 
which  has  been  proved  to  be  a  right  angle. 

And  because  CD  is  at  right  angles  to  the  plane  ACE, 
the  angle  DCE  is  a  right  angle ; 
therefore  each  of  the  angles  ECD,  ECB,  EC  A  is  a  right 
angle; 

therefore  the  lines  CD,  CB,  CA  lie  in  a  plane.  (Prop.  5.) 
Also  AB,  CB,  CA  lie  in  a  plane, 

and  the  angles  BAC,  ACD  are  right  angles, 

therefore  AB  is  parallel  to  CD,     (I.  Prop.  28.) 
Wherefore,  iftvx>  straight  lines  he. 
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EXEBOISES. 

1.  Only  one  straight  line  can  be  drawn  from  a  given  point  at 
right  angles  to  a  given  plane. 

2.  If  each  of  two  straight  lines  be  at  right  angles  to  one  of  two 
parallel  planes  they  are  parallel  to  one  another. 
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PROPOSITION  7. 


If  the  dihedral  angle  between  a  pair  of  planes  at  a  point 

he  equal  to  the  dihedral  wngle  between  another  pair  of  pLam^es 

at  a  point,  the  inclination  of  the  first  pair  of  plamss  at  the 

first  point  is  equal  to  the  inclination  of  the  second  pair  of 

planes  at  the  second  point. 

Let  ABC,  ABD  be  one  pair  of  planes,  and  EFG,  EFH 
another  pair  of  planes  such  that  the  dihedral  angle  at  the 
point  A  between  the  first  pair  of  planes  is  equal  to  the 
dihedral  angle  at  the  point  E  between  the  second  pair  of 
planes ;  and  let  AG,  JZ>  be  drawn  in  the  planes  ABC,  ABD 
at  right  angles  to  AB ;  and  EG,  EH  in  the  planes  EFG, 
EFH  at  right  angles  to  EF: 


it  is  required  to  prove  that  the  plane  angle  CAD  is  equal 
to  the  plane  angle  GEH  (Def.  7.) 

Because  the  dihedral  angles  at  A  and  E  are  equal  it  is 
possible  to  shift  the  figure  ABOD,  so  that  the  point 
A  shall  coincide  with  the  point  E,  the  plane  ABC  with 
the  plane  EFG  and  the  plane  ABD  with  the  plane  EFH, 
If  this  be  done, 
because  the  plane  ABC  coincides  with  the  plane  EFG]  and 
the  plane  A  BD  with  the  plane  EFH,  AB  must  coincide 
in  direction  with  EF, 
and  because  the  plane  ABC  coincides  with  the  plane  EFG, 
and  AB  coincides  in  direction  with  EF, 
and  the  angle  BAG  is  equal  to  the  angle  FEG, 
each  being  a  right  angle, 
AC  coincides  in  direction  with  EG'^ 
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in  a  similar  manner  it  can  be  proved  that 

AD  coincides  in  direction  with  EH: 
therefore  the  plane  angle  GAD  coincides  with,  the  plane 
angle  GEH  and  is  equal  to  it. 

Wherefore,  if  the  dihedral  angle  &c. 

Corollary.  If  two  adjacent  dihedral  angles  between 
two  planes  at  a  point  be  equal,  the  inclination  of  the  planes 
to  one  another  at  the  point  is  a  right  angle. 

It  has  been  proved  in  Proposition  7  that,  if  the  dihedral 
angles  between  two  pairs  of  planes  at  two  points  be  equal, 
the  inclinations  of  the  pairs  of  planes  at  the  two  points  are 
equal. 

By  a  method  exactly  similar  to  that  used  in  Pro- 
position 1  of  Book  VI.  we  can  prove  the  following  theorem, 
viz. 

The  ratio  of  the  dihedral  arigles  between  ttoo  pai/rs  of 
pla/nes  at  two  points  is  equal  to  the  ratio  of  the  inclirujUiona 
of  the  pairs  ofplcmes  aJt  the  two  points. 

On  this  account  the  inclination  of  two  planes  at  a 
point  is  often  used  as  a  measiire  of  the  dihedral  angle 
between  the  planes  at  the  point. 

The  student  mast  recollect  that  the  dihedral  angle  between  two 
planes  is  a  quantity  of  an  essentially  different  nature  &om  the  inclina- 
tion of  the  planes. 


EXEBOISE. 

1.    Draw  a  plane  to  bisect  the  dihedral  angle  between  two  given 
planes  at  a  given  point  in  their  common  section. 
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If  one  of  two  parallel  straight  lines  be  at  right  angles 
to  a  plane,  the  other  is  also  at  right  angles  to  iJie  pkme. 

Let  the  two  straight  lines  AB,  CD  be  parallel,  and 
let  AB  be  at  right  angles  to  the  plane  ACE: 
it  is  required  to  prove  that  CD  is  at  right  angles  to  the 
plane  ACE, 

Construction.     Draw  AC,  and  in  the  plane  ACE  draw 
CE  at  right  angles  Ui  AC\ 
make  CE  equal  to  AB,  and  draw  AE,  EB,  BC, 


Proof.     Because  in  the  triangles  BAC,  EC  A, 
BA,  AC  are  equal  to  EC,  CA  respectively, 
and  the  angle  BAC  to  the  angle  EC  A, 

BC  is  equal  to  EA,  (I.  Prop.  4.) 

And  because  in  the  tiiangles  ECB,  BAE, 
BC,  CE,  EB  are  equal  to  EA,  AB,  BE  respectively, 
the  angle  ECB  is  equal  to  the  angle  BAE,  (I.  Prop.  8.) 
which  is  a  right  angle ;  (Hypothesis) 

that  is,  EC  is  at  right  angles  to  CB ; 
and  it  is  at  right  angles  to  CA  ;         (Constr.) 
therefore  it  is  at  right  angles  to  CD  a  straight  line  in  the 
plane  ACB,  (Prop.  4.) 

And  because  CD  is  parallel  U>  AB, 

and  the  angle  BAC  is  a  right  angle,  (Hypothesis) 
therefore  the  angle  DC  A  is  a  right  angle.    (I.  Prop.  29.) 
Therefore  CD  is  at  right  angles  to  the  two  straight 
lines  CA,  CE, 

and  therefore  to  the  plane  ACE,         (Prop.  4.) 
Wherefore,  if  one  of  two  <fec. 
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EXEBdSES. 

1.  If  peipendionlars  be  drawn  from  a  point  to  a  plane,  and  to  a 
straight  line  in  the  plane,  the  straight  line  joining  the  feet  of  the 
peipendionlars  is  at  nght  angles  to  the  given  straight  line. 

2.  AB  is  at  right  angles  to  a  plane  at  B :  from  £,  BD  is  drawn 
perpendionlar  to  a  straight  line  EF  in  the  plane :  prove  that  AD  is  at 
right  angles  to  EF. 

3.  AB^  CD  are  two  straight  lines,  of  whioh  AB  lies  in  a  plane  to 
which  CD  is  perpendicular.  Prove  that  the  perpendiculars  to  AB 
from  the  different  points  of  CD  all  pass  through  a  fixed  point. 

4.  If  D  be  any  point  on  the  straight  line  drawn  through  the 
orthocentre  of  a  triangle  ABC  perpendicular  to  the  plane  of  the 
triangle,  then  DA  is  at  right  angles  to  the  straight  line  drawn  through 
A  paiallel  to  BC. 
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PROPOSITION  9. 

Straight  lines  parallel   to    the  aa/me  straight   line  are 
parallel  to  one  a/nother*. 

Let  ABy  CDy  EF  be  three  given  straight  lines,  such 
that  ABy  EF  are  parallel,  and  (72),  EF  are  parallel : 
it  is  required  to  prove  that  AB,  CD  are  parallel. 

Construction.     Take  any  point  C  in  CD  and  draw  the 
plane  ACB^ 
and  let  it  meet  the  plane  CEF  in  the  straight  line  CG. 


Proof.     Because  the  three  planes  AEFB,  ABCy  CEF 
meet  in  pairs  in  the  lines  CG^  EFy  AB, 

CGy  EF,  AB  meet  in  a  point  or  are  parallel  in  pairs. 

(Prop.  3.) 
They  do  not  meet  in  a  point,  since  the  pairs  AB,  EF  are 
parallel, 

therefore  they  are  parallel  in  pairs ; 
therefore  CG  is  parallel  to  AB  and  to  EF. 
Now  CD  is  parallel  to  EF;  (Hypothesis) 

therefore  CD  is  coincident  with  CG ; 
therefore  CD  is  parallel  to  AB. 

Wherefore,  straight  liiies  <kc. 


*  The  case  when  they  are  all  in  one  plane  has  already  been 
treated,  Book  I.^  Prop.  80. 
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EXEBGISES. 

1.  The  straight  lines  joining  the  middle  points  of  opposite  edges 
of  a  tetrahedron  meet  in  a  point,  and  bisect  one  another. 

2.  If  two  of  the  straight  lines  joining  the  middle  points  of  two 
pairs  of  opposite  edges  of  a  tetrt^edron  be  at  right  angles,  the 
remaining  edges  are  of  equal  length. 

8.  If  two  opposite  edges  of  a  tetrahedron  be  eqaal,  the  section  of 
the  tetrahedron  by  a  plane  parallel  to  these  edges  is  a  parallelogram 
of  constant  perimeter. 

4.  If  any  two  planes  be  cnt  by  another  plane,  which  is  parallel  to 
the  line  of  intersection  of  the  first  two  planes,  their  common  sections 
with  it  are  parallel. 
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PROPOSITION  10. 

The  angles  made  hy  a  pair  of  intersecting  straight  lines 
are  equal  to  the  angles  made  hy  any  pair  of  intersecting 
straight  lines  parallel  to  them. 

Let  the  intersecting  straight  lines  A B,  AC  he  parallel 
to  the  intersecting  straight  lines  DJS,  DF  respectively : 
it  is  required  to  prove   that  the  angles  BAC^  EDF  are 
equal. 

Construction.  Draw  ADy  and  any  two  straight  lines 
BE,  CF,  in  the  planes  ABED,  ACFD  respectively,  each 
parallel  to  AD. 

Draw  BC,  EF. 


Proof.     Because  ABED  is  a  parallelogram, 

BE  is  equal  to  AD,  and  AB  to  DE-, 

and  because  ACFD  is  a  parallelogram, 

CjF' is  equal  to  AD,  and  AC  to  DF , 

therefore  CF  is  equal  to  BE. 

Because  BE  and  CF  are  each  parallel  to  AD, 

they  are  parallel  to  each  other ;         (Prop.  9.) 
and  it  has  been  proved  that  they  are  equal ; 
therefore  BC,  EF  Are  equal  and  parallel.  (I.  Prop.  33.) 
And  because  in  the  triangles  BAG,  EDF, 
BA,  AC,  CB  are  equal  to  ED,  DF,  FE  respectively, 
the  angle  BAC  is  equal  to  the  angle  EDF.  (I.  Prop.  8.) 

Wherefore,  Hhe  angles  &c. 

Corollary  1.  The  inclination  of  two  planes  is  constant 
at  all  points  of  their  common  section. 

Corollary  2.  The  dihedral  angle  between  two  planes 
is  constant  at  all  points  of  their  common  section.  (See 
page  521.) 
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Definition.  Ttoo  nan-interaecting  straight  lines  are  said 
to  be  inclined  to  each  other  at  the  sa/me  a/ngles  as  any  two 
intersecting  straight  lines  parallel  to  tJiern. 


EXEBGISES. 

1.  If  two  planes  which  are  not  parallel  be  cut  by  two  parallel 
planes,  the  lines  of  section  of  the  first  two  planes  by  each  of  the 
others  will  contain  equal  angles. 

2.  Prove  that  in  the  figure  of  Proposition  8,  DE  is  at  right 
angles  to  ilC. 

3.  If  in  a  trihedral  angle  A  (BCD)  the  plane  angles  BAC^  CAD 
be  equal,  the  inclinations  of  the  planes  BAC^  BAD  and  CADy  BAD 
are  equal. 

4.  If  in  a  trihedral  angle  A  {BCD)  the  plane  angle  BAG  be 
greater  than  the  plane  angle  CAD,  the  inclination  of  the  planes 
BAG,  BAD  is  greater  than  &e  inclination  of  the  planes  CADy  BAD. 

5.  Prove  that  every  straight  line  which  is  equally  inclined  to  two 
given  planes  is  parallel  to  one  or  other  of  the  two  planes  that  bisect 
the  dihedral  angle  between  the  given  planes. 

6.  Draw  through  the  vertex  of  a  trihedral  angle  a  straight  line 
to  be  equally  inclined  to  the  three  faces  of  the  trihedral  angle. 

7.  A  pyramid  stands  on  a  regular  polygon  as  base,  and  has  equal 
isosceles  triangles  for  its  faces;  prove  that  the  plane  bisecting  the 
angle  between  the  base  and  any  fooe  divides  the  perpendicular  from 
tiie  vertex  upon  the  base  into  segments  which  are  in  the  ratio  of  the 
area  of  the  base  to  the  sum  of  the  areas  of  the  faces. 


528  BOOK  XL 


PROPOSITION  11. 


To  draw  a  straight  Une  ai  right  angles  to  a  given  plane 
from  a  given  point  ivithout  it 

Let  ABC  be  a  given  plane  and  B  a  given  point  with- 
out it : 

it  is  required  to  draw  from  D  a  straight  line  at  right  angles 
to  the  plane  ABC. 

Construction.     Draw  in  the  plane  ABC  any  straight 
line  AB, 

In  the  plane  DAB  draw  DA  at  right  angles  to  AB : 
if  DA  be  at  right  angles  to  the  plane  ABGy  what  is  required 
is  done.    If  it  be  not,  in  the  plane  GAB  draw  AG  at  right 
angles  to  ^^; 

and  in  the  plane  CAD  draw  DE  at  right  angles  to  AG : 

DE  is  the  line  required. 
Draw  EF  parallel  to  AB. 


Proof.     Because  each  of  the  angles  BAD,  BAG  is  a 

right  angle,  (Constr.) 

BA  is  at  right  angles  to  the  plane  DAG  \ 

and  because  EF  is  parallel  to  AB, 

EF  is  at  right  angles  to  the  plane  DAG\    (Prop.  8.) 

therefore  the  angle  DEF  is  a  right  angle ; 

and  the  angle  DEA  is  a  right  angle ;      (Constr.) 

therefore  DE  is  at  right  angles  to  the  plane  ABC,  which 

passes  through  EA  and  EF  (Pirop.  4.) 

Wherefore,  DE  has  been  drawn  a^  right  a/ngles  to  the  given 
pkme  ABC  from  the  given  point  D  without  it. 
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EXERCISES. 

1.  If  the  sides  AD^  BD^  CD  of  the  tetrahedron  ABCD,  be  equal, 
each  of  them  is  greater  than  the  radius  of  the  circle  circumscribing 
the  triangle  ABC, 

2.  In  a  regular  tetrahedron  twice  the  square  on  an  edge  is  equal 
to  three  times  the  square  on  the  perpendicular  from  a  vertex  on  the 
opposite  face. 

3.  From  a  point  E  draw  ECy  ED  perpendicular  to  two  planes 
CAB^  DAB  which  intersect  in  AB^  and  from  D  draw  DF  perpen- 
dicular to  the  plane  CAB  meeting  it  at  JP":  shew  that  the  straight  line 
CF  will  out  AB  at  right  angles. 

4.  The  areas  of  the  four  faces  of  a  pyramid,  whose  base  is  a 
triangle,  are  equal:  prove  that  the  perpendiculars  from  the  angles  on 
the  opposite  faces  are  equal.  [The  volume  of  the  pyramid  is  not  to  be 
employed  in  the  proof.] 

5.  On  a  given  triangle  as  base  a  tetrahedron  is  described  having 
all  the  angles  at  its  vertex  right  angles.  Shew  that  the  perpendicular 
from  the  vertex  meets  the  base  where  the  perpendiculars  from  the 
angles  on  the  opposite  sides  intersect. 

6.  Strfdght  lines  AP^  BP  are  drawn  from  two  given  points  A,  B 
without  a  given  plane  to  a  point  P  in  the  plane ;  find  when  tiieir  sum 
is  the  least  possible. 

7.  Prove  that  the  locus  of  the  feet  of  the  perpendiculars  drawn 
from  a  fixed  point  on  planes  passing  through  a  fixed  point  is  a 
sphere. 

8.  Prove  that  the  locus  of  the  feet  of  the  perpendiculars  drawn 
from  a  fixed  point  upon  planes  passing  through  a  fixed  straight  line 
is  a  circle. 
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PROPOSITION  12. 

To  draw  a  straight  line  a^  right  angles  to  a  given  plane 
from  a  given  point  in  it. 

Let  ^  be  a  given  point  in  the  plane  ABC : 
it  is  required  to  draw  a  straight  line  from  A  at  right  angles 
to  the  plane  ABC, 

Construction.     In  the  plane  ABC  draw  anj  straight 
line  BAD,  euid  AC  &t  right  angles  to  it. 
Through  BI)  draw  any  plane  BABD, 

and  in  it  draw  ^i^  at  right  angles  to  BAD, 
If  the  angle  CAB  be  a  right  angle,  what  is  required  is 
done :  but  if  not,  draw  the  plane  CAB  and  in  it  draw  A  I'' 
at  right  angles  to  AC : 

AF  is  the  line  required. 


Proof.     Because  BA  is  at  right  angles  Uy  AC  and  AEy 
it- is  at  right  angles  to  the  plane  ACE  and  therefore  to 
every  line  in  that  plane ;  (Prop.  4.) 

therefore  JBAF  is  a  right  angle. 
And  FAC  is  a  right  angle ;  (Constr.) 

therefore  AF  is  at  right  angles  to  the  plane  BAG, 

(Prop.  4.) 
Wherefore,  AF  has  been  draum  at  right  angles  to  the 
given  plcme  ABC  from  the  given  point  A  in  it. 


PROPOSITION  12.  531 


EXEBGISES. 

1.  On  a  giyen  equilateral  triangle  as  base  construct  a  regular 
tetrahedron. 

2.  Draw  through  the  vertex  of  a  trihedral  angle  a  straight  line  to 
make  equal  angles  with  the  three  edges  of  the  trihedral  angle. 

How  many  solutions  are  there  ? 

3.  On  a  given  triangle  as  base  construct  a  tetrahedron  such  that 
the  other  three  edges  are  equal  to  three  given  straight  lines. 


T.  B. 
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PROPOSITION  13. 

Ordy  one  straight  line  can  he  draton  through  a  given  point 
at  right  angles  to  a  given  plane. 

Let  Ahe&  given  point  and  BCD  a  given  plane,  and  let 
AB  he  a,  straight  line  at  right  angles  to  the  plane  BCD: 
it  is  required  to  prove  that  no  other  straight  line  through 
A  can  be  at  right  angles  to  the  plane  BCD, 

Construction.     Draw  AF  any  other  straight  line  from 
A,  and  let  the  plane  BAF  be  drawn  : 
in  ^g,  1,  in  which  ^  is  in  the  plane  BCD,  let  the  plane 

BAF  cut  the  plane  BCD  in  AG ; 
and  in  fig.  2,  in  which  A  is  without  the  plane  BCD,  let  the 

plane  BAF  cut  the  plane  BCD  in  BF. 


(1)    B 


Proof.    In  fig.  1,  because  A  B  is  at  right  angles  to  the 
plane  BCD^  the  angle  BAG  is  a  right  angle; 

therefore  the  angle  FAG  is  not  a  right  angle; 
therefore,  in  fig.  1,  ^^  is  not  at  right  angles  to  the  plane 
BCD, 
In  fig.  2,  because  AB  is  at  right  angles  to  the  plane 
BCDy  the  angle  ABF  is  a  right  angle; 
therefore  the  angle  AFB  is  not  a  right  angle;  (I.  Prop.  17.) 
therefore,  in  fig.  2,  ^1^  is  not  at  right  angles  to  the  plane 
BCD. 

Wherefore,  only  one  straight  line  &c. 
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Definition.  If  from  a  given  point  a  straight  line  he 
drawn  at  right  angles  to  a  plams  the  point,  where  the  straight 
line  meets  the  plane,  is  called  the  projection  of  the  given 

point  on  the  plane. 

If  from  a  given  point  a  straight  line  be  drawn  at  rigid 
angles  to  a  given  straight  line  the  point  of  intersection  of  tiie 

straight  lines  is  called  the  projection  of  the  given 
point  on  the  given  straight  line. 

The  straight  line  joining  the  projections  of  two  given 

points  is  called  the  projection  of  the  straight  line 

joimng  the  points. 


EXERCISES. 

1.  The  projections  on  the  same  straight  line  of  two  equal  and 
parallel  straight  lines  are  equal. 

2.  The  projections  of  a  straight  line  on  two  parallel  straight 
lines  are  eqnal. 

8.  The  projections  on  the  same  plane  of  two  equal  and  parallel 
straight  lines  are  equal  and  parallel. 

4.  The  square  of  the  distance  between  two  points  is  equal  to  the 
sum  of  the  squares  of  its  projections  on  three  straight  lines  at  right 
angles  to  each  other. 


35— 
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PROPOSITION  14. 

Two  intersecting  planes  cannot  both  he  at  right  angles  to 
the  same  straight  line. 

Let  the  two  planes  ABCy  DBC  intersect  in  the  straight 
line  BC,  and  let  the  straight  line  AD  he  a,t  right  angles  to 
the  plane  ABC: 

it  is  required  to  prove  that  AD  ia  not  at  right  angles  to 
the  plane  BCD, 

Construction.  Take  any  point  B  in  BC,  and  draw  AB, 
BD. 


Proof.    Because  ^i  Z>  is  at  right  angles  to  the  plane  ABC, 

the  angle  BAD  is  a  right  angle; 
therefore  the  angle  ADB  is  less  than  a  right  angle; 

(I.  Prop.  17.) 
therefore  ^i>  is  not  at  right  angles  to  the  plane  BCD, 

Wherefore,  two  intersecting  planes  &c. 

Corollary.     Planes,  which  are  at  right  angles  to  the 
same  straight  line,  are  pa/rallel  to  one  aTiother. 


PROPOSITION  14.  536 


EXERCISES. 

1.  Through  a  given  point  only  one  plane  can  be  drawn  parallel 
to  a  given  plane. 

2.  In  general,  through  two  given  points  only  one  plane  can 
be  drawn  parallel  to  a  given  straight  line. 

What  are  the  cases  of  exception  ? 

3.  If  a  straight  line  be  at  right  angles  to  one  of  two  parallel 
planes  it  is  at  right  angles  to  the  other. 

4.  The  projections  of  a  straight  line  on  two  parallel  planes  are 
equal  and  parallel. 
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PROPOSITION  15. 

The  plcme  through  a  pair  of  vrUersecting  straight  lines  is 
pa/raUel  to  the  plane  through  any  pair  of  intersecting  straight 
lines  parallel  to  them. 

Let  the  intersecting  straight  lines  AByAC  he  parallel  to 
the  intersecting  straight  lines  DE,  DF  respectively : 
it  is  required  to  prove  that   the  planes   ABG^  DEF  are 
parallel. 

Construction.     Draw  ADy  and  in  the  planes  ABED^ 
ACFD  draw  two  straight  lines  BE,  Ci^  parallel  \x>AD. 
Draw  BC  and  EF. 


Proof.  Because  each  of  the  lines  BE,  CF  is  parallel  to 
ADy  they  are  parallel  to  each  other  and  therefore  lie  in  a 
plane.  (Prop.  9.) 

ABC,  DEF,  ABED  are  three  planes  and  AB,  DE  two 
of  their  intersections  in  pairs  are  parallel ; 
therefore   if    ABC,   DEF   intersected,    their   intersection 
would  be  parallel  to  AB  and  DE,  (Prop.  3.) 

ABC,  DEF,  ACFD  are  three  planes,  and  AC,  DF  two 
of  their  intersections  in  pairs  are  parallel ; 
therefore    if   ABC,   DEF  intersected,   their   intersection 
would  be  parallel  to  AC  and  DF.  (Prop.  3.) 

The  intersection  of  the  planes  ABC,  DEF casinot  be  parallel 
both  to  AB  and  DE  and  also  to  AC  and  DF; 
therefore  the  planes  ABC,  DEF  do  not  intersect, 
that  is,  they  are  parallel. 

Wherefore,  the  plane  &c. 
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EXERCISES. 

m 

1.  Draw  a  plane  through  one  straight  line  parallel  to  another 
straight  line. 

2.  Draw  two  parallel  planes,  one  through  each  of  two  non- 
intersecting  straight  lines. 

8.  A  point  0  is  the  middle  point  of  each  of  the  straight  lines 
AA\  BB\  CC ;  prove  that  the  planes  ABC,  A'B'C  are  parallel. 

♦ 

4.  The  point  O  divides  the  straight  lines  AA\  BB^,  CC*  pro- 
portionally :  prove  that  the  perpendiculars  from  0  on  the  two  planes 
ABC^  A'B'C  are  in  the  same  straight  line. 

5.  Draw  a  plane  through  a  given  point  parallel  to  a  given  plane. 

6.  Given  the  lengths  and  positions  of  two  straight  lines  which 
do  not  meet  when  produced  and  are  not  parallel,  form  a  parallelepiped 
of  which  these  two  lines  shall  be  two  of  the  edges. 

7.  Two  intersecting  lines  OA,  OB  are  drawn  parallel  to  two 
non-intersecting  lines  P,  Q  respectively;  prove  that  the  shortest 
distance  between  the  lines  P,  Q  can  be  found  by  drawing  a  line  per- 
pendicular to  the  plane  OAB  at  the  point  of  intersection  of  the 
projections  of  P  and  Q  on  the  plane  OAB, 
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PROPOSITION   16. 

The  sections  of  two  parallel  planes  made  hy  a  third  plane 
are  parallel  straight  lines. 

Let  ABCy  DBF  be  two  parallel  planes  and  let  them 
be  cut  by  the  plane  BCFE  in  the  straight  lines  BC,  EF 
respectively : 

it  is  required  to  prove  that  jBC,  EF  are  parallel. 


Proof.     Every  point  in  BG  is  in  the  plane  ABC ; 
and  every  point  in  EF  is  in  the  plane  DEF\ 
therefore  if  BG,  EF  met,  the  planes  ABG,  DEF  would 

meet. 
But  the  planes  ABG,  DEF  are  parallel, 

therefore  BGy  EF  do  not  meet; 

and  they  are  in  the  same  plane  BGFE ; 

therefore  they  are  parallel. 

Wherefore,  tJie  sections  &c. 
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EXERCISES. 

1.  Polygons  formed  by  cutting  the  faces  of  a  polyhedral  angle  by 
parallel  planes  are  similar  to  one  another. 

2.  Polygons  formed  by  catting  those  faces  of  a  prism,  which  are 
parallel  to  the  same  straight  line,  by  parallel  planes  are  equal. 

3.  Planes  parallel  to  the  same  plane  are  parallel  to  one  another. 

4.  ABCD  is  a  rectangle :  through  three  pf  the  angular  points  A, 
B,  C  perpendiculars  are  drawn  to  the  plane  of  the  rectangle,  and 
through  the  fourth  point  D  any  plane  is  drawn  cutting  these  per- 
pendiculars in  points  E,  F,  G;  prove  that  DEFQ  is  always  a 
parallelogram  and  may  be  a  rhombus. 

5.  Shew  how  to  draw  a  plane  so  that  its  section  of  a  tetrahedron 
may  be  a  parallelogram. 

6.  If  a  tetrahedron  have  two  opposite  edges  at  right  angles,  it  is 
possible  to  draw  a  plane  so  that  its  intersection  with  the  faces  is  a 
square. 

7.  A  tetrahedron  is  cut  by  a  plane  so  that  the  section  shall  be  a 
rhombus ;  prove  that  the  side  of  the  rhombus  is  half  the  harmonic 
mean  between  a  pair  of  opposite  edges. 
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PROPOSITION   17. 

If  two  straight  lines  he  cut  -fty  parallel  planes,  they  are 
cut  proportionally. 

Let  the  two  straight  lines  ABC,  DBF  be  cut  by  the 
three  paraUel  planes  ADG,  BEE,  CFK : 
it  is  required  to  prove  that  AB  is  to  BC  as  DF  to  EF, 

CoKSTBUCTiON.     Draw  AD,  DC,  CF,     Let  DC  cut  the 
plane  BEH  in  ^  and  draw  Bff,  HE. 


Proof.    Because  the  plane  ACD  cuts  the  parallel  planes 
ADG,  BEH  in  AD  and  BH, 

AD  is  parallel  to  BH;  (Prop.  16.) 

therefore  AB  is  to  BC  as  DH  to  HC.  (VI.  Prop.  2,  Part  1.) 
And  because  the  plane  DCF  cuts  the  parallel  planes  BEH, 
CFK  in  HE  and  CF, 

HE  is  parallel  to  CF;  (Prop.  16.) 

therefore  DH  is  to  HC  saDE  to  EF;  (VI.  Prop.  2,  Part  1.) 

therefore  ^5  is  to  ^C  as  DE  to  EF.  (V.  Prop.  5.) 

Wherefore,  if  two  straight  lines  &c. 
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EXERCISES. 

1.  Three  straight  lines  which  do  not  all  lie  in  one  plane,  are  cut 
proportionally  by  three  planes,  two  of  which  are  parallel :  shew  that 
the  third  will  be  parallel  to  the  other  two,  if  its  intersections  with  the 
three  straight  lines  are  not  all  in  the  same  straight  line. 

2.  Prove  that  a  pyramid  can  be  constructed  so  that  its  faces 
shall  pass  through  any  two  similar  polygons  whose  corresponding 
sides  are  parallel. 

3.  From  the  extremities  of  the  two  parallel  straight  lines  AB^  CD 
parallel  straight  Unes  Aa^  Bh,  Cc,  Dd  are  drawn  meeting  a  plane  at 
a,  bf  c,  d:  shew  that  AB  is  to  CD  as  ah  to  cd, 

4.  If  the  intersections  of  four  parallel  straight  lines  with  any 
plane  form  the  angular  points  of  a  parallelogram,  their  intersections 
with  every  plane  that  meets  them  form  the  angular  points  of  a 
parallelogram. 

5.  Draw  a  plane  parallel  to  each  of  two  given  non-intersecting 
straight  lines  and  equidistant  from  them. 

6.  The  straight  lines  AD,  BE,  CF,  joining  points  on  two  given 
non-intersecting  straight  lines  ABC,  DEF,  are  cUvided  at  the  points 
P,  Q,  jR  in  the  same  ratio. 

Prove  that  the  plane  PQR  is  paraUel  to  the  two  lines  ABC  and 
DEF. 

7.  Draw  a  straight  line  PQR  to  out  three  given  non-intersecting 
straight  lines  AB,  CD,  EF  in  P,  Q,  jR  respectively  so  that  PQ  may  be 
to  QR  in  a  given  ratio. 
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PROPOSITION  18. 

If  a  straight  line  he  at  right  angles  to  a  planSy  a/ay  plcbne 
through  the  line  is  at  right  ambles  to  the  plane. 

Let  the  straight  line  ^^  be  at  right  angles  to  the 
plane  CDJEF: 

it  is  required  to  prove  that  any  plane  through  AB  is  at 
right  angles  to  the  plane  CDEF, 

Construction.  Through  AB  draw  any  plane  CBE 
cutting  the  plane  CDEF  in  the  straight  line  CAE.  Through 
A  draw  DAF  at  right  angles  to  CAJE, 


Pboof.  Because  AB  is  at  right  angles  to  the  plane 
CDEF,  the  angle  BAC  is  a  right  angle ;  and  because  DAF 
was  drawn  at  right  angles  to  (7-4,  the  angles  CAD,  GAF 
are  right  angles. 

Therefore  the  angles  BAD,  BAF  are  the  inclinations  of 

the  plane  CBE  A  to  the  plane  CDAF  on  either  side  of 

it,  at  the  point  A,  (Def.  7.) 

and  they  are  equal  because  AB  is  at  right  angles  to  the 

plane  CDEF. 
Therefore  the  dihedral  angles,  which  the  plane  CBEA 
makes  with  the  plane  CDAF  on  either  side  of  it  at  the 
point  A  are  equal,  and  the  plane  CBEA  is  at  right  angles 
to  the  plane  CDEF  at  the  point  A  and  therefore  at  all 
points  of  their  common  section.     (See  p.  521.) 

Wherefore,  if  a  straight  line  <fec. 
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EXEBCISES. 

1.  Through  a  given  straight  line  draw  a  plane  perpendicular  to  a 
given  plane. 

Is  the  solution  always  unique  ? 

2.  Perpendioulars  AE^  BF  are  drawn  to  a  plane  &om  two  points 
Ay  B  above  it;  a  plane  is  drawn  through  A  perpendicular  to  AB: 
shew  that  its  line  of  intersection  with  the  given  plane  is  perpen- 
dicular to  EF. 

3.  Through  a  given  point  draw  a  plane  at  right  angles  to  each  of 
two  given  planes. 

4.  The  straight  line,  which  is  the  shortest  distance  between  two 
non-interseoting  straight  lines,  is  at  right  angles  to  each  of  them. 

5.  Draw  a  straight  line  to  out  at  right  angles  each  of  two  given 
non-intersecting  straight  lines. 

Is  the  solution  unique  ? 
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PROPOSITION  19. 

If  two  intersecting  planes  he  at  right  angles  to  the  same 
plane,  their  common  section  is  at  right  angles  to  it. 

Let  each  of  the  given  planes  ABC,  DBG  be  at  right 
angles  to  the  plane  ABD,  and  let  them  intersect  in  the 
straight  line  BC : 

it  is  required  to  prove  that  BC  is  at  right  angles  to  the 
plane  ABD,  ^ 

Construction.  In  the  plane  ABD  draw  BH,  BF  making 
the  angles  ABE,  DBF  right  angles. 


Proof.  Because  BE  is  drawn  in  the  plane  ABD  at 
right  angles  U)  AB,  the  intersection  of  the  planes  ABD, 
ABC, 

BE  is  at  right  angles  to  the  plape  ABC] 

(Prop.  7,  Coroll.). 
therefore  the  angle  CBE  is  a  right  angle. 
Similarly  it  can  be  proved  that 

the  angle  CBF  is  a  right  angle; 
therefore  BO  is  at  right  angles  to  the  plane  through  BE, 
BF,  that  is  to  the  plane  ABD,  (Prop.  4) 

Wherefore,  if  two  intersecting  2^lanes  <feo. 


PROPOSITION  19. 


a  point,  their  oommon  s 

3.  From  a  point  A  in  one  of  two  planes  are  drawn  AB  at  right 
aoi^lee  to  the  first  plane,  and  AC  perpendionlar  to  the  Booond  plane, 
and  meeting  the  seoond  plane  at  S,  C :  shew  that  BC  is  at  right  anglea 
to  the  line  oE  intereection  of  the  two  planes. 

3.  Two  straight  linee  AB.  DC  are  inch  that  if  BC,  AD  be  joined, 
each  of  the  angles  at  ^,  £,  C,  S  ia  a  right  angle.  Prove  that  AB, 
DC  are  parallel. 

4.  OA,  OB,  OC  are  three  straight  linea,  not  in  the  «ame  plane: 
planes  throngh  OB,  OC  at  right  angles  to  OBC  iaienesi  in  Oa : 
planes  through  OC,  OA  at  right  angles  to  OCA  intersect  in  Ob,  and 
planes  tbroogh  OA,  OB  at  right  angles  to  OAB  intersect  in  Oc :  prove 
that  OA,  OB,  OC  are  at  right  angles  to  the  planes  Obc,  Oca,  Oab 
lespectivelj. 
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PROPOSITION  20. 

The  sum  of  any  two  plane  angles  of  a  trihedral  angle  is 
greater  tlian  tlie  third  angle. 

Let  the  trihedral  angle  at  ii  be  contained  by  the  three 
plane  angles  BAG,  CAD.  DAB: 

it  is  required  to  prove  that  the  sum  of  any  two  of  these 
angles  is  greater  than  the  third  angle. 

Construction.  Let  the  angle  BAD  be  not  less  than 
either  of  the  angles  BA  (7,  CAD, 

In  the  plane  BAD  draw  the  straight  line  AE  making 
the  angle  BAE  equal  to  the  angle  BAC,  and  draw  any 
straight  line  BED^  meeting  AB,  AD  in  B,  D, 

Take  A  C  equal  to  AEy  and  draw  BC,  CD, 


Proof.     Because  in  the  triangles  BAC,  BAEy 
BA,  AC  are  equal  to  BA,  AE  respectively, 
and  the  angle  BAC  to  the  angle  BAE,     (Oonstr.) 
BC  is  equal  to  BE,  (I.  Prop.  4.) 

And  because  BC,  CD  are  greater  than  BD, 

and  BC  is  equal  to  BE, 
therefore  CD  is  greater  than  ED, 
And  because  in  the  two  triangles  CAD,  EAD, 

CA,  AD  are  equal  to  EA,  AD  respectively, 

and  CD  is  greater  than  ED, 

therefore  the  angle  CAD  is  greater  than  the  angle  EAD, 

(I.  Prop.  25.) 
Therefore  the  angles  BAC,  CAD  are  greater  than  the  angles 
BAE,  EAD, 

that  is,  than  the  angle  BAD, 

Wherefore,  the  sum  &c. 
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Corollary.  If  a  solid  angle  be  contamed  by  inore  than 
three  plane  angles,  a/ny  one  is  less  than  the  sum  of  the 
remaining  angles. 


£XEBCISES. 

1.  If  the  opposite  edges  of  a  tetrahedron  be  equal  two  and  two, 
then  the  faces  are  aoute-angled  triangles. 

2.  If  the  faces  of  a  tetrahedron  be  equal  triangles,  each  U  an 
aonte-angled  triangle. 

3.  A  tetrahedron  can  be  constraoted  whose  faces  are  equal  to  any 
four  equal  acute-angled  triangles. 

4.  If  a  point  P  be  taken  within  a  tetrahedron  ABCD,  the  sum  of 
the  angles  ABC,  ABD  is  greater  than  the  sum  of  the  angles  PBC, 
PBD. 

5.  If  a  point  P  be  taken  within  a  tetrahedron  ABCD,  the  sum  of 
the  angles  BPG,  CPAi  APB  is  greater  than  the  sum  of  the  angles 
BDC,  CDA,  ABB. 

6.  If  four  straight  lines  intersect  in  a  point,  and  one  fall  within 
the  solid  angle  formed  by  the  other  three,  the  sum  of  the  angles 
which  it  makes  with  them  is  less  than  the  sum  but  greater  than  half 
the  sum  of  the  angles  which  they  make  with  one  another. 

7.  Within  the  area  of  a  given  triangle  is  inscribed  another 
triangle :  shew  that  the  sum  of  the  angles  subtended  by  the  sides  of 
the  interior  triangle  at  any  point  not  in  the  plane  of  the  triangles  is 
less  than  the  sum  of  the  angles  subtended  at  the  same  point  by  the 
sides  of  the  exterior  triangle. 

8.  At  each  of  the  comers  JB,  C,  D  of  a  tetrahedron  ABCD  the 
sum  of  the  three  angles  forming  the  solid  angle  is  equal  to  two  right 
angles.  Prove  that  the  sum  of  the  three  angles  at  A  is  also  equal  to 
two  right  angles,  and  that  the  four  triangles  ABC,  ACD,  ADB,  BCD 
are  equal  in  all  respects. 


T.  B.  36 
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PROPOSITION  21.     Part  1. 

The  sum  of  the  plane  angles  of  a  trihedral  angle  is  less 
iha/nfowr  right  angles. 

Let  the  trihedral  angle  at  A  be  contained  by  the  angles 
BAC,  CAD,  DAB: 

it  is  required  to  prove  that  the  sum  of  these  angles  is  less 
than  four  right  angles. 

Construction.  Produce  the  planes  BAG,  BAD  through 
the  lines  AC,  AD;  the  produced  parts,  CAB,  DAB,  will 
meet  in  AE,  which  is  in  the  same  straight  line  with  BA. 


Pboop.     Because  a  solid  angle  is  formed  at  A  by  the 
planes  DAC,  CAB,  BAD, 

the  angle  CAD  is  less  than  the  sum  of  the  angles  CAE, 
BAD;  (Prop.  20.) 

therefore  the  sum  of  the  angles  BAC,  CAD,  DAB  ia  less 
than  the  sum  of  the  angles  BAC,  CAB,  BAD,  DAB, 
that  is,  less  than  four  right  angles. 

(I.  Prop.  13.) 
Wherefore,  the  tnim  &c. 
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EXEBOISES. 

1.  The  three  edges  DA^  DB,  DC  of  a  tetrahedron  ABCD  are  equal. 
DE  is  drawn  at  right  angles  to  the  plane  ABC  and  EA,  EB,  EC  are 
drawn.  Prove  that  the  angle  AEB  is  greater  than  the  angle  ABB, 
and  hence  shew  that  the  three  plane  angles  of  a  trihedral  angle  are 
less  than  four  right  angles. 

2.  Use  the  method  of  proof  adopted  in  Prop.  21,  Part  1,  to  prove 
that  the  som  of  the  plane  angles  of  any  convex  polyhedral  angle  is 
less  than  fonr  right  angles. 
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PROPOSITION  21.     Part  2. 

Tlie  sum  of  the  plcme  angles  of  any  convex  polyhedral 
angle  is  less  than /our  right  a>ngles. 

Let  the  convex  polyhedral  angle  at  ^  be  contained  hj  a 
number  of  plane  angles  BAG,  GAB,  DAE,  EAF,  FABi 
it  is  required  to  prove  that  the  sum  of  these  angles  is  less 
than  four  right  angles. 

Construction.  Draw  any  plane  cutting  the  faces  of 
the  polyhedral  angle  at  ui  in  the  convex  polygon  BGDEF. 

Within  the  polygon  take  any  point  G  and  draw  GB^ 
GG,  GD,  GE,  GF, 


Proof.     Because  the  trihedral  angle  at  B  is  contained 
by  the  angles  ABF,  ABC  and  FBG, 
the  sum  of  the  angles  ABF,  ABC  is  greater  than  FBG, 
that  is,  than  the  sum  of  the  angles  GBF,  GBC ', 
and  similarly  for  the  angles  at  G,  D,  E  and  F, 

Therefore  the  sum  of  all  the  angles  at  B,  (7,  D,  E,  F  in 
the  triangles  ABC,  ACD,  ADE,  AEF,  AFB  is  greater  than 
the  sum  of  all  the  angles  at  B,  G,  D,  E,  F  in  the  triangles 
GBC,  GGD,  GDE,  GEF,  GFB, 

And  the  sum  of  all  the  angles  of  the  first  set  of  tri- 
angles is  equal  to  the  sum  of  all  the  angles  of  the  second 
set  of  triangles  which  are  of  the  same  number. 

Therefore  the  sum  of  all  the  angles  at  il  is  less  than  the 
sum  of  all  the  angles  at  G, 

that  is,  less  than  four  right  angles. 

Wherefore,  the  sum  of  &c. 
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EXERCISES. 

J..  If  F  and  P  be  the  vertioes  of  two  pyramids  standing  on  the 
same  convez  polygon  as  base  and  if  P  be  within  the  pyramid  of 
which  V  is  the  vertex,  the  snm  of  the  plane  angles  at  P  is  greater 
than  the  sum  of  the  plane  angles  at  V. 

2.  Within  the  area  of  any  convex  polygon  is  inscribed  another 
convex  polygon,  shew  that  the  sum  of  the  angles  subtended  by  the 
sides  of  the  interior  polygon  at  any  point  not  in  the  plane  of  the 
polygon  is  less  than  the  snm  of  the  angles  subtended  at  the  same 
point  by  the  sides  of  the  exterior  polygon. 
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ADDITIONAL  PROPOSITION  1. 

If  two  trihedral  angles  have  their  plane  angles  equal  in  pairs,  the 
inclinations  of  corresponding  pairs  of  faces  are  equal. 

Let  A  {BCD),  E  (FOH)  be  two  trihedral  angles  whose  plane  angles 
are  equal  in  pairs  BAG,  CAD,  DAB  to  FEG,  QEH,  HEF  re- 
spectively. 

In  the  corresponding  edges  AG,  EG,  take  AC  eqnal  to  EG^  and 
in  the  planes  CAB,  CAD  draw  CB,  CD  at  right  angles  io  AC,  and  in 
the  planes  GEF,  GEH  draw  GF,  GH  at  right  angles  to  EO,  Draw 
BD,  FH. 


Because  in  the  triangles  BAG,  FEG, 

the  angles  BAG,  ACB  Bxe  equal  to  the  angles  FEG,  EGF 

and  AGia  equal  to  EG, 
therefore  AB  is  equal  to  EF,  and  BG  to  FG,    (L  Prop.  26,  Part  1.) 

Similarly  it  may  be  proved  that 

AD  is  equal  to  EH  and  DC  to  HG. 

Because  in  the  triangles  BAD,  FEH, 
BA,  AD  are  equal  to  FE,  EH  and  the  angle  BAD  to  the  angle  FEH, 

therefore  BD  is  equal  to  FH.  (I.  Prop.  4.) 

And  because  in  the  triangles  BCD,  FGH, 

BD,  DC,  CB  are  equal  to  FH,  HG,  GF, 
therefore  the  angle  BCD  is  equal  to  the  angle  FGH,     (I.  Prop.  8.) 

Therefore  the  inclination  of  the  planes  BAC,  DAG  is  equal  to 
the  inclination  of  the  planes  FEG,  HEG, 

Similarly  it  can  be  proved  that  the  inclinations  of  the  other  pairs 
of  corresponding  faces  are  equal. 

The  converse  of  this  proposition  is  true,  viz. 

If  two  trihedral  angles  have  the  inclinations  of  their  faces  equal  in 
pairs,  their  corresponding  plane  angles  are  equal  in  pairs. 
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ADDITIONAL  PROPOSITION  2. 

If  two  trihedral  angles  have  two  pairs  of  plane  angles  equal  and 
the  inclinations  of  the  planes  of  those  angles  equals  the  remaining  pair 
of  plane  angles  are  equal. 

Let  A  (BCD),  E  {FGH)  be  two  trihedral  angles,  in  which  the  plane 
angles  BAG,  GAD  sae  eqnal  to  the  plane  angles  FEG,  GEH  re- 
spectively, and  the  inclination  of  the  planes  BAGj  GAD  is  equal  to 
the  inclination  of  the  planes  FEG,  GEH. 

In  the  corresponding  edges  AG,  EG,  take  AG  equal  to  EG; 
and  in  the  planes  GAB,  GAD  draw  GB,  GD  at  right  angles  to  GA, 
and  in  the  planes  GEF,  GEH  draw  GF,  GH  at  right  angles  to  GE, 

Draw  BD,  FH. 


Because  the  inclinations  of  the  planes  at  G  and  G  are  equal, 
and  GB,  GD  are  at  right  angles  to  GA, 
and  GF,  GH  are  at  right  angles  to  OE, 
the  angle  BGD  is  equal  to  the  angle  FGH. 
Because  in  the  triangles  BAG,  FEO, 

the  angles  BAG,  AGB  are  equal  to  the  angles  FEO,  EGF, 

and  AG  IB  equal  to  EO, 
therefore  AB  is  equal  to  EF,  and  BG  to  FG.  (I.  Prop.  26,  Part  1.) 
Similarly  it  can  be  proved  that 

AD  is  equal  to  EH  and  DG  to  HG. 
Because  in  the  triangles  BGD,  FGH, 

BG,  GD  are  equal  to  FG,  GH, 
and  the  angle  BGD  to  the  angle  FGH, 

therefore  BD  is  equal  to  FH.  (I.  Prop.  4.) 

Because  in  the  triangles  BAD,  FEH, 

BA,  AD,  DB  are  equal  to  FE,  EH,  HF  respectively, 
therefore  the  angle  BAD  is  equal  to  the  angle  FEH.     (I.  Prop.  8.) 

OoBOUiABY.     The  other  pairs  of  corresponding  inclinations  are  also 
equal. 
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ADDITIONAL  PROPOSITION  3. 

If  two  trihedral  angles  have  two  plane  angles  equal  to  two  plane 
angles,  and  the  inclinations  of  the  fogies  meeting  in  the  edges  opposite 
one  pair  of  equal  plane  angles  equal,  the  inclinations  of  the  faces 
meeting  in  the  edges  opposite  to  the  other  pair  are  either  equal  or 
supplementary. 

Let  A  (BCD),  E  {FOH)  be  two  trihedral  angles  in  which  the  plane 
angles  BAG,  CAD  are  equal  to  the  plane  angles  FEO,  GEH  respec- 
tively, and  the  inclination  of  the  planes  BAD,  CAD  equal  to  the 
inclination  of  the  planes  FEH,  GEH, 

Of  the  two  plane  angles  BAD,  FEH,  let  BAD  be  not  greater  than 
FEH. 

Because  the  inclinations  of  the  pairs  of  planes  BAD,  CAD,  and 
FEH,  GEH  are  equal, 

the  dihedral  angles  between  the  pairs  of  planes  at  the  points  A  and  E 
are  equal ; 

therefore  it  is  possible  to  shift  the  figure  ABCD  so  that 

A  coincides  with  E, 

and  AD  coincides  in  direction  with  EH, 

and  the  plane  BAD  with  the  plane  FEH^ 

and  the  plane  CAD  with  the  plane  GEH 


2)       ^<-— - 


Fig.  2. 


If  this  be  done, 

because  A  coincides  with  E, 
and  the  line  AD  coincides  in  direction  with  EH, 
and  the  angle  CAD  is  equal  to  the  angle  GEH, 
AC  coincides  in  durection  with  EG. 

Because  the  angle  DAB  is  not  greater  than  the  angle  HEF, 

the  line  AB  must  coincide  in  direction  either  (1)  with  the  line  EF  or 
(2)  with  some  straight  line  EK  in  the  a^e  FEH, 
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(Fig.  1.)    If  AB  coincide  in  direction  with  EF, 
the  plane  BAG  coincides  with  the  plane  FEQ^ 
and  the  inclinations  of  the  pairs  of  planes  BAG^  BAD,  and  FEG, 
FEH  are  equal. 

(Fig.  2.)    If  AB  coincide  in  direction  with  EK, 
,  because  the  angle  BAG  is  equal  to  the  angle  KEG, 
the  angle  FEG  is  equal  to  the  angle  KEG, 
therefore  the  inclinations  of  the  pairs  of  planes  FEG,  FEK,  and 

KEG,  KEF  are  equal  (Ex.  5,  page  527), 
and  therefore  the  inclinations  of  the  pairs  of  planes  FEG,  FEH,  and 

KEG,  KEH  are  supplementary ; 
that  is,  the  inclinations  of  the  pairs  of  planes  BAG,  BAD,  and  FEG, 
FEH  are  supplementary. 
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ADDITIONAL  PROPOSITION  4. 

[Euclid,  Elem.  xi.  Prop.  26.] 

To  construct  a  trihedral  angle  equal  to  a  given  trihedral  angle. 

Let  A  {BCD)  be  a  given  trihedral  angle. 

Take  any  point  C  in  one  of  the  edges  AC  and  through  C  draw  a 
plane  BCD  at  right  angles  to  ^C,  cutting  the  faces  of  the  trihedral 
angle  a,i  A  m  the  triangle  BCD.  Take  any  straight  line  EO  equal 
to  iiC,  and  through  G  draw  the  plane  FGH  at  right  angles  to  GE. 
Draw  in  the  plane  FGH  from  G  any  two  straight  lines  GF,  GH, 
making  the  angle  FGH  equal  to  the  angle  BCD^  and  such  that  the 
angle  FGH  as  seen  from  E  is  drawn  in  the  same  sense  as  the  angle 
BCD  as  seen  from  A,  and  take  GF  equal  to  CB,  and  GH  to  CD. 

Draw  EF,  FH,  HE. 


Because  in  the  triangles  FGH,  BCD, 

FG,  GH  are  equal  to  BC,  CD, 
and  the  angle  FGH  to  the  angle  BCD, 
the  triangle  FGH  is  equal  to  the  triangle  BCD,  (I.  Prop.  4.) 
therefore  it  is  possible  to  shift  the  figure  EFGH, 

so  that  the  triangle  FGH  will  coincide  with  the  triangle  BCD. 

If  this  be  done, 

because  GE  is  at  right  angles  to  the  plane  FGH,  and  AC  to  the  plane 
BCD  and  the  angles  FGH,  BCD,  as  seen  from  E  and  A  respec- 
tively are  drawn  in  the  same  sense, 

GE  will  coincide  in  direction  with  CA, 

and  because  GE  is  equal  to  CA,  E  will  coincide  with  A, 

and  therefore  the  figure  EFGH  will  coincide  with  the  figure  ABCD. 

Therefore  the  trihedral  angle  E  (FGH)  coincides  with  the  trihedral 
angle  A  (BCD)  and  is  equal  to  it. 
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ADDITIONAL  PEOPOSITION  6. 

Jf  two  plane  angles  of  one  trihedral  angle  he  equal  to  two  plane 
angles  of  another  and  the  inclination  of  the  faeces  containing  the  angles 
of  the  one  he  greater  than  the  inclination  of  the  fajces  containing  the 
angles  of  the  other,  the  third  plane  angle  of  the  one  is  greater  than 
the  third  plane  angle  of  the  other. 

Let  A  {BCD),  EjFGH)  be  two  trihedral  angles,  in  which  the 
plane  angles  BAG,  CAD  are  equal  to  the  plane  angles  FEO,  GEH 
respeotively  and  the  inclination  of  the  planes  BAG,  CAD  is  greater 
ihaa  the  inclination  of  the  planes  FEO,  OEH. 

In  the  corresponding  edges  AC,  EO  take  AG  equal  to  EO ; 
and  draw  CB,  CD  at  right  angles  to  C^  to  meet  AB,  AD  in  B  and  D, 
and  draw  OF,  QH  at  right  angles  to  GJ?  to  meet  EF,  EH  in  F  andff. 

Draw  BD,  FH, 


Because  the  inclination  of  the  planes  BAG,  CAD  is  greater  than  the 
inclination  of  the  planes  FEO,  GEH, 

and  CB,  CD  are  at  right  angles  to  CA, 

and  GF,  GH  are  at  right  angles  to  GE, 

the  angle  BCD  is  greater  than  the  angle  FGH, 

Because  in  the  triangles  BAG,  FEG, 

the  angles  BAG,  ACB  are  equal  to  the  angles  FEG,  EGF, 

and  AC  is  equal  to  EG, 
therefore  AB  is  equal  to  EF,  and  BG  to  FG.    (I.  Prop.  26,  Part  1.) 

Similarly  it  can  be  proved  that 

AD  is  equal  to  EH  and  DC  to  HG, 

Because  in  the  triangles  BCD,  FGH, 

BG,  CD  are  equal  to  FG,  GH, 
and  the  angle  BCD  is  greater  than  the  angle  FGH, 

therefore  BD  is  greater  than  FH,         (I.  Prop.  24.) 

Because  in  the  triangles  BAD,  FEH, 

BA,  AD  are  equal  to  FE,  EH, 

and  BD  is  greater  thim  FH, 

therefore  the  angle  BAD  is  greater  than  the  angle  FEH,  (I.  Prop.  25.) 
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ADDITIONAL  PBOPOSITION  6. 

[Euclid,  Elem.  xi.  Prop.  22.] 

If  the  sum  of  three  angles  he  less  than  four  right  angles^  and  if  each 
angle  he  less  than  the  sum  of  the  other  two^  a  trihedral  angle  can  be 
constructed  having  its  plane  angles  equal  to  the  given  angles. 

Let  ABC,  DEF,  GHK  be  three  plane  angles  such  that  the  sum 
of  the  angles  is  less  than  four  right  angles  and  each  angle  is  less  than 
the  sum  of  the  other  two. 

Let  the  angle  ABC  he  not  less  than  either  of  the  angles  DEF, 
GHKf  and  the  angle  DEF  be  not  less  than  the  angle  GHK, 


B 


Let  the  two  planes  ABC,  DEF  be  so  placed  that  E  coincides  with 
B  and  EF  in  direction  with  BA.  If  now  one  of  the  planes  be  turned 
round  BA,  so  that  the  inclination  of  the  two  planes  changes  contin- 
uously from  zero  to  two  right  angles,  the  plane  angle  between  BC 
and  ED  will  change  continuously  from  a  minimum  to  a  maximum 
(Add.  Prop.  6). 

(1)  In  the  case,  when  the  sum  of  the  angles  ABC,  DEF  ia  not  greater 
than  two  right  angles,  the  maximum  value  is  tiie  sum  of  the  angles 
ABC,  DEF  (Pig,  I) ; 

and  (2)  in  the  case,  when  the  sum  of  the  angles  ABC,  DEF  is  greater 
than  two  right  angles,  the  maximum  value  is  the  sum  of  their 
supplements  (Fig.  2). 

In  both  cases  the  minimum  value  is  the  difference  of  the  angles 
AB<},  DEF. 
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In  the  first  case  the  sum  of  the  angles  ABO,  DEF  is  greater  than 
the  angle  OHK  (Hypothesis). 

Fig.  2. 


C       E 


In  the  second  case  because  the  snm  of  the  angles  ABC,  DEF,  GHK 
is  less  than  four  right  angles, 

the  angle  GHK  is  less  than  the  sum  of  the  supplements  of  the  angles 
ABC,  DEF. 

In  both  cases  because  ABC  ib  less  than  the  sum  of  the  angles 
DEF,  GHK, 

the  difference  between  the  angles  ABC,  DEF  must  be  less  than 
the  angle  GHK. 

Therefore  in  both  cases  there  must  be  a  position  of  the  planes 
in  which  the  angle  between  BC  and  EF  is  equal  to  the  angle  GHK. 

In  every  case  therefore  in  which  the  given  conditions  hold  it  is 
possible  to  find  a  position  of  the  planes  in  which  the  three  lines  BA, 
BC,  EF  are  the  edges  of  a  trihedral  angle  having  its  plane  angles 
equal  to  the  given  plane  angles. 
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ADDITIONAL  PROPOSITION  7. 

[Euclid,  Blem.  xi.  Prop.  23.] 

To  construct  a  trihedral  angle  having  its  plane  angles  equal  to 
three  given  plane  angles. 

Let  ABC  J  DEF,  GHK  be  three  given  plane  angles. 

Take  BA,  BC,  ED,  EF,  HG,  HK  all  eqnal,   and  draw  AC^ 
DF,  GK. 

Constmct  a  triangle  LMN  having  its  sides  MN,  NL,  LM  equal  to 
AG,  DF,  (?^ respectively.  (L  Prop.  22.) 

Find  O  the  centre  of  the  circle  LMN,  and  draw  OL,  CM,  ON. 

Draw  through  0  the  straight  line  OP  at  right  angles  to  the  plane 
LMN.  (Prop.  12.) 

With  centre  L  and  radius  equal  to  BA  draw  a  circle  in  the  plane 
LOP, 

let  it  out  OP  in  P,  and  draw  PL,  PM,  PN : 
then  the  trihedral  angle  P  {LMN)  is  constructed  as  required. 

^  G 

A 


C       E 


Because  OP  is  at  right  angles  to  the  plane  LMN, 

each  of  the  angles  LOP,  MOP,  NOP  is  a  right  angle. 

Because  in  the  triangles  LOP,  MOP, 

LO,  OP  are  equal  to  MO,  OP, 
and  the  angle  LOP  to  the  angle  MOP, 

therefore  LP  is  equal  to  MP,  (I.  Prop.  4.) 

and  therefore  MP  is  equal  to  OH  or  KH. 

Because  in  t^e  triangles  LPM,  GHKt 

LP,  PM  are  equal  to  GH,  HK, 

and  LM  to  GK, 

therefore  the  angle  LPM  is  equal  to  the  angle  GHK.     (I.  Prop.  8.) 

Similarly  it  can  be  proved  that  the  angle  MPN  is  equal  to  the 
angle  ABC  and  the  angle  NPL  to  the  angle  DEF. 
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It  may  be  observed  that  it  is  not  possible  to  construct  a  trihedral 
angle  which  shall  have  its  plane  angles  equal  to  any  three  given  plane 
angles.  It  has  been  proved  in  Prop.  20,  that  the  sum  of  any  two 
plane  angles  of  a  trihedral  angle  is  greater  than  the  third  angle,  and 
in  Prop.  21,  that  the  sum  of  the  plane  angles  of  a  trihedral  angle  is 
less  than  four  right  ingles.  It  follows  therefore  that  it  is  impossible 
to  construct  a  tnhedral  angle  having  its  plane  angles  equal  to  three 
given  angles,  except  when  the  sum  of  any  two  of  the  given  angles  is 
greater  than  the  thirds  and  the  sum  of  all  the  given  angles  is  less  than 
four  right  angles.  It  has  been  proved  in  Add.  Prop.  6  that,  when 
theise  conditions  exist,  the  construction  of  the  trihedral  angle  is 
possible.  It  follows  therefore  that,  if  these  conditions  exist,  the 
construction  of  the  triangle  LMN  is  possible  and  the  cirde  used  in 
the  construction  in  Add.  Prop.  7  must  cut  the  line  OP, 

If  in  the  construction  of  Add.  Prop.  7  the  perpendicular  through 
O  to  the  plane  LMN  had  been  drawn  on  the  other  side  of  the  plane, 
a  second  point  P'  would  be  found  such  that  the  trihedral  angle 
P'  (LMN)  had  its  plane  angles  equal  to  the  given  angles,  ABC,  DBF, 
GHK  which  we  will  call  a,  j8,  y.  Here,  though  the  plane  angles  of 
the  trihedral  angles  P  (LMN)^  P  (LMN)  are  equal  in  pairs,  ^e  tri- 
hedral angles  themselves  cannot  be  made  to  coincide  and  are  therefore 
not  equal.  It  will  be  proved  afterwards  (Add.  Prop.  17)  that  they  are 
eq%ial  in  opening. 

Two  trihedral  angles^  which  have  their  plane  angles  equal  in  pairs 
hut  are  not  thevMelves  equals  are  called  reyerse  trihedral  angles. 

If  from  any  point  P  a  perpendicular  PO  be  drawn  on  the  plane  of 
a  triangle  LMN  and  produced  to  P',  so  that  OP'  is  equal  to  OP^  the 
pairs  of  trihedral  angles  P(LMN),  P(LMN);  L{PMN),  L{PMN); 
M(PNL\  M(PNL);  N(PLM),  N  (PLM)  are  reverse. 

In  this  case  the  two  tetrahedrons  P  {LMN)y  P'  (LMN)  have  their 
faces  equal  in  pairs,  but  they  cannot  be  made  to  coincide  and  are 
therefore  not  equal.  It  will  be  proved  afterwards  (Add.  Prop.  19) 
that  they  are  equal  in  volume. 

Two  tetrahedrons,  which  have  their  faces  equal  in  pairs  hut  are  not 
themselves  equal,  are  called  reverse  tetrahedrons. 

The  nature  of  the  difference  of  two  reverse  trihedral  angles  may 
be  realised  by  the  following  consideration. 

If  a  spectator  were  to  be  placed  within  the  trihedral  angle  P  (LMN) 
with  his  head  towards  P  and  with  his  back  towards  the  plane  PMN, 
he  would  have  the  plane  containing  a  behind  him,  the  plane  contain- 
ing /3  on  his  left,  and  the  plane  containing  7  on  his  right ;  if  on  the 
other  hand  the  spectator  were  to  be  placed  in  the  trihedral  angle 
P'  (LMN)  with  his  head  towards  P  and  his  back  to  the  plane  FMN, 
he  would  have  the  plane  containing  a  behind  him,  the  plane  contain- 
ing /3  on  his  right,  and  the  plane  containing  7  on  his  left. 
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ADDITIONAL  PBOPOSITION  8. 

[Euclid,  Elem.  zi.  Prop.  24.] 

In  a  parallelepipedj  all  the  faces  are  paraUelograms,  and  the 
straight  lines  joining  opposite  comers*  meet  in  a  point  and  bisect  each 
other. 

Let  ABCDEFGH  be  a  parallelepiped. 

Draw  the  straight  lines  AG^  OD^  DF,  FA  joining  the  extremities 
of  two  opposite  edges  AD^  FO, 


Because  BH  is  a  parallelepiped, 

the  planes  ABFE,  DCGH  are  parallel; 
and  ABCD  is  a  plane  cutting  them, 
therefore  AB  is  parallel  to  DC.  (Prop.  16.) 

Similarly  it  can  be  proved  that 

AD  is  parallel  to  BC. 
Therefore  ABCD  is  a  parallelogram. 

Similarly  it  can  be  proved  that  every  face  is  a  parallelogram. 
Because  ABCD  is  a  parallelogram, 
AD  is  equal  and  parallel  to  BC ;  (I.  Prop.  33.) 

and  because  FGCB  is  a  parallelogram, 
FG  is  equal  and  parallel  to  BC; 
therefore  AD  is  equal  and  parallel  to  FG ;  (Prop.  9.) 

therefore  AF  is  equal  and  parallel  to  DG,  (I.  Prop.  33.) 

that  is,  AFGD  is  a  parallelogram: 
therefore  AG,  FD  bisect  each  other  at  a  point  0.     (See  Ex.  1,  p.  91.) 

Similarly  it  can  be  proved  that  every  pair  of  diagonals  bisect  each 
other;  all  the  diagonfJs  therefore  meet  at  a  point  and  bisect  one 
another. 

*  A  straight  line  joining  two  opposite  corners  of  a  parallelepiped 
is  called  a  diacronal  of  the  parallelepiped. 


ADDITIONAL  PROPOSITION  9. 
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ADDITIONAL  PROPOSITION  9. 
[Euclid,  Elem.  xi.  Props.  29,  30.] 

Two  'parallelepipeds ^  which  have  one  foAie  common  and  the  faces 
oppoHite  to  the  comitumface  in  a  plane,  are  eqiuil  in  volume. 

Let  the  parallelepipeds  ABCDEFGH,  ABCDKLMN  have  the  face 
ABCD  common  and  the  opposite  faces  BFGHt  KLMN  in  a  plane. 

First,  let  the  faces  AH ^  AN  he  in  a  plane  and  therefore  the  faces 
BGf  BM  in  a  plane. 


Because  AG,  AM  are  parallelepipeds, 

EH,  KN  are  each  equal  to  AD;        (Add.  Prop.  8.) 
therefore  EK  is  equal  to  HN, 
also  EA  is  equal  and  parallel  to  HD 
and  EF  is  equal  and  parallel  to  HG, 

It  may  easily  be  proved  that  the  figures  EAKFBL,  HDNGGM  are 

equal  in  fJl  respects; 
therefore  the  volume  of  the  parallelepiped  AG  ib  equal  to  that  of  AM, 

Next  let  no  two  of  the  faces  of  the  parallelepipeds  be  in  a  plane 
except  ABCD  and  the  faces  parallel  to  it. 

K  N 


B  G 

Let  the  lines  FG,  EH  produced  cut  LK  in  Q,  P,  and  MN  in  R,  S. 

Draw  AP,  BQ,  OR,  D8, 
Then  by  the  first  case 
the  parallelepipeds  ABCDEFGH,  ABCDKLMN  are  each  equal  m 
volume  to  the  parallelepiped  ABCDPQRS,  and  are  therefore  equal 
in  volume  to  one  another. 

Corollary.    Two  parallelepipeds,  which  have  tvao  faces  equal  in  all 
respects  and  which  are  of  the  same  altitude,  are  equal  in  volume, 

T.  E.  37 
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ADDITIONAL  PROPOSITION   10. 

[Euclid,  Elem.  xi.  Prop.  31.] 

Two  parallelepipeds^  which  have  two  faces  equal  in  area  and  in  a 
plane,  and  the  faces  opposite  to  these  faces  also  in  a  plane,  are  equal  in 
volume. 

Let  ABGDahcd,  EFGHefgh  be  iwo  parallelepipeds  whose  faces 
A  BCD,  EFOH  are  equal  in  area  and  in  a  plane,  and  whose  faces 
abed,  efgh  are  in  a  plane. 

Let  AB,  DC  produced  meet  EF^  HO  produced  in  I,  cT*  respectively. 

Draw  KLMN  paraUel  to  JJ  to  cut  AB,  DC,  EF,  HO  in  K,  L,  M,  N 
respectively. 

On  ABK  take  KP  equal  to  AB  and  draw  PQRS  parallel  to 
KLMN  to  cut  DC,  EF,  HO  in  Q,  It,  S,  Complete  the  figure,  so  that 
the  edges  of  the  parallelepipeds*  Aa,  Kk,  Mm,  Ee  are  parallel. 


Because  AB  is  equal  to  KP,  and  Aa,  Kk  are  parallel, 

the  parallelograms  AabB,  KkpP  are  equal  in  all  respects ; 
therefore  the  parallelepij^ed  ABCDabcd  is  equal  in  volume  to  the 
parallelepiped  KPQLkpql.  (Add.  Prop.  9,  GoroU.) 

Similarly  it  can  be  proved 

that  the  parallelepiped  EFOHefgh  is  equal  in  volume  to  the 
parallelepiped  MRSNmrsn, 

and  because  KL  is  equal  to  MN  each  being  equal  to  JJ 
and  Kk,  Mm  are  parallel, 

the  parallelograms  KklL,  MmnN  are  equal  in  all  respects ; 

therefore  the  parallelepiped  KPQLkpql  is  equal  in  volume  to  the 
parallelepiped  MRSNmrsn, 

therefore  the  parallelepipeds  ABCDabcd,  EFOHefgh  are  equal 
in  volume. 

*  This  assumes  that  the  edges  Aa,  Ee  are  parallel.    This  does  not 
destroy  the  generality  of  the  proof  as  is  shewn  by  Add.  Prop.  9. 


ADDITIONAL   PROPOSITION  11. 
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ADDITIONAL  PROPOSITION   11. 

[Euclidj  Elem.  xi.  Prop.  28.] 

A  rectangular  parallelepiped  U  bisected  ly  a  plane  through  two 
opposite  edges. 

Let  ABCDEFGH  be  a  reotangalar  parallelepiped. 

Draw  the  plane  ABGH  cutting  the  faces  AKBD,  BFGC  in  AH, 
BQ, 


Because  AE  is  equal  to  1/D,  EH  to  BA  and  HA  to  AH, 

the  triangles  AEH,  HDA  are  equal  in  all  respects.    (I.  Prop.  8.) 

Therefore  the  figure  AEHBFG  can  be  shifted  so  that  the  triangle 
AEH  coincides  exactly  with  the  triangle  HDA, 

If  this  be  done,  then  because  the  lines  AB,  EF,  HG,  DC  are  all  at 
right  angles  to  the  plane  AEHD,  (Hypothesis) 

the  lines  AB,  EF,  HG  after  shifting  will  coincide  in  direction  With 
HG,  DC,  AB  respectively, 

and  because  AB,  EF,  HG,  DC  are  all  equal,  the  points  B,  F,  G  after 
shifting  will  coincide  with  the  points  G,  C,  B  respectively, 

and  therefore  the  figure  AEHBFG  will  coincide  with  the  figure 
HDAGCB  and  be  equal  to  it 

The  orthohedron  is  therefore  divided  into  two  exactly  equal  parts 
by  the  plane  ABGH. 


37—2 
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ADDITIONAL  PROPOSITION  12. 


Sectiotii  of  a  tetrahedron  by  planes  parallel  to  the  hcue  are  similar 
to  the  ha^e. 

Let  ABCD  be  a  tetrahedron,  and  let  EFO  be  the  section  by  a  plane 
parallel  to  the  plane  ABC, 


Because  the  parallel  planes  ABC^  EFG  are  cut  by  the  plane  EFBA, 

AB  is  parallel  to  EF,  (Prop.  16.) 

Similarly  it  can  be  proved  that 

BC  is  parallel  to  FQ. 

Therefore  the  angle  ABC  is  equal  to  the  angle  EFO.  (Prop.  10.) 

Similarly  it  can  be  proved  that 

the  angle  BCA  is  equal  to  the  angle  FGE; 

therefore  the  triangles  ABC,  EFG  are  equiangular  and  similar. 

(VI.  Prop.  4.) 

CoBOLLABY.    Sections  of  a  pyramid  hy  planes  parallel  to  the  base 
are  similar  to  the  base. 


ADDITIONAL  PROFOSITION  13. 
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ADDITIONAL  PBOPOSITION  13. 

The  sections  of  two  tetrahedrons  on  equal  bases  made  by  planes 
parallel  to  the  bases  and  dividing  correspmiding  edges  proportionally 
are  equal  in  area. 

Let  ABCDy  abed  be  two  tetrahedrons  on  equal  bases  ABC^  dbe, 
and  let  PQR,  pqr  be  two  sections  made  by  planes  parallel  to  the 
bases  diyiding  the  edges  AD,  ad  proportionally;  that  is,  so  that 

AP  :  PD  as  ap  :  pd. 


Becanse  the  triangles  ABCt  PQR  are  similar,  the  ratio  of  the 
triangle  ABC  to  the  triangle  PQR 

is  duplicate  of  the  ratio  AB  to  PQ;     (VI.  Prop.  19.) 

and  the  ratio  of  the  triangle  ahc  to  the  triangle  pqr 

is  duplicate  of  the  ratio  a5  to  ^g ; 

and  AB  is  to  PQ  as  AD  to  PD; 

ah  ia  to  pq  ta  ad  to  pd; 

and  AD  is  to  PD  BBadiopd; 

therefore  AB  is  to  PQ  as  ab  to pq; 

therefore  the  triangle  ABC  is  to  the  triangle  PQR  as  the  triangle  abc 
to  the  triangle  |>gr; 

and  the  triangle  ABC  is  equal  to  the  triangle  dbc; 

therefore  the  triangle  PQR  is  equal  to  the  triangle  p^. 
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ADDITIONAL  PROPOSITION  14. 
[Endid,  Elem.  xii.  Prop.  5.] 

Tetrahedrom  on  equal  bases  and  of  equal  altitudes  are  equal  in 
volume. 

Let  ABGD,  abed  be  two  tetrahedrons  on  equal  bases  ABGy  abc  and 
of  equal  altitudes. 

First,  let  the  altitudes  of  the  tetrahedrons  be  the  edges  AD,  ad. 

Divide  DA,  da  each  into  the  same  number  of  equal  parts 
DE,  ...  PP\  ...  ZA ;  de,  ...  pp\  ...  za. 

Through  P,  P',  ...,  Z  draw  planes  parallel  to  the  base  ABC. 

Let  the  section  of  the  tetrahedron  by  the  planes  through  P,  P',  Z 
be  the  triangles  PQR,  P'Q'R',  ZUV. 

Let  a  plane  through  QR  parallel  to  AD  cut  the  plane  ZUV  in  MN, 
and  a  plane  through  Q'R'  parallel  to  AD  out  the  planes  PQR,  ZUV. 
ABC  in  ST,  XY,  M'N\ 

Make  the  same  construction  for  the  tetrahedron  a,bcd. 


^ 


The  volume  of  the  slice  PQRP'Q'R'  of  the  tetrahedron  is  less  than 
the  volume  of  the  prism  PSTFQ'R' 

by  QSQ'RTR', 
which  is  equal  to  MXM'NYN', 
Therefore  the  volume  of  the  tetrahedron  ABCD  is  less  than  the 
sum  of  the  volumes  of  the  prisms  PSTP'Q'R' 

by  part  of  the  volume  of  the  bottom  prism  ZB'CABC. 
Similarly  it  can  be  proved  that  the  volume  of  the  tetrahedron  abed 
is  less  than  the  sum  of  the  volumes  of  the  prisms  pstp^qY 
by  part  of  the  volume  of  the  bottom  prism  zh'c'abc. 
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Because  the  volume  of  the  prism  PSTFQ'R 

is  equal  to  the  volume  of  the  prism  pstp'qy*^ 

(Add.  Props.  10  and  11.) 

therefore  the  sum  of  the  prisms  PSTFQ'IC 
is  equal  to  the  sum  of  the  prisms  patp'qV ; 
and  the  hottom  prisms  ZB'C'ABC^  zb'c'ahc  are  equal; 

(Add.  Props.  10  and  11.) 

therefore  the  difference  of  the  tetrahedrons  A  BCD,  abed  is  less  than 

either  of  the  two  bottom  prisms ; 

and  as  these  can  he  made  as  small  as  we  please  by  taking  the  number 
of  slices  large  enough,  it  follows  that  the  volumes  of  the  tetra* 
hedrons  ABCD,  cibcd  are  equal. 

Next,  let  the  foot  of  the  perpendicular  from  D  on  the  face  ABC  fall 
within  the  face  at  H, 

Draw  HA,  HB,  HC, 

and  draw  HM,  HN  parallel  to  CA,  CB  to  meet  AB  m  M,  N; 

and  draw  CM,  CN. 

Draw  CE  at  right  angles  to  the  plane  ABC  and  equal  to  DH, 

and  draw  EA,  EM,  EN,  EB, 

D 


Because  the  triangle  HAC  is  equal  to  the  triangle  CAM,    * 

and  the  triangle  HBC  to  the  triangle  CBN, 
therefore  the  triangle  HAB  is  equal  to  the  triangle  CMN, 
Therefore,  by  the  first  case, 
the  tetrahedrons  D  (CHA),  D  (AHB),  D  {BHC)  are  equal  in  volume  to 
the  tetrahedrons  E  (ACM),  E  (MCN),  E  (NCB)  respectively; 

and  therefore  the  tetrahedron  D  (ABC)  to  the  tetrahedron  E  (ABC). 

In  the  same  way,  when  the  foot  of  the  perpendicular  Dlf  lies  outside 
the  triangle  ABC,  if  the  same  construction  be  made,  it  can  be  proved 
that  the  tetrahedrons  are  equal  in  pairs  as  in  the  last  case :  but  that 
the  tetrahedron  D(ABC)  is  equal  to  the  difference  between  two  of  the 
tetrahedrons  D  (CJI^),  D(AHB),  D(BHC)  and  the  third;  and  that 
the  tetrahedron  E  (ABC)  is  equal  to  the  difference  between  the  corre- 
sponding two  of  the  tetrahedrons  E  (ACM),  E  (MCN),  E  (NCB)  and 
the  third. 

CoROLLABY.  Pyramids  on  equal  bases  and  of  eqtial  altitudes  have 
equal  volumes. 
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ADDITIONAL  PROPOSITION  15. 
[Euclid,  Elem.  zn.  Prop.  7.] 

A  triangular  pritm  whose  end  faces  are  parallel  can  he  divided  into 
three  tetrahedroiu  of  equal  volumes. 

Let  ABCDEF  be  a  triangular  prism  of  which  the  faces   ABC, 
DEF  are  parallel. 

Draw  BD,  DC,  CE, 


Because  ABED  is  a  parallelogram, 

the  triangle  ABD  is  equal  to  the  triangle  BED\ 
therefore  the  tetrahedrons  CABD,  CBED  are  equal  in  volume. 
Because  FCBE  is  a  parallelogram,  (Add.  Prop.  14.) 

the  triangle  ECF  is  equal  to  the  triangle  ECB ; 

therefore  the  tetrahedrons  DECF,  DECB  are  equal  in  volume ; 

therefore  the  tetrahedrons  ABCDj  BCDE,  CDEF  are  equal  in  volume, 
and  they  together  make  up  the  prism  ABCDEF, 

GoBOLLABT  1.  The  volume  of  a  tetrahedron  is  equal  to  one  third 
the  volume  of  a  prism  on  the  same  base  and  of  the  same  altitude. 

CoBOLLABY  2.  Prisms  on  equal  heues  and  of  equal  altitudes  have 
equal  volurnes. 

GoBOLLABY  3.  TJie  plane  through  two  opposite  edges  of  a  par- 
alleUpiped  divides  the  parallelepiped  into  two  prisms  of  equal  volume. 

Note.  It  may  be  proved  by  using  the  method  of  proof  adopted  in 
Prop.  1  of  Book  YI.  that  the  volumes  of  pyramids  or  parallelepipeds  on 
equal  boxes  are  in  the  same  ratio  as  their  altitudes,  and  ^at  the 
volumes  of  pyramids  or  parallelepipeds  of  eqtial  altitudes  are  in  tie 
same  ratio  as  the  area  of  their  bases. 
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ADDITIONAL  PROPOSITION  16. 

If  two  paraXUUpipeds  have  a  solid  angle  of  the  one  equal  to  a  solid 
angle  of  the  other,  the  ratio  of  the  volumes  of  the  parallelepipeds  is 
equal  to  the  ratio  compounded  of  the  ratios  of  the  edges  about  the 
equal  angles. 

Let  ABCDEFGH^  ahcdefgh  be  two  parallelepipeds  having  the 
trihedral  angles  A  (BDE),  a  (bde)  equal  in  all  respects. 

Let  the  fignres  be  so  placed  that  the  point  a  may  coincide  with  A, 
and  the  edges  a&,  ad,  a^  in  direction  with  AB,  AD,  AE  respectively. 
Let  the  plane  efgh  out  the  edges  BF,  CO,  DH  in  K,  L,  M  re- 
spectively, and  the  edgefg  cat  LM  in  N,  and  be  ont  CD  in  P. 


Because  the  parallelepiped  Abcdefgh  is  to  the  parallelepiped 
AbPDefNM  as  Ad  to  AD,  (See  Note,  p.  670.) 

and  the  parallelepiped  A  bPDefNM  is  to  the  parallelepiped  ABCDeKLM 
BAAbio  AB, 

and  the  parallelepiped  ABCDeKLM  is  to  the  parallelepiped 

A BCDEFGH  M  Ae  to  AE; 

therefore  the  parallelepiped  Abcdefgh  has  to  the  parallelepiped 
ABCDEFGH  the  ratio  compounded  of  the  ratios  Ab  to  AB,  Ad 
to  AD  and  ^^^  to  AE, 

Corollary  1.  Similar  parallelepipeds  are  in  the  ratio  triplicate 
of  the  ratio  of  two  corresponding  edges.     [Euclid,  Elem.  zi.  Prop.  83.] 

CoROLLART  2.  If  two  tetrahedrons  have  a  solid  angle  of  the  one 
equal  to  a  solid  angle  of  the  other,  the  ratio  of  the  volumes  of  the  tetra- 
hedrons is  equal  to  the  ratio  compounded  of  the  ratios  of  the  edges 
aJ)Out  the  equal  angles. 

Corollary  3.  Similar  tetrahedrons  are  in  the  ratio  triplicate  of 
the  ratio  of  two  corresponding  edges.    [Eadid,  Elem.  zn.  Prop.  8.] 
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ADDITIONAL  PROPOSITION   17. 

Two  opposite  vertical  trihedral  angles  are  equal  in  opening. 

Let  A  (BCD)  be  any  trihedral  angle,  and  let  the  straight  lines  £Ay 
GA,  DA  be  produced  to  E,  F^  G  respectively. 

Take  AB,  AC,  AD,  AE,  AF,  AG  all  equal.  Draw  the  planes 
BCD,  EFG ;  they  are  parallel.  (Prop.  16.)  Draw  HAK  at  right  angles 
to  the  planes  BCD,  EFG  and  draw  HB,  HC,  HD,  KE,  KF,  KG, 


Because  the  triangles  BCD,  EFG  are  equal  in  all  respects, 

and  H,  K  are  the  centres  of  the  circles  BCD,  EFG  respectively, 

(See  Proof  of  Add.  Prop.  7.) 
therefore  HB,  HC,  HD,  KE,  KF,  KG  are  equal. 

Also  AH  is  equal  to  AK 

The  angle  BHD  is  equal  to  the  angle  EKG  and  HA,  KA  are  at 
right  angles  to  the  planes  of  those  angles ; 

therefore  the  trihedral  angles  H(ABD),  K(AGE)  are  equal  in  all 
respects. 

And  HA,  HB,  HD  are  equal  to  KA,  KG,  KE  respectively; 

therefore  the  tetrahedron  ABHD  is  equal  in  all  respects  to  the  tetra- 
hedron ^G^^, 

and  therefore  the  trihedral  angle  A  {BHD)  to  the  trihedral  angle 
A  (GKE). 

Similarly  it  can  be  proved  that 

the  trihedral  angles  A  (DHC),  A  (CHB)  are  equal  in  all  respects  to 
the  trihedral  angles  A  {GKF),  A  (EKF)  respectively. 

If  H  Ue  within  the  triangle  BCD, 

then  the  trihedral  angle  A  {BCD)  is  equal  to  the  sum  of  the  three 
trihedral  angles  A  (BHD),  A  (DHC),  A  {CHB), 

But  if  H  lie  outside  the  triangle  BCD, 

the  trihedral  angle  A  (BCD)  is  made  up  of  the  difference  of  two  of 
these  angles  and  the  third, 

and  the  trihedral  angle  A  {EFG)  is  the  corresponding  sum  or 
difference  of  the  equal  anglea^  (GKE),  A  (EKF),  A  {FKG). 

Hence  the  trihedr- '  ^D),  A  (EFG)  are  equal  in  opening. 
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ADDITIONAL  PROPOSITION   18. 

To  describe  a  sphere  about  a  given  tetrahedron. 

Let  ABCD  be  a  given  tetrahedron. 

Bisect  any  edge  CD  in  E. 

In  the  planes  BCDj  ACD  draw  EFy  EG  at  right  angles  to  CD. 

Find  Fj  G  the  centres  of  the  circles  BCDj  ACD.         (IV.  Prop.  6.) 

In  the  plane  FEG  draw  FOy  GO  at  right  angles  to  EF,  EG  re- 
spectively. 


Because  F  is  the  centre  of  the  circle  BCD,  and  FO  is  at  right 
angles  to  the  plane  BCD,  every  point  in  FO  is  equidistant  from 
By  Cy  D,  (See  Proof  of  Add.  Prop.  7.) 

Similarly  it  can  be  proved  that  every  point  in  GO  is  equidistant 
from  Ay  CyD, 

Therefore  the  point  O  where  they  meet  is  equidistant  from  Ay  By 
G,  D  and  a  sphere  having  0  for  centre  and  passing  through  any  one 
of  the  points  Ay  By  Cy  D  must  pass  through  the  others. 

Corollary.  The  radii  of  spheres  described  about  equal  or  reverse 
tetrahedrons  are  equal. 

If  constructions  similar  to  that  in  the  proposition  be  made  for 
two  equal  or  two  reverse  tetrahedrons  ABCD,  abcdy 

the  angles  at  F,  E,  G  are  equal  to  the  angles  at/,  e,  g  (Add.  Prop.  1.) 

and  FE,  EG  are  equal  iofe,  eg. 

Therefore  the  quadrilaterals  OFEGy  of  eg  are  equal  in  all  respects. 

(Ex.  4,  page  27.) 

Therefore  in  equal  triangles  OEDy  oedy  OD  is  equal  to  od. 
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ADDITIONAL  PROPOSITION  19. 

Two  reverse  tetrahedrons  are  either  the  sums  or  corresponding 
differences  of  twelve  tetrahedrons  which  in  pairs  are  equal  in  aU 
respects. 

Let  ABCDy  ,dbcd  be  two  reverse  tetrahedrons. 

Find  0,  0  the  centres  of  the  spheres  ABCD,  abed  (Add.  Prop.  18.) 

and  draw  OF,  of  perpendicular  to  the  planes  JBCD,  bed. 
Draw  OA,  OB,  OC,  OD,  FB,  FC,  FD,  oa,  ob,  oc,  od,fb,fcJd, 


Because  the  tetrahedrons  ABGD,  abed  a-o  reverse,  the  radii  of  the 
spheres  A  BCD,  abed  are  equal  (Add.  Prop.  18,  CoroU.) 

In  the  tetrahedrons  OCFD,  odfc, 

the  trihedral  angles  F  (OCD),  f{odc)  are  equal  in  all  respects  and 

FO,  FC,  FD  equal  to/o,  /d,  fe  respectively ; 

therefore  the  tetrahedrons  OCFD,  odfc  are  equal  in  all  respects. 

Similarly  it  can  be  proved  that 

the  tetrahedrons  ODFB,  OBFC  are  equal  in  all  respects  to  the  tetra- 
hedrons obfd,  ocfb  respectively. 

If  the  point  F  lie  within  the  triangle  BDC  then  the  tetrahedron 
OBCD  is  the  sum  of  the  three  tetrahedrons  OCFD,  ODFB,  OBFC, 

but  if  the  point  F  lie  without  the  triangle  BDC  the  tetrahedron 
OBCD  is  the  difference  between  two  of  these  tetrahedrons  and  the 
third; 

and  similarly  the  tetrahedron  obcd  is  the  corresponding  sum  or 
difference  of  the  tetrahedrons  odfe,  ocfb,  obfd. 
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Therefore  the  tetrahedrons  OBGD,  ohcd  are  equal  in  volume ;  they 
are  each  the  sum  or  the  difference  of  three  tetrahedrons  which  in 
pairs  are  equal  in  all  respects. 

Similarly  it  can  be  proved  that  the  same  property  belongs  to  the 
two  tetrahedrons  OGDA,  ocda;  likewise  to  the  two  tetrahedrons 
ODABt  odah;  and  likewise  to  the  two  tetrahedrons  OABC,  oahc. 

If  the  point  0  lie  within  the  tetrahedron  ABCD,  then  the  tetra- 
hedron ABCD  is  the  sum  of  the  four  tetrahedrons  OBCD^  OCDA, 
ODAB,  OABC,  but  if  the  point  O  lie  without  the  tetrahedron  ABCD, 
then  the  tetrahedron  ABCD  is  the  difference  between  three  of  these 
tetrahedrons  and  the  fourth,  or  between  two  of  them  and  the  other 
two; 

and  similarly  the  tetrahedron  abed  is  the  corresponding  sum  or 
difference  of  the  tetrahedrons  ohcd,  ocda,  odab,  oabc. 

Therefore  the  whole  tetrahedrons  ABCD,  abed  are  equal  in  volume; 
they  are  the  corresponding  isum  or  difference  of  twelve  tetrahedrons 
which  in  pairs  are  equal  in  all  respects.  In  particular,  when  all  the 
faces  are  acute-angled  triangles,  the  points  such  as  F,  f  all  lie  within 
the  corresponding  triangles,  and  the  points  O,  o  lie  within  the  tetra- 
hedrons ABCD,  abed  respectively;  and  then  tiie  reverse  tetrahedrons 
are  divided  each  into  twelve  tetrahedrons  which  in  pairs  are  equal  in 
all  respects. 
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PEBSPECTIVE. 

1.  Without  attempting  to  discnss  what  light  is  or  what  the 
physical  means  are  by  which  light  is  propagated,  we  may  assume  that 
light  passes  through  space  from  one  point  to  another  in  a  straight  line. 
The  straight  lines  in  which  light  travels  are  called  rays  of  light.  If  we 
assume  this  rectilinear  transmission  as  a  fact,  we  may  say  that  the 
light  proceeding  from  a  point  produces  the  same  impression  on  an  eye 
as  if  it  proceeded  from  any  other  point  in  the  straight  line  joining 
the  luminous  point  to  the  eye.  In  this  statement  we  take  no  notice 
of  the  amount  of  light  or  of  the  quality  of  the  light,  but  merely  of 
the  direction  in  which  the  luminous  point  appears  visible  to  the  eye. 

2.  If  therefore  on  a  fixed  plane  we  marked  the  points  in  which 
straight  lines  joining  a  series  of  luminous  points  to  the  eye  cut  the 
plane,  light  proceeding  from  those  points  would  produce  the  same 
impression  on  the  eye  as  light  proceeding  from  the  luminous  points 
themselves. 

3.  Such  a  plane  is  called  a  picture  plane,  and  our  object  now  is  to 
discuss  the  geometrical  relations  between  the  positions  of  the  luminous 
points  themselves  and  their  representative  points  on  the  picture 
plane. 

4.  When  a  series  of  luminous  points  lies  in  a  straight  line,  the  rays 
of  light  from  each  of  the  points  to  the  eye  will  lie  in  the  plane  which 
can  be  drawn  through  the  eye  and  the  straight  line  in  which  the 
luminous  points  lie.  The  representative  points  therefore  in  the 
picture  plane  will  lie  in  the  straight  line  in  which  the  picture  plane  is 
cut  by  the  plane  through  the  eye  and  the  luminous  points.  (Prop.  1.) 
When  a  series  of  luminous  points  lies  in  a  straight  line  whose  direc- 
tion passes  through  the  eye,  all  the  points  of  the  series  are  repre- 
sented by  the  same  point  in  the  picture  plane,  the  point  in  which  the 
picture  plane  is  out  by  the  line  in  which  the  luminous  points  lie. 

5.  If  two  straight  lines  in  space  intersect,  they  will  be  represented 
in  the  picture  plane  by  two  straight  lines  which  intersect  in  the  point 
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representing  their  point  of  intersection.  It  must  not  be  assnmed, 
however,  that  when  two  straight  lines  in  the  picture  plane  intersect 
the  straight  lines  in  space  which  are  represented  by  the  lines  in 
the  picture  plane  necessarily  intersect.  It  is  always  possible  to  draw 
£rom  the  eye  a  straight  line  to  intersect  two  noninterseoting  straight 
lines  in  space;  this  straight  line  will  cut  the  picture  plane  in  the 
point  in  which  the  representative  straight  lines  intersect. 

6.  If  two  straight  lines  in  space  be  parallel  to  one  another  and  also 
parallel  to  the  picture  plane,  they  will  be  represented  by  two  straight 
lines  in  the  picture  plane  parallel  to  them.  (Props.  9  and  16.)  Equal 
straight  lines  lying  in  a  plane  parallel  to  the  picture  plane  are 
represented  in  the  picture  by  equal  straight  lines  parallel  to  them. 
(Prop.  16  and  VI.  Prop.  4.)  Two  lines  in  space  which  are  parallel 
to  the  picture  plane  but  not  parallel  to  each  other  will  be  represented 
in  the  picture  plane  by  two  lines  that  intersect.  Straight  lines 
which  are  represented  in  the  picture  by  parallel  straight  lines  are  not 
necessarily  parallel.  It  will  be  seen  that  straight  lines  lying  in 
planes  which  intersect  in  a  straight  line  through  the  eye  parallel  to 
the  picture  plane  will  be  represented  in  the  picture  by  parallel  straight 
lines;  and  that  if  two  straight  lines  in  space  be  parallel  to  one 
another  but  not  parallel  to  the  picture  plane,  they  will  be  repre- 
sented by  two  straight  lines  which  intersect  in  the  point  in  which 
a  straight  line  parallel  to  them  through  the  eye  cuts  the  picture  plane. 
(Prop.  3.) 

7.  The  straight  line  which  is  drawn  from  the  eye  at  right  angles  to 
the  picture  plane  is  called  the  line  of  si^^ht,  and  the  point  where  this 
straight  line  cuts  the  picture  plane  is  called  the  centre  of  the  picture. 
As  a  rule  the  picture  plane  is  supposed  to  be  a  vertical  plane.  Then 
a  horizontal  line  drawn  through  the  centre  of  the  picture  is  called 
the  horizon  line. 

8.  In  this  case  any  series  of  parallel  horizontal  lines  in  space, 
which  are  not  parallel  to  the  picture  plane,  is  represented  in  the  picture 
plane  by  a  series  of  lines  converging  to  some  point  in  the  horizon 
line. 

9.  Any  point  in  the  picture  plane  to  which  the  representative  lines 
of  any  series  of  parallel  lines  converge  is  called  the  vanishing  point 
of  the  parallel  lines. 
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10.  The  vanishing  point  of  any  series  of  lines  parallel  to  a  hori- 
zontal plane  is  obtained  thus ;  draw  EV  coinciding  with  the  horizon 
line,  draw  £0  at  right  angles  to  EF,  make  EO  equal  to  the  distance 
of  the  eye  from  the  picture  plane  and  draw  OF,  making  the  angle 
EOV  equal  to  the  angle  between  the  line  of  sight  and  one  of  the 
parallel  lines.  The  same  construction  will  give  the  vanishing  point 
for  any  series  of  parallel  lines,  M  EV  he  the  line  of  intersection 
of  the  picture  plane  with  the  plane  passing  through  the  line  of  sight 
and  one  of  the  parallel  lines. 

11.  The  vanishing  points  for  all  straight  lines  parallel  to  any 
plane  through  the  line  of  sight  lie  on  a  straight  line  through  the 
centre  of  the  picture,  and  the  vanishing  points  for  any  three  directions 
mutually  at  right  angles  to  one  another  form  a  triangle  of  which  the 
centre  of  the  picture  is  the  orthocentre.    (Exercise  5,  p.  529.) 

12.  All  lines  parallel  to  the  picture  plane  are  represented  by  lines 
parallel  to  themselves,  and  as  all  vertical  lines  in  space  are  parallel 
to  the  picture  plane,  they  are  represented  by  vertical  lines  in  the 
picture  plane. 

13.  The  general  problem  in  perspective  drawing  is  to  find  on  the 
picture  plane  the  representative  points  of  any  series  of  points  in 
space  whose  position  relative  to  the  eye  is  known. 

14.  As  an  illustration  of  the  use  of  these  principles  let  us  take  first 
the  case  of  a  square  ABCD^  whose  plane  is  horizontal  and  whose  edge 
AB  is  parallel  to  the  picture  plane. 


Let  a,  b,c,dhe  the  points  in  the  picture  plane  which  represent 
the  points  A,  P,  O,  D.    In  the  picture  ab,  cd  will  be  horizontal  lines 
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(§  6),  the  lines  ad,  he  will  pass  through  the  centre  of  the  picture  E 
(§§  8,  9).  The  diagonal  AC  makes  equal  angles  of  45°  with  AB  and 
ADy  ac  therefore  must  cut  the  horizontal  line  at  a  definite  point  R 
(§  8),  where  ER  is  equal  to  the  distance  from  E  to  the  eye  (§  10),  if 
therefore  ah  represent  the  side  AB  we  can  complete  the  drawing 
thus;  draw  £7a,  E&,  Ra ;  let  22a,  Eh  meet  at  c,  draw  cd  parallel  to  ha, 
then  abed  represents  ABCD, 

15.    Next  take  the  case  of  a  horizontal  square  ABCD  whose  comer 
A  is  the  nearest  to  the  picture  plane. 
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In  this  case  a&,  <2c  will  converge  to  some  point  R  in  the  horizontal 
line  on  the  right-hand  side  of  jE7  (§  8) ;  ad,  he  will  converge  to  another 
point  Ja  in  the  horizontal  line  on  the  left-hand  side  of  J? ;  22  and 
1,  are  such  that  a  circle  on  22L  as  diameter  would  pass  through 
the  eye  0,  since  022  and  Oh  are  parallel  to  AB  and  AD  and 
therefore  at  right  angles  to  each  other.  The  diagonal  AC  bisects 
the  angle  between  AB^  AD,  ac  therefore  must  cut  the  horizontal  line 
in  a  point  M  where  OM  is  the  bisector  of  the  angle  220L  (§  8).  Now 
let  ah  represent  AB,  draw  La,  Lh,  Ma ;  let  Ma,  Lb  cut  in  e,  draw  cd 
passing  through  22 ;  then  abed  represents  ABCD, 

In  both  figures  a%'e'd'  represents  another  position  of  ABCD, 
T.  E.  38 
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16.  The  more  definite  problem  of  representing  a  figure  of  giyen  Etize 
and  in  a  given  position  on  a  picture  plane  in  a  given  position  is  illus- 
trated by  the  following  example.  A  given  cube  ABCDFOHK  whose 
edge  is  4  inches,  standing  on  a  horizontal  plane  1  foot  below  the  eje, 
the  nearest  edge  AF  being  6  feet  in  front  of  the  eye  and  1  foot  to  the 
right  of  the  line  of  sight,  and  the  vertical  faces  being  equally  inclined 
to  the  line  of  sight,  is  to  be  represented  on  a  vertical  picture  plane  at 
a  distance  of  2  feet  from  the  eye. 

Through  E  the  centre  of  the  picture  draw  the  horizon  line  LER, 
and  take  ER,  EL  each  equal  to  0£,  the  distance  from  0,  the  eye,  to 
the  picture  plane;  in  ER  take  M  such  that  EM  is  to  ER  (or  EO) 
as  the  distance  of  the  edge  AF  to  the  right  of  the  line  of  sight  is  to 
the  distance  of  AF  in  front  of  the  eye,  i.e.  1  :  6,  and  draw  Mfa 
vertical;  every  point  in  AF  has  its  representative  point  in  af. 

In  Ma  take  a  such  that  Ma  is  to  ER  (or  EO)  as  the  vertical 
distance  of  A  below  the  eye  is  to  the  distance  of  ^  in  front  of  the  eye, 
i.e.  1:6;  then  a  represents  A.    Draw  Xa,  Ra. 

In  Ma  take  /  such  that  if^  is  to  ER  as  {  is  to  6;  then  /  repre- 
sents F, 

Draw  a  line  yax  through  a  parallel  to  the  horizon  line.  Every 
straight  line  in  a  plane  drawn  through  AF  parallel  to  the  picture 
plane  will  be  represented  in  the  picture  plane  by  a  line  parallel  to  itself 
having  the  same  ratio  to  af  as  the  line  itself  has  ix>  AF.  Let  a  line 
through  A  parallel  to  the  horizon  line  cut  a  line  through  D  at  right 
angles  to  AD  in  Y,  Now  take  ay  so  that  ay  :  af=AY:  AD=AC:  AD, 
and  take  ax  equal  to  ay ;  then  draw  Ry^  Lx^  intersecting  La,  Ra  in 
d  and  6  and  each  other  in  c. 

Draw  I/,  22/,  and  let  them  meet  lines  at  right  angles  to  the 
horizon  line  through  d  and  hmk  and  g ;  draw  Lg  and  Rk  meeting 
in  h ;  draw  he  which  will  be  vertical ;  then  ahcdfghk  will  represent 
ABCDFGHK. 

In  drawing  to  scale  it  is  always  most  convenient  to  select,  as  has 
been  done  here,  some  one  point  in  the  picture  as  a  point  of  reference 
(as  a),  and  to  calculate  all  lengths  by  reference  to  lines  drawn 
through  this  point. 

Let  us  assume  now  a  pyramid  VPQST  whose  height  VN  is  four 
inches  standing  on  the  square  base  PQST,  where  P,  Q,  S,  T  are  the 
middle  points  of  FG,  GH,  HK,  KF.     The  proof  of  the  following  oon- 
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struction  for  the  representation  of  the  pyramid  in  the  picture  plane  is 
left  as  an  exercise  for  the  student. 

Draw  fh  which  will  out  the  horizon  line  in  E ;  draw  gk  cutting 
fh  in  n;  draw  Lsnp  and  Rqnt\  in  af  produced  take  fw  equal  to  a/; 
draw  Ew,  let  it  meet  the  vertical  through  n  in  t7;  join  pq^  qs^  «t,  tp,. 
vjp,  vqy  v«,  vt ;  then  vpqst  will  represent  the  pyramid  VPQST.  The 
complete  perspective  drawing  bf  the  cube  surmounted  by  the  pyramid 
is  exactly  represented  below. 


Horizon  line 
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GENERAL  PROPERTIES  OF  A  PARALLELEPIPED. 

Let  the  diagonals  AC,  BD  of  the  face  ABCD  of  a  parallelepiped 
intersect  in  M,  and  the  diagonals  EG,  FH  of  the  opposite  face 
EFGH  intersect  in  N; 

MN  is  equal  and  parallel  to  the  edges  AE,  BF,  CG,  DH\ 
Also  MN  passes  through  the  centre  O  of  the  parallelepiped  and 
is  bisected  there.    (Add.  Prop.  8.) 


Let  as  consider  the  tetrahedron  ACFH,  a  pair  of  whose  opposite 
edges  are  AC,  FH  diagonals  of  the  opposite  faces  ABCD,  EFGH  of 
the  parallelepiped. 

The  straight  line  MN,  which  joins  the  middle  points  M,  N  otAC, 
FH  a  pair  of  its  opposite  edges,  passes  throngh  0  and  is  bisected  there. 

The  other  pairs  of  opposite  edges  of  the  tetrahedron  AF,  CH  and 
AH,  CF  are  also  diagonals  of  opposite  faces  of  the  parallelepiped. 

Hence  as  before  the  straight  lines  joining  the  middle  points  of  the 
pairs  of  opposite  edges  of  the  tetrahedron,  AF,  CH  and  AH,  CF  are 
equal  and  parallel  to  AD  and  AB  respectively,  and  pass  through  O 
and  are  bisected  there. 

When  we  take  the  tetrahedron,  a  pair  of  whose  opposite  edges 
are  the  diagonals  BD,  EG,  we  find  that  the  tetrahedron  GEDB 
possesses  the  same  properties  as  we  have  shewn  to  exist  in  the  tetra- 
hedron ACFH. 

It  may  be  observed  that  these  two  allied  tetrahedrons  ACFH, 
GEDB  have  their  corresponding  points  at  opposite  corners  of  the 
parallelepiped. 
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GENERAL  PROPERTIES  OF  A  TETRAHEDRON. 

1.    Let  ABCD  be  a  tetrahedron, 
and  P,  Q,  R,  8  the  middle  points  of  the  edges  AB,  BO,  CD^  DA, 

PQ  and  SR  are  each  parallel  to  AC, 
and  therefore  are  parallel  to  one  another.     (Prop.  9.) 


Similarly  PS,  QR  are  parallel. 

Henee  PR,  QS  meet  at  a  point  G  and  bisect  one  another. 

Similarly  it  can  be  proved  that  the  line  joining  the  middle  points 
of  AC  and  BD  passes  through  G  and  is  bisected  there;  hence  the 
three  straight  lines  joining  the  middle  points  of  pairs  of  opposite  edges 
of  a  tetrahedron  meet  at  their  middle  points. 
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2.  Draw  JLl,  RB  and  in  them  take  points  iT,  H,  each  that  AK 
is  doable  of  KB  and  BH  is  doable  of  HB,  H  and  JT  are  the  oentroids 
of  the  faces  BCD  and  CDA. 

Braw  AH^  BK,  Since  they  lie  in  the  plane  ABB  they  meet,  let 
them  meet  at  G. 

DrAw  HK,  then 

^G  :  QH=BG  :  GJ^rr^lB  :  KH=:AB  :  KR-3  : 1. 


Similarly  it  can  be  shewn  that  the  straight  lines  joining  C  and  D 
to  the  oentroids  of  the  opposite  faces  meet  AH  or  BK  in  G  and  are 
divided  in  the  ratio  of  8  to  1. 

Hence  the  four  straight  lines  which  Join  the  vertices  of  a  tetrahedron 
to  the  centroids  of  the  opposite  faces  meet  at  a  point  which  divides  them 
in  the  ratio  3:1. 

It  may  be  shewn  in  several  ways,  e.g.  by  the  ase  of  the  Theorems 
of  Geva  and  Mendaos  (see  pages  422  and  418)  or  by  the  principle  of 
the  centroid  of  foor  eqaal  weights  (see  page  425),  that  the  points 
of  intersection  in  the  last  two  theorems  are  one  and  the  same 
point. 
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8.    Let  a  plane  parallel  to  the  opposite  edges  AC^  BD  of  a  tetra- 
hedron ABCD  cut  the  edges  AB,  BC,  CD,  DA  in  P,  Q,  R,  8,  then  PQ 


and  SB  are  each  parallel  to  AC,  and  therefore  parallel  to  one  another. 
(Prop.  9.)  Similarly  PiSf  and  QR  are  parallel;  therefore PQ12iSf  is  a 
parallelogram.  Thus  every  aectum  made  by  a  plane  parallel  to  two 
opposite  edges  is  a  parallelogram* 

4.  Now  PQisto^CasPPtoJ?^, 

and  PS  is  to  BD  as  AP  to  AB\ 
therefore  if  P  be  chosen  so  that 

AP  is  to  PB  as  AC  to  SD, 

PS  is  equal  to  PQ, 

and  the  section  PQRS  is  a  rhombus. 

5.  It  may  further  be  proved  either  by  considering  the  oentroid  of 
four  equal  weights  or  otherwise  that  the  locus  of  the  centre  of  the 
section  of  a  tetrahedron  made  by  a  plane  parallel  to  two  opposite  edges 
is  the  straight  line  joining  the  middle  points  of  those  edges, 

6.  If  through  each  of  the  edges  of  a  tetrahedron  a  plane  be  drawn 
parallel  to  the  opposite  edge  the  six  planes  form  a  parallelepiped 
whose  centre  is  the  centroid  of  the  tetrahedron  and  whose  edges  are 
equal  and  parallel  to  the  straight  lines  joining  the  middle  points  of 
opposite  edges  of  the  tetrahedron. 

The  edges  of  the  tetrahedron  are  the  diagonals  of  opposite  faces  of 
the  parallelepiped. 

7.  The  volume  of  the  parallelepiped  is  three  times  the  volume  of 
the  tetrahedron. 
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SPECIAL  FORMS  OP  THE  PARALLELEPIPED  AND 

TETRAHEDRON. 

1.  If  a  parallelogram  be  a  rhombus,  its  diagonals  are  at  right 
angles  and  vice  versa.  If  therefore  a  parallelepiped  have  one  face 
a  rhombns,  the  allied  tetrahedrons  have  one  pair  of  opposite  edges  at 
right  angles,  and  vice  versa.  Again  in  a  parallelepiped,  if  two  pairs 
of  opposite  faces  be  rhombuses,  the  third  pair  are  rhombuses;  it 
follows  then,  if  in  a  tetrahedron  two  pairs  of  opposite  edges  be  at  right 
angles,  the  third  pair  is  also  at  right  angles. 

It  follows  that,  if  in  a  tetrahedron,  one  pair  of  opposite  edges  be 
at  right  angles,  the  straight  lines  joining  the  middle  points  of  the 
other  two  pairs  of  opposite  edges  are  equal,  and  vice  versa. 

2.  If  a  parallelogram  be  a  rectangle  its  diagonals  are  equal;  and 
vice  versa.  Hence  if  a  parallelepiped  have  one  face  a  rectangle,  each  of 
the  aUied  tetrahedrons  has  one  pair  of  opposite  edges  equal ;  and  vice 
versa.  Also,  if  a  parallelepiped  have  one  face  a  rectangle,  the  straight 
lines  joining  the  middle  points  of  two  of  the  pairs  of  opposite  sides 
of  each  of  the  allied  tetrahedrons  are  at  right  angles ;  and  vice  versa. 
Hence  in  a  tetrahedron,  if  one  pair  of  opposite  edges  be  equal,  the 
straight  lines  joining  the  middle  points  of  the  other  two  pairs  of 
opposite  edges  are  at  right  angles ;  and  vice  versa. 

3.  A  parallelepiped  can  have  one  pair,  two  pairs,  or  three  pairs 
of  faces  rectangular.  Therefore  a  tetrahedron  can  have  one  pair,  two 
pairs  or  three  pairs  of  opposite  edges  equal. 

If  a  tetrahedron  have  three  pairs  of  opposite  edges  equal  its  faces 
are  equal  acute-angled  triangles.    (Ex.  1,  page  547.) 

4.  In  an  orthohedron  the  square  on  a  diagonal  is  equal  to  the 
sum  of  the  squares  on  three  concurrent  edges. 

For  in  figure  on  page  565, 

=AD^  +  AE^+AB^. 
This  result  can  also  be  stated  thus : 

The  square  on  the  distance  between  two  points  is  equal  to  the 
sum  of  the  squares  on  its  projections  on  three  straight  lines  at  right 
angles  to  each  other  (see  p.  533). 
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5.  In  a  tetrahedron  ABCD^  let  AH,  BK  be  drawn  perpendicular  to 
the  faces  BCD^  and  ACD.  In  general  the  lines  AHy  BK  will  not 
meet,  but  for  particular  classes  of  tetrahedrons  they  may  meet.  Let 
them  meet  at  I  and  let  the  plane  AIB  meet  CD  in  M,  then  AKMj 
BHM  are  straight  lines.  Now  AH  is  at  right  angles  to  the  plane 
BGDt  and  therefore  at  right  angles  to  CD;  similarly  BK  is  at  right 
angles  to  CD,  therefore  CD  is  at  right  angles  to  the  plane  AIB,  in 
which  AH,  BK  lie,  and  therefore  to  AB. 


The  oonyerse  is  easily  proTcd,  yiz.  if  AB,  CD  be  at  right  angles, 
the  perpendiculars  from  A  and  B  on  the  opposite  faces  intersect. 
Hence,  if  the  perpendiculars  from  A  and  B  on  the  opposite  faces 
intersect,  perpendiculars  from  C  and  D  on  the  opposite  faces  also 
intersect. 


Again  if  the  perpendiculars  AH,  BK  intersect,  since  AKM,  BHM 
are  each  at  right  angles  to  CD,  therefore 


therefore 


CA^  -  AD^=  CM^  -  MD^=  CB^  -  BD^ 
CA^+BD*=AD*+BC^; 


the  converse  of  this  is  also  true,  viz.  if  CA^+BD^=AD^+BC^  then 
AB,  CD  are  at  right  angles. 

Hence  if  three  perpendiculars  meet  in  a  point,  the  fourth  perpen- 
dicular passes  through  the  same  point,  in  which  case, 

AB^+CD»=AC^  +  BD^=AD^+BC^. 
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6.  A  tetrahedron,  in  which  the  perpendioolars  from  the  fonr 
yerticefl  on  the  opposite  faces  meet  in  a  point,  is  called  an  ortbo- 
oentzlc  tetrahedron;  and  the  point,  in  which  the  perpendicnlars 
meet,  is  called  the  orthooentre  of  the  tetrahedron. 

7.  It  can  he  proved  that  in  a  tetrahedron  in  which  each  pair 
of  opposite  edges  is  at  right  angles, 

(1)  the  perpendicular  from  each  vertex  on  the  opposite  face  passes 
through  the  ortho-centre  of  that  face; 

(2)  the  middle  points  of  the  six  edges  lie  on  a  sphere ; 

(3)  the  section  of  the  sphere  by  each  face  is  the  Nine  Point  Circle 
of  that  face*; 

(4)  the  centre  of  the  sphere  is  the  middle  point  of  the  line  join- 
ing the  intersection  of  the  perpendiculars  from  the  vertices  on  the 
opposite  faces,  and  the  centre  of  the  circumscribed  sphere  of  the 
tetrahedron ; 

(5)  the  centre  of  the  sphere  coincides  with  the  centroid  of  the 
tetrahedron. 

*  This  sphere  is  sometimes  called  the  Twelve  Point  Sphere  of  the 
orthocentrio  tetrahedron. 
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ROTATION. 


The  definitions  of  rotation  about  a  point,  which  were  adopted  in 
Book  III.  (page  186)  are  equivalent  to  the  following : — 

If  a  plane  figure  move  in  its  plane  unchanged  in  shape  and  size 
from  any  position  to  any  other  position,  while  one  point  in  the  figure 
remains  fixed  in  the  plane ^  the  figure  or  any  part  of  the  figure  is  said 
to  rotate  about  the  fixed  point. 

Similarly  for  motion  in  space : — 

If  a  figure  move  unchanged  in  shape  and  size  from  any  position  to 
any  other  position,  while  two  points  in  the  figure  remain  fixed  in  space, 
the  figure  or  any  part  of  the  figure  is  said  to  rotate  alMUt  the  straight 
line  joining  the  fixed  points. 
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PROPERTIES  OF  THE  SPHERE, 


1.  A  sphere  is  defined  as  a  closed  surface  which  is  sitch  that  all 
straight  lines  drawn  to  it  from  a  fixed  point  are  equal. 

It  follows  that  the  section  of  a  sphere  made  hy  a  plane  through 
the  fixed  point  is  a  circle  of  which  the  fixed  point  is  the  centre,  and 
as  it  has  been  found  that  a  circle  can  have  bat  one  centre  (III. 
Prop.  1),  it  follows  that  a  sphere  can  have  but  one  centre,  and  that 
centre  is  the  common  centre  of  all  plane  central  sections. 

Definition.  The  section  of  a  sphere  hy  a  plane  drawn  through  the 
centre  is  called  a  great  drde  of  the  spliere. 

2.  As  two  central  planes  must  intersect  in  a  diameter  of  the 
sphere,  which  is  also  a  diameter  of  each  circle,  it  follows  that 

Any  two  great  circles  bisect  each  other. 

If  therefore  a  semicircle  APB  rotate  round  its  diameter  AB 
through  four  right  angles,  or  the  whole  circle  APB  rotate  through 
two  right  angles,  it  will  generate  a  sphere  of  which  AB  is  the 
diameter.  Many  of  the  common  properties  of  a  sphere  are  easUy 
obtained  by  considering  the  sphere  as  generated  by  the  rotation  of  a 
circle  round  a  diameter,  and  many  of  the  properties  of  two  spheres 
can  be  obtained  from  properties  of  two  circles  by  considering  the 
spheres  as  generated  by  the  rotation  of  two  circles  about  the  straight 
line  joining  their  centres. 
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3.    Every  plane  section  of  a  sphere  is  a  circle. 

Let  QS  take  a  plane  section  PQR,  not  passing  through  0  the 
centre  of  the  sphere.  Draw  the  diameter  AB  to  meet  the  plane  PQB 
at  right  angles  in  G,  and  draw  CP,  CQ,  OPt  OQ. 


In  the  two  right-angled  triangles  OCP,  OCQj 

OP,  00  are  equal  to  OQ,  00; 
therefore  OP  is  equal  to  OQ. 

Similarly  evefiy  other  line  from  0  to  the  section  PQR  is  equal 
io  OP. 

Therefore  the  section  PQR  is  a  circle  of  which  0  is  the  centre. 

Definition.  The  section  of  a  sphere  made  by  a  plane  not  passing 
through  the  centre  is  called  a  small  dnde  of  the  sphere. 

4.  Equal  circular  sections  are  at  the  same  distance  from  the 
centre  of  the  sphere,  and  circular  sections  at  the  same  distance  from 
the  centre  are  equal.    (Cf.  III.  Prop.  14,  parts  1  and  2.) 

5.  Of  two  plane  sections  of  a  sphere  the  one  which  is  the  nearer 
to  the  centre  is  the  greater.    (Cf.  m.  Prop.  15,  parts  1  and  2.) 

6.  Two  spheres,  which  meet  one  another,  must  either  intersect 
in  a  circle  whose  axis  passes  through  their  centres,  or  touch  in  a  point 
on  the  line  joining  their  centres.    (Gf.  III.  Props.  9 — 13.) 
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7.  Definition.  A  straight  line  and  a  sphere^  which  pass  through  a 
point  hut  do  not  intersect  there,  are  said  to  toutih  one  anotlier  at  the 
point. 

The  straight  line  is  called  a  tangent  line  to  the  spliere. 

A  tangent  line  to  a  sphere  is  a  tangent  to  the  section  of  the  sphere 
made  by  any  plane  passing  through  the  line. 

If  the  straight  line  joining  two  points  be  equal  to  the  sum  of  the 
tangents  from  those  two  points  to  a  sphere  the  straight  line  toachea 
the  sphere.     (Cf.  Ex.  22,  p.  274.) 

8.  AU  tangent  lines  to  a  sphere  at  a  point  lie  in  a  plane  at  right 
angles  to  the  radius  drawn  from  the  point. 

Definition.  The  plane  which  contains  all  the  tangent  lines  at  a 
point  is  caUed  the  tangent  plane  at  the  point. 

Spheres  are  said  to  intersect  at  the  same  angles  as  their  tangent 
planes. 

Two  spheres  which  intersect,  intersect  at  the  same  angle  at  all 
points  of  their  common  circle. 

9.  All  tangent  lines  drawn  to  a  sphere  from  a  given  external 
point  are  equal,  and  their  points  of  contact  lie  on  a  small  circle  of 
which  the  straight  line  joining  the  given  point  to  the  centre  of  the 
sphere  is  the  axis. 

Definition.  The  cone  generated  by  the  tangent  lines  drawn  from  a 
point  is  called  an  enveloping  cone  of  the  sphere. 

10.  If  the  point  from  which  the  tangent  lines  are  drawn  move 
away  from  the  centre  of  the  sphere,  the  further  it  moves,  the  more 
nearly  are  the  tangent  lines  drawn  from  it  parallel  to  one  another, 
and  the  more  nearly  does  the  circle,  on  which  the  points  of  contact 
lie,  become  equal  to  a  great  circle. 

Hence  we  say,  if  the  point  from  which  the  tangent  lines  are 
drawn  be  at  an  infinite  distance,  they  lie  on  a  circular  cylinder  and 
their  points  of  contact  lie  on  a  great  circle. 

Definition.  A  cylinder  generated  by  tangent  lines  is  called  an 
enveloping  oylinder  of  the  sphere. 
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11.  If  a  straight  line  be  drawn  through  a  given  point  to  cut  a 
given  sphere,  the  intersection  of  the  tangent  planes  at  the  two  points 
of  section  will  always  lie  on  a  fixed  plane.  (Cf.  III.  Add.  Prop,  on 
page  258.) 

This  plane  is  called  the  polar  plane  of  the  given  point,  and  the 
point  is  called  the  pole  of  the  plane,  with  respect  to  the  sphere. 

12.  A  plane  through  any  point  cuts  a  sphere  and  the  polar  plane 
of  the  point  with  respect  to  the  sphere  in  a  circle  and  the  polar  line 
of  the  point  with  respect  to  the  circle. 

If  a  point  and  a  plane  be  such  that  the  straight  line  joining  the 
centre  of  a  sphere  to  the  point  is  at  right  angles  to  the  plane,  and  the 
rectangle  contained  by  the  distances  of  the  point  and  the  plane  from 
the  centre  is  equal  to  the  square  on  the  radius  of  the  sphere,  the  point 
is  the  pole  of  the  plane,  and  the  plane  the  polar  plane  of  the  point 
with  respect  to  the  sphere.    (Cf.  III.  Add.  Prop,  on  page  258.) 

If  a  plane  be  drawn  through  a  given  point  to  cut  a  given  sphere, 
the  vertex  of  the  enveloping  cone  which  touches  the  sphere  along 
the  section  will  always  lie  on  the  polar  plane  of  the  given  point.  (Of. 
in.  Add.  Prop,  on  page  258.) 

13.  If  one  point  lie  on  the  polar  plane  of  another  point,  the  second 
point  lies  on  the  polar  plane  of  the  first  point. 

Thus  the  pole  of  any  plane  through  the  point  A  lies  in  the  polar 
plane  of  A,  also  the  pole  of  any  plane  through  the  point  B  lies  in  the 
polar  plane  of  B. 

Hence  the  pole  of  any  plane  through  the  line  AB  lies  in  the 
oommon  section  of  the  polar  planes  of  A^B, 

Similarly  the  polar  plane  of  any  point  in  the  straight  line  AB 
passes  through  the  common  section  of  the  polar  planes  of  A  and  B, 

14.  Two  straight  lines  which  are  such  that  the  polar  plane  of  any 
point  on  either  of  the  lines  passes  through  the  other  are  called  polar 
lixies  of  each  other  with  respect  to  the  sphere. 

A  plane  through  any  line  cuts  a  sphere  and  the  polar  line  of  the 
given  line  with  respect  to  the  sphere  in  a  circle  and  the  pole  of  the 
given  line  with  respect  to  the  circle. 
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If  0  be  the  centre  of  the  sphere,  OA  is  at  right  angles  to  the  polar 
plane  of  A  and  OB  to  the  polar  plane  of  B ;  hence  the  intersection  of 
the  polar  planes  of  A  and  B  is  at  right  angles  to  OA  and  OB  and 
therefore  to  AB, 

Hence  two  polar  lines  are  at  right  angles  to  each  other. 

15.  A  chord  of  a  sphere  is  divided  harmonically  by  any  point  on 
it  and  the  polar  plane  of  the  point.    (Cf.  VI.  Add.  Prop.  7.) 

16.  All  points  from  which  the  tangents  to  two  spheres  are  equal 
lie  on  a  plane,  which  is  called  the  radical  plane  of  the  two  spheres. 
(Cf.  m.  Add.  Prop,  on  p.  264.) 

The  section  made  by  any  plane  of  two  spheres  and  their  radical 
plane  is  two  circles  and  their  radical  axis. 

17.  All  points  from  which  the  tangents  to  three  spheres  are 
equal  lie  on  a  straight  line  which  is  at  right  angles  to  the  plane  drawn 
through  the  centres  of  the  spheres ;  this  is  called  the  radical  axis  of 
the  three  spheres.    (Cf.  III.  Add.  Prop,  on  page  264.) 

The  section  made  by  any  plane  of  three  spheres  and  their  radical 
axis  is  in  general  three  circles  and  their  radical  centre. 

The  section  of  three  spheres  made  by  any  plane  through  their 
radical  axis  is  three  coaxial  circles  of  which  the  given  straight  line  is 
the  radical  axis. 

18.  The  radical  axes  of  four  spheres  taken  in  threes  intersect 
in  a  point,  which  is  called  the  radical  oentre  of  the  four  spheres. 
(Cf.  Ex.  4  on  page  265.) 

19.  The  locus  of  a  point  the  ratio  of  wliose  distances  from  two 
given  points  is  constant  is  a  sphere.    (Cf.  VI.  Add.  Prop.  5.) 

The  locus  of  a  point  the  ratios  of  whose  distances  from  three 
given  points  are  constant  is  a  circle. 

There  are  two  points  whose  distances  from  four  given  points  are 
'n  given  ratios. 
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20.  If  two  solid  figures  he  such  that  every  straight  line  joining 
corresponding  points  of  the  two  figures  passes  through  a  fixed  point 
and  is  divided  in  a  constant  ratio  at  that  pointy  the  point  is  called  a 
centre  of  similitude  of  the  two  figures. 

If  a  pair  of  corresponding  points  lie  on  the  same  side  of  the  centre 
of  similitude,  it  is  called  a  centre  of  direct  similitude. 

If  a  pair  of  corresponding  points  lie  on  opposite  sides  of  the  centre 
of  similitude  it  is  called  a  centre  of  inverse  similitude. 

It  should  be  noticed  that  two  figures  which  have  a  centre  of  direct 
similitude  are  similar  to  the  same  figure  and  to  one  another ;  but  two 
figures  which  have  a  centre  of  inverse  similitude  are  similar  to  a  pair 
of  reverse  figures  and  as  a  rule,  are  not  similar  to  one  another. 

21.  A  centre  of  similitude  of  two  solid  figures  is  also  a  centre  of 
/     similitude  of  their  sections  made  by  any  plane  through  the  point. 

/        (See  page  448.) 

22.  The  points,  which  divide  the  distance  between  straight  lines 
joining  the  centres  of  two  spheres  internally  and  externally  in  the 
ratio  of  their  radii,  are  centres  of  similitude  for  the  two  spheres. 
(See  page  448.) 

Every  straight  line,  which  passes  through  the  extremities  of  two 
V  paraUel  radii  of  two  fixed  spheres,  passes  through  a  centre  of  simili- 

\         tude  of  the  spheres.     (Cf.  VI.  Add.  Prop.  23.) 

23.  If  a  sphere  be  drawn  to  touch  two  given  spheres,  the  straight 
,  line  which  passes  through  the  points  of  contact  passes  through  one  of 

the  centres  of  similitude  of  the  given  spheres.    (Of.  YI.  Add.  Prop.  24.) 

24.  The  six  centres  of  similitude  of  three  given  spheres  lie  three 
by  three  on  four  straight  lines  that  lie  in  the  plane  which  passes 
through  the  centres  of  the  spheres.     (Cf.  YI.  Add.  Prop.  27.) 

These  straight  lines  are  called  axes  of  similitude  of  the  three 
spheres. 

25.'  If  a  sphere  be  drawn  to  touch  three  given  spheres  the  plane 
drawn  through  the  points  of  contact  passes  through  one  of  the  axes 
of  similitude.     (Cf.  VI.  Add.  Prop.  24.) 

26.  Two  planes  can  be  drawn  through  each  axis  of  similitude  to 
touch  the  three  given  spheres.     (Cf.  note  on  page  451.) 

Each  axis  of  similitude  of  three  spheres  is  also  an  axis  of  simili- 
tude of  their  sections  made  by  any  plane  passing  through  the  axis. 

T.  E.  39 
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27.  The  twelve  centres  of  similitude  of  four  given  spheres  taken 
in  pairs,  one  of  the  centres  of  similitude  of  each  pair  being  taken, 
lie  six  by  six  on  eight  planes. 

These  planes  are  called  planes  of  similitude  of  the  four  spheres. 
(Cf.  VI.  Add.  Prop.  27.) 


The  centres  of  similitude  which  divide 

lie  on  a  plane 

which  may  be 

called 
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28.  If  a  point  on  the  radical  plane  of  two  given  spheres  be  joined 
to  the  points  of  contact  of  a  sphere,  which  touches  both  the  given 
spheres,  by  straight  lines  which  cut  the  spheres  again,  another  sphere 
can  be  described  to  touch  the  given  spheres  at  the  points  of  section. 
(Cf.  VI.  Add.  Prop.  28.) 

Hence,  by  considering  the  intersection  of  two  of  the  radical  planes 
of  these  spheres,  we  see  that :  If  a  point  on  the  radical  axis  of  three 
given  spheres  be  joined  to  the  points  of  contact  of  a  sphere,  which 
touches  each  of  the  given  spheres,  by  straight  lines  which  cut  the 
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spheres  again,  another  sphere  can  be  described  to  tonch  the  given 
spheres  at  the  points  of  section. 

29.  If  two  spheres  be  drawn  to  touch  four  given  spheres  so  that 
the  straight  lines  joining  the  points  of  contact  on  each  of  the  given 
spheres  passes  through  the  radical  centre  of  the  given  spheres,  the 
radical  plane  of  the  pair  of  spheres  is  one  of  the  planes  of  similitude 
of  the  four  given  spheres.     (Cf.  YI.  Add.  Prop.  29.) 

30.  If  a  pair  of  chords  of  two  given  spheres  intersect  in  the  radical 
plane  and  if  the  chords  pass  through  the  poles  with  respect  to  the 
spheres  of  a  plane  through  one  of  the  centres  of  similitude,  then 
the  points  of  intersection  of  the  chords  with  the  spheres  lie  two  by 
two  on  two  straight  lines  through  the  centre  of  similitude.  (Of.  YI. 
Add.  Prop.  30.) 

31.  The  poles  with  respect  to  two  spheres  of  any  plane  passing 
through  one  of  the  centres  of  similitude  lie  on  a  straight  line  through 
the  centre  of  similitude. 

Let  At  B  be  the  centres  of  the  two  spheres,  whose  radii  are  a,  &, 
and  let  8  be  one  of  their  centres  of  similitude. 

If  Alt  Bm  be  perpendiculars  on  the  plane  STU,  and  points  L,  M 
be  taken  in  them  such  that  AL  .  Al=a^  and  BM  .  Bm=b\  then  L,  M 
are  the  poles  of  the  plane  STU.    (§  12.) 


Then  AL  .  Al  :  BM ,  Bm=a^  :  h^ 

=AS^ :  BS^ 

=AS  ,  All  BS  .  Bm. 
Therefore  AL  :  BM=AS  :  BS. 

But  At  Bf  Lf  M,  8  all  lie  in  a  plane  and  AL^  BM  are  parallel ; 
therefore  I«,  M,  £f  lie  in  a  straight  line. 

39—2 
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32.  Let  8  be  one  of  the  centres  of  similitude  of  two  given  spheres 
whose  centres  are  Ay  B, 

Let  Ii,  ilf  be  the  poles  of  any  plane  STU  throngh  S  with  respect 
to  the  spheres  Ay  B  and  let  two  chords  through  L  and  M  meet  at  O 
a  point  on  the  radical  plane. 

Let  the  plane  OLM  cut  the  spheres  in  the  circles  PP^Pt  QQ'^* 

Because  LM8  is  a  straight  line ;  (§  31.) 
therefore  the  plane  OLM  passes  through  8 ; 
therefore  L  and  M  are  on  the  polars  of  8  with  respect  to  the  oiroles 

PP'p,QQ'q.    (§12.) 

Again,  i9  is  a  centre  of  similitude  of  the  circles  PP'pt  QQ'q-  (§  21.) 
And  O  is  a  point  on  their  radical  axis.    (§  16.) 

therefore  if  OPLpt  OQMq  be  straight  lines, 

PQ  passes  throngh  8.    (Cf.  VI.  Add.  Prop.  30.) 

88.    We  are  now  in  a  position  to  solve  the  problem : 

To  describe  a  sphere  to  touch  four  given  spheres. 

Let  At  Bj  C,  Dhe  four  given  spheres. 

GoMSTBUCTioN.  Find  O  the  radical  centre  of  the  spheres  A,B,C,  2>, 
and  draw  E  one  of  their  planes  of  similitude,  passing  through  X,  F,  Z 
centres  of  similitude  of  the  pairs  B,  C;  C,A;  A,  B  respectively. 

Find  the  poles  K,  L,  M,  N  of  the  plane  E  with  respect  to  the 
spheres  A^  B,  G,  D  respectively. 

Draw  OKf  OL,  OM,  ON  and  let  them  produced  if  necessary  out 
the  spheres  A,B,  C,  D  respectively  in  P,  j? ;  Q,q;  R,r;  8^  s. 

Then  the  spheres  through  PQR8,  pqrs  will  touch  the  four  given 
spheres. 

Pboof.  The  straight  line  PQ  passes  through  Z,  a  centre  of  simili- 
tude of  the  spheres  A  and  B,    (§  82.) 

Therefore  Z  is  a  centre  of  similitude  of  the  circular  sections  of 
the  spheres  A,  B  made  by  the  plane  PQR.    (§  21.) 

Similarly  QR  and  RP  pass  through  X,  Y  centres  of  similitude  of 
the  spheres  B,  C  and  C,  A  respectively. 

Hence  the  oirde  PQR  touches  the  sections  of  the  spheres  A,  B,  C 
made  by  the  plane  PQR,    (Gf.  YI.  Add.  Prop.  31.) 

Similarly  for  the  sections  made  by  the  planes  QR8t  RSP,  SPQ. 
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Again,  because  the  seotions  of  the  spheres  FQR8  and  A  made  by 
two  planes  touch  one  another  at  the  point  P,  the  spheres  have  a 
common  tangent  plane  at  the  point  P,  that  is  the  sphere  PQRS 
touches  the  sphere  A  at  the  point  P. 

Similarly  it  touches  the  spheres  B,  C,  D  at  the  points  Q,  12,  8, 

Therefore  the  sphere  PQRS  touches  the  four  given  spheres. 

Similarly  it  may  be  proved  that  the  sphere  pqrs  touches  the  four 
given  spheres. 

84.  Since  there  are  eight  planes  of  similitude,  and  since  two 
spheres  can  be  obtained  by  the  foregoing  construction  from  each  plane 
of  similitude,  there  are  2  x  8  or  16  spheres,  which  can  be  described  to 
touch  four  given  spheres. 

35.  If  four  spheres  touch  a  fifth  sphere,  there  are  three  distinct 
possible  types  of  configuration  of  the  four  spheres  relatively  to  the 
sphere  which  they  touch : 

(1)  the  four  spheres  may  all  lie  on  l&e  same  side  of  the  fifth 
sphere, 

(2)  three  of  the  four  spheres  may  lie  on  one  side  and  the  fourth 
on  the  other  side  of  the  fifth  sphere, 

(3)  two  of  the  four  spheres  may  lie  on  one  side  and  the  other  two 
on  the  other  side  of  the  fifth  sphere. 

Each  plane  of  similitude  gives  rise  to  two  spheres  touching  the 
four  given  spheres  for  one  of  which  the  nature  of  the  contacts  is  the 
same  as  the  nature  of  the  points  of  similitude  in  that  plane  and  for 
the  other  the  reverse. 
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INVERSION. 

1.  In  analogy  with  the  definitions  used  in  Plane  Geometry  (see 
page  4^)  the  following  definitions  are  used  in  Solid  (Geometry. 

If  0  be  a  fixed  point  and  P  any  other  point  and  if  on  the  straight 
line  OP  (produced  if  necessary)  we  take  a  point  P'  such  that 
OP .  OP'=a^  where  a  is  a  constant,  then  each  of  the  points  P,  P'  ia 
called  the  inYerse  of  the  other  with  respect  to  the  sphere  whose  centre 
is  0  and  radius  a. 

The  straight  line  OP  is  called  the  radius  vector  of  the  point  P. 

The  point  0  is  called  the  pole  of  inversion  and  a  the  radiiu  of 
inversion. 

If  the  locus  of  a  point  P  be  a  surface  or  a  curve  the  locus  of  the 
inverse  point  P*  will  be  a  surflBLce  or  a  curve,  which  is  called  the  in- 
verse of  the  locus  of  P. 

2.  It  follows  that: 

The  sections  of  two  inverse  surfaces  made  by  any  plane  through 
the  pole  are  inverse  curves^ 

This  consideration  enables  us  to  state  the  following  theorems: 

3.  A  plane  through  the  pole  inverts  into,  itself. 

4.  A  plane  which  does  not  pass  through  the  pole  inverts  into  a 
sphere  which  passes  through  the  pole  and  touches  there  a  plane 
parallel  to  the  given  plane. 

5.  A  sphere  which  passes  through  the  pole  inverts  into  a  plane 
parallel  to  the  tangent  plane  at  the  pole. 

6.  A  sphere  which  does  not  pass  through  the  pole  inverts  into  a 
sphere  which  does  not  pass  through  the  pole  and  is  such  that  the 
pole  is  a  centre  of  similitude  of  the  two  spheres. 

7.  Two  spheres  in  contact  invert  into  two  spheres  in  contact. 
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8.  Two  spheres  intersecting  at  any  angle  invert  into  two  spheres 
intersecting  at  the  same  angle. 

9.  A  circle  inverts  into  a  circle. 

This  is  seen  from  the  facts  that  every  circle  may  be  regarded  as 
the  intersection  of  a  pair  of  spheres,  and  a  pair  of  spheres  inverts 
into  a  pair  of  spheres. 

Two  circles  which  are  inverses  of  each  other  are  sections  of  the 
same  circular  cone,  whose  vertex  is  the  pole  of  inversion. 

10.  A  system  of  concentric  spheres  inverts  into  a  system  of  oom« 
planar  spheres. 

11.  A  system  of  complanar  spheres  inverts  Into  another  system 
of  complanar  spheres,  and  the  limiting  points  into  the  limiting  points. 

12.  A  sphere  can  be  inverted  into  itself  with  respect  to  any 
point  as  pole  of  inversion,  if  the  tangent  to  the  sphere  from  the  point 
be  taken  as  the  radius  of  inversion. 

13.  Any  two  spheres  can  be  inverted  into  themselves  with  respect 
to  any  point  on  their  radical  plane  as  the  pole  of  inversion. 

Any  three  spheres  can  be  inverted  into  themselves  with  respect  to 
any  point  on  their  radical  axis  as  the  pole  of  inversion. 

Any  four  spheres  can  be  inverted  into  themselves  with  respect  to 
their  radical  centre  as  the  pole  of  inversion. 

14.  Two  given  spheres  can  be  inverted  into  two  equal  spheres 
with  respect  to  any  point  on  the  sphere  whose  centre  is  a  centre  of 
similitude  with  respect  to  the  given  spheres  and  whose  radius  is  a 
mean  proportional  between  the  tangents  drawn  from  that  centre  of 
similitude  to  the  given  spheres. 

The  sphere  on  which  the  centre  of  inversion  lies  inverts  into  the 
radical  plane  of  the  two  equal  spheres. 

15.  Three  given  spheres  can  be  inverted  into  three  equal  spheres 
with  respect  to  any  point  on  certain  determinate  circles. 

The  circle  on  which  the  centre  of  inversion  is  taken  inverts  into 
the  radical  axis  of  the  three  equal  spheres,  that  is  into  the  axis  of  the 
circle  which  passes  through  their  centres. 

16.  Four  given  spheres  can  be  inverted  into  four  equal  spheres 
with  respect  to  any  one  of  a  certain  number  of  points  which  are 
given  in  pairs  by  the  intersection  of  three  spheres. 

The  other  point  of  intersection  of  the  same  three  spheres  inverts 
into  the  radical  centre  of  the  four  equal  spheres. 
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ELEMENTS  OF  SPHEBICAL  TRIGONOMETBY. 

Definition.  EcLch  of  the  four  parts  into  which  the  surface  of  a 
sphere  is  divided  by  two  great  circles  is  called  a  lime. 

The  angle  at  which  the  hounding  semicircles  intersect  is  called 
tbe  angle  of  the  lune. 

It  can  be  shewn  by  the  method  of  superposition  that  on  equal 
spheres  lanes  of  equal  angles  are  equal ;  and  hence  that  the  areas  of 
two  lunes  of  different  angles  are  in  the  same  ratio  as  the  angles  of 
the  lunes.  Hence  the  area  of  a  lune  of  angle  A  is  to  the  area  of  the 
sphere  in  the  same  ratio  as  A  to  four  right  angles. 


Let  OABO  be  a  trihedral  angle,  and  let  ABC  lie  on  a  sphere  whose 
centre  is  0.  The  triangle  ABC  which  is  formed  by  the  three  arcs 
BC,  CA,  AB  of  great  circles  of  the  sphere,  is  called  a  spherical 
triangle:  and  as  the  tangents  to  the  arcs  AB,  AC  at  A  are  at  right 
angles  to  OA,  the  angle  between  them,  which  is  called  the  angle  A  of 
the  triangle  BAC^  is  the  inclination  of  the  faces  OB  A,  OCA, 

The  angles  BOC^  CO  A,  AOB^  which  are  in  the  same  ratio  as  the 
arcs  BC,  CAy  AB  of  a  great  circle,  are  called  the  sides  of  the 
spherical  triangle  ABC  and  are  denominated  a,  &,  c  respectively. 

We  can  therefore  at  once  translate  the  theorems  which  were 
established  with  reference  to  the  plane  angles  and  the  inclinations 
of  the  faces  of  a  trihedral  angle  into  theorems  with  reference  to*  the 
sides  and  the  angles  of  a  spherical  triangle. 
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Thus  we  may  state  that  in  a  spherical  triangle  ABO  whose  angles 
are  A^  £,  G  and  whose  sides  are  a,  &,  c, 

(1)  If  a  is  equal  to  &,  A  is  equal  to  B.     (Ex.  3,  p.  627.) 

(2)  If  A  is  equal  to  B^  a  is  equal  to  b, 

(3)  If  a  is  greater  than  &,  il  is  greater  than  B.    (Ex.  4,  p.  527.) 

(4)  If  il  is  greater  than  B,  a  is  greater  than  b, 

(5)  The  sum  of  any  two  of  the  sides  a,  b,  c  is  greater  than  the  third 
side.   (Prop.  20.) 

(6)  The  sum  of  the  sides  a,  &,  c  is  less  than  four  right  angles. 
(Prop.  21,  Part  1.) 

If  a  sphere  whose  centre  is  O  cut  the  faces  of  a  trihedral  angle 
pABC  in  the  spherical  triangle  ABC,  and  also  cut  the  faces  produced 
heyond  0  in  the  spherical  triangle  A'B'C'y  the  spherical  triangles 
ABCy  A' EC  have  their  corresponding  sides  and  their  corresponding 
angles  equal  in  pairs  but  it  is  not  possible  to  shift  either  of  the 
triangles  so  as  to  coincide  with  the  other:  two  spherical  triangles 
whose  sides  and  angles  are  equal  in  pairs  but  which  cannot  be  made 
to  coincide  are  called  reverse. 

Since  the  area  of  a  lune  of  angle  A  is  to  the  area  of  the  sphere  in 
the  same  ratio  as  A  to  four  right  angles ;  therefore  if  the  ratio  of  a 
to  1  be  equal  to  the  ratio  of  A  to  four  right  angles  the  area  of  the 
lune  of  angle  A  :  the  surface  of  the  sphere = a  :  1,  or  the  area  of  the 
lune  of  angle  A  =  aSy  where  S  represents  the  area  of  the  surface  of 
the  sphere.  Now  take  a  spherical  triangle  ABC  and  let  the  ratios 
of  the  angles  A,  B,  C  to  four  right  angles  be  a  to  1,  /3  to  1,  7  to  1 
respectively;  let  the  great  circles  of  which  the  sides  of  the  triangle 
form  parts  be  completed,  they  will  divide  the  surface  of  the  sphere 
into  four  pairs  of  reverse  triangles.  Let  the  reverse  triangle  of  ABC 
be  A'B'C\ 

Then  the  lune  ABA'C = aS ; 

tiie  lune  BCB'A=pS; 
the  lune  CAC'B=yS; 

and  the  area  of  the  triangle  BAC  is  equal  to  the  area  of  the  reverse 
triangle  CA'B\  (Add.  Prop.  17.) 

therefore  the  sum  of  these  three  lunes  is  equal  to  half  the  surface  of 
the  sphere  together  with  twice  the  area  of  the  triangle  ABC, 

Hence,  J5+ twice  the  area  of  the  triangle  ABC=  (a+p+y)8. 
Or  the  area  of  the  triangle  i4i?0= i  (a + j8 + 7  -  J)  fif. 
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Let  ABC  be  a  Bpherioal  triangle ;  let  the  axis  of  the  great  circle 
BC  cut  the  sphere  in  P  and  P',  in  Spherical  Trigonometry  P  and  P' 


are  called  the  poles  of  BG.  Let  P  be  the  pole  which  lies  on  the 
same  side  of  BC  as  A^  which  is  equivalent  to  saying  the  arc  FA  is 
less  than  a  quadrant ;  similarly  let  Q  and  B.  be  the  poles  of  the  great 
circles  CA^  AB  which  lie  on  the  same  side  of  them  as  B,  C,  respec- 
tively. Then  the  spherical  triangle  whose  vertices  are  P,  Q,  i2  is 
called  the  polab  triangle  of  ABC, 

OQ  and  OB  are  at  right  angles  to  the  planes  OCA^  OAB,  therefore 
the  angle  QOR  is  the  supplement  of  A  the  inclination  of  the  planes 
OCA,  OAB,  Similarly  the  angles  BOP,  POQ  are  supplements  of  the 
angles  B  and  C. 

Now  because  Q  is  the  pole  of  CA,  the  arc  ^Q  is  a  quadrant,  and 
because  B  is  the  pole  of  AB,  the  arc  AR  is  a  quadrant,  and  because 
the  arcs  AQ  and  AB  are  quadrants,  ^i  is  a  pole  of  QB,  A  is  on  the 
same  side  of  QB  as  P,  because  the  arc  AP  is  less  than  a  quadrant. 
Similarly  B,  C  are  poles  of  BP  and  PQ  and  on  the  same  side  of  them 
as  Q  and  B  respectively. 
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Hence  ifPQR  he  the  polar  triangle  of  ABC ^  then  ABC  is  the  polar 
triangle  of  PQR,  and  the  sides  of  each  are  the  supplements  of  the  angles 
of  the  other. 

In  the  polar  triangle  PQB  any  two  sides  are  together  greater  than 
the  third,  i.e.  g +r  is  greater  than  p^  therefore  in  the  original  triangle 
ABC^  the  sum  of  the  supplements  of  B  and  C  is  greater  than  the 
supplement  of  Ay  ox,  ^+two  right  angles  is  greater  than  J3  +  C7; 
therefore  in  a  spherical  triangle  any  one  of  the  three  angles  together 
with  two  right  angles  is  greater  than  the  sum  of  the  other  two  angles. 

Now  in  the  polar  triangle  FQE^  the  sum  of  the  sides  j>,  q,  r  is 
less  than  four  right  angles  (Prop.  21,  Part  1);  therefore  in  the 
triangle  ABC^  the  sum  of  the  supplements  of  the  angles  A,  B^  G 
is  less  than  four  right  angles;  or  A+B  +  C^  that  is  tJie  sum  of  the 
three  angles  of  a  spherical  triangle,  is  greater  than  two  right  angles. 

Two  triangles  ABC,  A'B'C  on  the  surface  of  the  same  sphere  are 
either  equal  in  all  respects  or  reyerse 

(I)     Ifa=a',  6=&'andC=C7'.  (Add.  Prop.  2.) 

(II)    If  a==a',  6=6'  and  c^c'.  (Add.  Prop.  1.) 

(III)  If  a = a',  6 = 6'  and  A=A'  and  if  in  addition 

(1)    B  and  B'  he  each  less  than  a  right  angle, 
or  (2)    B  and  B'  be  each  greater  than  a  right  angle, 
or  (3)    either  B  or  B'  be  a  right  angle.  (Add.  Prop.  3.) 

And  hence  in  consequence  of  the  proper^es  of  the  polar  triangle, 

(IV)  If  A=^A\  B=B'  and  c=c'.  (Add.  Prop.  2.) 

(V)    If  A=A\B^B'  and  C=  C.  (Add.  Prop.  1.) 

(VI)     If  ii = 2l',  B = B'  and  a = a'  and  if  in  addition 

(1)    6  and  6'  be  each  greater  than  a  right  angle, 
or  (2)     6  and  6'  be  each  less  than  a  right  angle, 
or  (3)    either  6  or  6'  be  a  right  angle.  (Add.  Prop.  3.) 
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It  will  be  observed  that  the  geometry  of  great  circles  on  the  surface 
of  a  sphere  differs  in  several  important  particulars  from  the  geometry 
of  straight  lines  in  a  plane. 

Whereas,  in  a  plane  triangle,  the  sum  of  the  angles  is  always  equal 
to  two  right  angles,  in  a  spherical  triangle,  the  sum  of  the  angles 
is  always  greater  than  two  right  angles. 

Whereas  in  a  plane  triangle,  when  two  angles  are  given,  the  third 
angle  and  the  shape  but  not  the  size  of  the  triangle  is  determinate ; 
in  a  spherical  triangle  when  two  angles  are  given  the  third  angle  and 
the  shape  and  the  size  of  the  triangle  are  all  indeterminate,  but 
three  angles  determine  both  the  shape  and  the  size  of  the  triangle. 

Again,  whereas  in  a  plane  triangle  all  equilateral  triangles  are 
similar  and  have  angles  of  the  same  size,  the  angles  in  an  equilateral 
spherical  triangle  may  have  any  value  between  two  thirds  of  a  right 
angle  and  two  right  angles,  the  smaller  value  occurring  when  the 
triangle  is  extremely  small,  and  the  larger  value,  when  the  triangle 
approximates  to  a  great  circle. 
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BECIPROCAL  FIGURES. 

If  we  consider  any  polyhedron,  and  take  the  pole  of  each  face 
with  respect  to  a  sphere; 

then  if  P,  Q,  22...  be  a  number  of  faces  meeting  in  a  point  £, 
and  p,  q,r...  be  their  poles,  the  points  p,  g,  r...  will  lie  in  a  plane 
which  is  the  polar  plane  of  B,  and  pq  is  the  polar  line  of  AB,  the 
intersection  of  the  planes  P  and  Q. 


Therefore  corresponding  to  an  n-sided  face  P  there  exists  a  point 
p,  in  which  n  lines  pq,  pr,  ps...  meet, 

and  to  an  m-faced  comer  B,  corresponds  an  m-sided  f&oe pqr.... 

It  appears  therefore  that  it  is  possible  to  constract  a  new  poly- 
hedron having  its  comers,  faces  and  edges  equal  in  number  to  the 
faces,  comers  and  edges  of  the  original  polyhedron,  such  that  to 
every  face  of  n  sides  in  one  corresponds  a  comer  of  n  faces  in  the 
other,  and  vice  versa,  and  to  every  edge  of  one  corresponds  an  edge  of 
the  other. 

Two  figures  so  related  are  called  redprocal  flgnres. 
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INSCBIBED  SPHERE  OF  TETRAHEDRON. 


To  inscribe  a  sphere  in  a  given  tetrahedron. 
Let  ABCD  be  a  tetrahedron. 

Draw  through  any  edge  JBC7,  the  plane  LBG  bisecting  the  dihedral 
angle  between  the  planes  ABCt  DBG,  internally  and  cutting  AD  in  L. 


Similarly  draw  the  plane  MCA,  bisecting  the  dihedral  angle  between 
the  planes  BAC,  DAG  internally  and  cutting  BD  in  M,  and  the  plane 
NAB,  bisecting  the  dihedral  angle  between  the  planes  CAB,  DAB 
internally  and  cutting  DC  in  N, 
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The  perpendiculars  from  any  point  in  the  plane  LBC  on  the 
planes  DBC^  ABC  are  equal;  similarly  the  perpendiculars  from  any 
point  in  the  plane  MCA  upon  the  two  planes  DCA,  BCA  are  equal, 
and  also  the  perpendiculars  from  any  point  in  the  plane  NAB  upon 
the  planes  DAB,  CAB  are  equal. 

The  three  planes  LBC,  MCA,  NAB  will  intersect  in  some  point  I. 

(Prop.  3.) 

The  perpendiculars  from  the  point  I  on  the  four  planes  BCD, 
CD  Ay  DAB,  ABC  are  equal,  and  a  sphere  whose  centre  is  I  and 
whose  radius  is  equal  to  one  of  these  perpendiculars  will  pass  through 
the  extremities  of  all  four  and  touch  the  planes  BCD,  CD  A,  DAB, 
ABC,  and  will  be  inscribed  in  the  tetrahedron  ABCD. 

It  may  be  proved  in  the  ssune  way  that,  if  the  three  dihedral  angles 
along  the  edges  BC,CA,AB  he  bisected  either  internally  or  externally 
by  planes  LBC,  MCA,  NAB,  then  the  point  I,  where  these  planes 
meet  is  the  centre  of  a  sphere  which  touches  the  four  faces  of  the 
tetrahedron. 

Because  the  perpendiculars  from  the  point  I  on  the  four  faces  of 
the  tetrahedron  are  equal  it  follows  that  one  of  the  planes,  which 
bisect  the  dihedral  angles  of  the  tetrahedron  along  each  of  the 
remaining  edges  DA,  DB,  DC,  internally  or  externally,  passes 
through  the  point  I,  in  other  words  each  point  I  lies  on  one  or  other 
of  the  planes  bisecting,  externally  or  internally,  the  dihedral  angle  of 
a  tetrahedron  along  each  of  its  six  edges. 

As  each  of  the  bisecting  planes  LBC,  MCA,  NAB  can  be  chosen 
in  either  of  two  ways,  it  follows  that  the  number  of  positions  of  the 
point  I,  or  what  is  the  same  thing  the  number  of  spheres  which  touch 
the  four  faces  of  the  tetrahedron,  is  2  x  2  x  2=8. 

The  geometrical  relations  between  the  centres  of  the  eight  spheres 
and  the  angular  points  and  the  edges  of  the  tetrahedron  are  more 
fully  exhibited  in  the  Table  which  is  to  be  found  on  page  618. 

In  general  each  set  of  three  bisecting  planes  meets  in  a  point  at 
a  finite  distance  from  the  tetrahedron ;  but  in  certain  cases  the  three 
planes  are  parallel  to  the  same  line,  and  the  centre  is  then  at  an 
infinite  distance. 
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Now  if  I  be  the  centre  of  the  inBcribed  sphere  and  AI  prodaoed 
meet  the  face  BCD  in  a, 

then  Aa  is  to  la  as  the  tetrahedron  ABCD  is  to  the  tetrahedron  IBCD ; 

therefore  AI  is  to  la  as  the  sum  of  the  tetrahedrons  lACD,  lADB 
and  lABC  to  the  tetrahedron  IBCD^  that  is,  as  &+c+<2  to  a, 

where  for  brevity  a,  b,  c,  d,  are  nsed  to  represent  the  areas  of  the  faces 
of  the  tetrahedron  ABCD  opposite  to  ^,  B,  C,  JD,  respectively. 


/?  V. 


Let  AI  prodnoed  meet  the  plane  which  bisects  externally  the 
dihedral  angle  along  the  edge  BG  at  E, 

E  is  the  centre  of  the  escribed  sphere  beyond  the  face  DCB, 

Aa  is  to  oE  as  the  tetrahedron  ABCD  to  the  tetrahedron  EBCD ; 

therefore  AE  is  to  Ea  as  the  sum  of  the  tetrahedrons  EACD^  EADB 
and  EABC  to  the  tetrahedron  EBCD,  that  is,  as  &  +  c+<2  to  a; 

therefore  AI  is  to  la  as  AE  to  Ea, 
therefore  AlaE  is  a  Harmonic  range. 
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Let  the  internal  bisector  of  the  dihedral  angle  along  the  edge  AB 

cut  the  edge  CD  in  i2, 
and  let  the  internal  bisector  of  the  dihedral  angle  along  the  edge  CD 

cut  the  edge  AB  in  P. 
Then  I  the  centre  of  the  inscribed  sphere  must  lie  in  PR. 
IP  is  to  PR  as  the  tetrahedron  lABD  is  to  the  tetrahedron  RABD, 
and  also  as  the  letrahedron  lABC  is  to  the  tetrahedron  RABC ; 

therefore  as  the  sum  of  the  tetrahedrons  lABD  and  I  ABC  to  the  sum 
of  the  tetrahedrons  RABD  and  RABC, 

that  is,  as  the  sum  of  the  tetrahedrons  lABD  and  lABC  to  the  tetra- 
hedron ABCD, 

that  iSy  OB  c  +  dio  a  +  b  +  c  +  d. 

Therefore  PI  is  to  122  as  c  +  <2  is  to  a  +  &. 

The  plane  which  bisects  the  dihedral  angle  along  the  edge  AC 
externally  will  meet  PR  produced ;  it  must  meet  PR  produced  either 
beyond  P  or  beyond  J2,  let  it  meet  beyond  P  ixx  F. 

Then  FP  is  to  PR  as  the  tetrahedron  FABD  is  to  the  tetrahedron 
RABD, 

and  as  the  tetrahedron  FABC  is  to  the  tetrahedron  RABC, 

and  therefore  as  the  sum  of  the  tetrahedrons  FABD  and  FABC  to 
the  tetrahedron  ABCD ; 

therefore  FP  is  to  FR  as  the  sum  of  the  tetrahedrons  FABD  and 
FABC  to  the  sum  of  the  tetrahedrons  FBCD  and  FACD, 

that  is,  as  c+d  to  a+h. 

This  proves  that  the  point  i^lies  outside  the  edge  AB,  if  a+b  be 
greater  than  c  +  d,  and  outside  the  edge  CD  if  less. 

JI  a  +  b=c  +  d.  Pis  at  an  infinite  distance  in  PR,  or,  in  other 
words,  the  plane  which  bisects  the  dihedral  angle  along  the  edge  AC 
externally  is  parallel  to  the  line  PR. 

We  also  see  that 

FP  is  to  FR  as  IP  to  IR; 

that  is  FPIR  is  a  Harmonic  range. 

T.  E.  40 
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Again,  using  a,  &,  c,  d  to  represent  the  areas  of  the  faces  of  the 
tetrahedron  ABCD  opposite  -4,  B,  C,  D  respectively, 

if  a,  hf  c,  d  he  in  descending  order  of  magnitude,  it  follows  as  a 
matter  of  course 

that  a + &  is  greater  than  c  +  d, 
and  that  a  +  c  is  greater  than  b  +  d; 
but  a+d  might  be  either  greater  than,  equal  to,  or  less  than  & +c. 

Take  first  the  case  where  a+<2  is  greater  than  b  +  c;  from  what 
has  gone  before,  it  follows  that  in  this  case  the  tetrahedron  ABCD 
has  escribed  spheres  beyond  AB,  AC,  AD,  three  edges  of  the  tetrahe- 
dron meeting  in  a  point. 

Next  let  us  take  the  case  where  a  +  d  ib  less  than  &  +  c ;  in  this 
case  it  follows  from  what  has  gone  before  that  the  tetrahedron  has 
escribed  spheres  beyond  AB,  AC,  and  BC,  three  edges  of  the  tetra- 
hedron lying  in  a  face. 

Thus  we  have  two  distinct  types  of  tetrahedron.  If  ABCD  were 
a  regular  tetrahedron  and  G  and  H  were  any  two  points  in  the  perpen- 
dicular from  A  on  the  face  BCD,  one  on  either  side  of  A,  then  the 
tetrahedrons  GBCD,  J^BCD  belong  one  to  each  of  these  two  types  of 
tetrahedron ;  but  the  regular  tetrahedron  ABCD  does  not  possess  a 
finite  sphere  escribed  beyond  any  edge. 

In  the  following  Table  the  centre  of  the  inscribed  sphere  is 
denoted  by  J;  the  centre  of  the  sphere  escribed  outside  the  face  BCD 
by  E^,  this  sphere  touches  the  face  BCD  in  a  point  within  the  tri- 
angle BCD,  and  touches  the  faces  ABCy  ACD,  ADB  in  points  in  the 
faces  produced  beyond  BC,  CD,  DB  respectively;  similarly  the  centres 
of  the  spheres  escribed  outside  the  faces  CDA,  DAB,  ABC  are 
denoted  by  Eb,  Eq,  Ed  respectively.  The  centre  of  the  sphere  which 
is  escribed  outside  the  edge  AB  or  CD  is  denoted  by  J^^,  this  sphere 
if  escribed  beyond  AB  touches  the  faces  ABC,  ABD  each  produced 
beyond  AB,  the  face  ACD  produced  beyond  A,  the  face  BCD  produced 
beyond  £;  similarly  the  centres  of  the  sphere  escribed  outside  AC  ox 
BD,  and  outside  AD  or  BC  are  denoted  by  I^c  ^^^  Ijto  t^- 
spectively. 
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ROTATION  ABOUT  A  POINT  IN  A  PLANE. 

1.  Any  plane  figure  can  by  rotation  round  8ome  point  in  the 
plane  through  a  definite  angle,  be  shifted  from  any  one  position  to 
any  other  position,  which  it  can  occupy  in  the  same  plane  without 
being  turned  over.  (See  pages  186, 187  and  Exercises  3, 4.)  It  foUows 
that  the  change  in  position  produced  by  successive  rotations  round  two 
or  more  given  points,  in  a  given  order,  through  given  angles,  can  be 
produced  by  a  single  rotation  round  a  definite  point  through  a  definite 
angle.  If  a  figure  rotate  round  two  points,  A  and  B,  in  order  through 
angles  a  and  j9,  in  the  same  sense,  the  change  in  position  is  the  same 
as  would  be  produced  by  a  rotation  through  an  angle  a+p  round  a 
point  C,  such  that  the  angles  CAB,  ABC,  are  ^a  and  i/3,  where  the 
angle  BACia  drawn  in  the  opi>osite  sense  to  the  rotation  round  ^,  and 
the  angle  ABC\a  drawn  in  the  same  sense  as  the  rotation  round  B, 


A 


For  in  the  diagram  rotation  round  A  through  an  angle  a  would 
transfer  a  point  from  C  to  the  position  D,  subsequent  rotation 
round  B  in  the  same  sense  through  an  angle  p  would  transfer  the 
point  back  again  from  D  to  its  original  position  C 

C  therefore  must  be  the  point  round  which  the  equivalent  rotation 
takes  place. 

2.  Again,  the  rotation  round  A  shifts  a  line  from  the  position  CA 
to  the  position  DA,  and  the  subsequent  rotation  round  B  shifts  the 
line  from  the  position  DA  to  the  position  CE, 

The  equivalent  rotation  therefore  shifts  a  line  from  the  position 
GA  to  the  position  CE,  that  is  to  say  it  rotates  it  through  the  angle 
ACE,  which  is  equal  to  a+/3. 
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If  the  rotations  a  and  /3  round  A  and  B  were  in  opposite  senses, 
the  equivalent  rotation  round  C  would  be  a  -  /S. 

3.  If  the  rotations  a,  ^  be  equal  and  in  opposite  senses,  the  lines 
AG,  BG  in  the  diagram  would  be  parallel,  that  is,  the  point  G  would 
be  at  an  infinite  distance.  This  consideration  suggests  that  the 
result  of  two  equal  rotations  in  opposite  senses  is  to  shift  every  point 
of  a  figure  through  the  same  distance  in  a  fixed  direction. 

To  prove  that  such  is  the  case  we  will  consider  the  effect  produced 
on  a  straight  line  AB  by  successive  rotations  through  an  angle  a  in 
opposite  senses  round  A  and  B, 


(1) 


.-''C 


In  the  accompanying  diagram  (1)  a  rotation  round  A  through  an 
angle  a  will  leave  a  point  at  A  unchanged,  but  will  shift  a  point  from 
£  to  C  A  subsequent  rotation  round  B  through  an  angle  a  in  the 
opposite  sense  will  shift  a  point  from  A  to  E  and  a  point  from  G  to  D. 

The  three  triangles  BAG,  GBD,  ABE  are  similar,  it  follows  that 
AE  is  equal  and  parallel  to  BD;  and  every  other  point  in  the  figure 
must  move  through  a  distance  equal  and  parallel  to  AE, 

A  change  of  position  in  which  every  point  in  the  figure  is  shifted 
through  the  same  distance  parallel  to  a  fixed  straight  line  is  called  a 
translation. 

4.  Rptation  round  a  point  through  a  given  angle  is  equivalent  to  a 
rotation  round  any  other  point  through  the  same  angle  in  the  same 
sense  followed  by  a  definite  translation. 

For  in  the  accompanying  diagram  (2)  rotation  round  A  through  an 
angle  a  will  shift  a  line  from  the  position  AB  to  the  position  AG,  An 
equal  rotation  round  B  in  the  same  sense  would  shift  the  line  from 
the  position  BA  to  the  position  BD,  And  the  line  will  be  shifted  from 
either  of  the  positions  AG,  DB  to  the  other  by  a  simple  translation. 
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BOTATION  ABOUT  A  LINE  IN  SPACE. 

5.  Any  finite  ttraight  line  may  he  shifted  from  any  one  position  to 
any  other  by  rotation  round  some  straight  line. 

Let  ABy  A'B'  be  any  two  positions  of  a  finite  straight  line. 

Draw  the  plane  HMN  which  bisects  AA'  at  right  angles,  and  also 
the  plane  KMN  which  bisects  BB'  at  right  angles; 

Let  MN  the  common  section  of  these  planes  meet  the  planes 
drawn  through  AA\  BB'  at  right  angles  to  it  in  ilf ,  TiT  respectiyelj. 


The  tetrahedrons  AMNB,  A'MNB'  are  equal  in  all  respects. 
And  MN  is  fixed. 

Therefore  the  line  can  be  shifted  from  the  position  AB  to  the 
position  A'B'  by  rotation  round  MN, 

6.  If  the  lines  AA'^  BB'  be  parallel,  the  two  planes  which  bisect 
them  at  right  angles  are  parallel :  in  other  words,  the  axis  of  rotation 
in  this  special  case  is  at  an  infinite  distance,  or  what  is  equivalent 
the  shift  from  the  position  AB  to  A'B^  is  obtained  by  a  simple  trans- 
lation. 

7.  If  the  two  planes  HMN,  KMN  be  not  only  parallel  but  coin- 
cident their  common  section  becomes  indeterminate  and  any  straight 
line  MN  in  their  plane,  which  passes  through  the  intersection  of  AB, 
A'B',  may  be  taken  as  an  axis  of  rotation. 
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8.  Because  the  tetrahedrons  AMNB,  A'MNB'  are  equal  in  all 
respects,  therefore  the  dihedral  angles  between  the  pairs  of  planes 
MNA,  MNB  and  MNA\  MNB'  are  equal. 

Therefore  the  dihedral  angles  between  the  pairs  of  planes  MNA^ 
MNA'  and  MNB,  MNB'  are  equal. 

Therefore  the  plane  angles  AMA\  BNB'  are  equal  (Prop.  7). 

Also  MAr=iMA'  and  NB=NB'  and  MN  is  at  right  angles  to  the 
planes  AMA\  BNB'.- 

Hence  when  a  figure  rotates  round  a  straight  line,  every  point  of  the 
figure  rotates  round  a  point  of  that  straight  line  in  a  plane  at  right 
angles  to  it  through  the  same  angle. 

9.  The  oonyerse  of  this  theorem  is  also  true. 

When  every  point  of  a  figure  rotates  round  a  point  of  a  straight  line 
in  a  plane  at  right  angles  to  it  through  the  same  angle,  the  figure 
rotates  round  the  straight  line, 

10.  Therefore  the  theorems,  which  we  have  established  for  rotation 
in  a  plane  about  points  in  the  plane  and  translation  in  the  plane,  may 
be  extended  to  rotation  about  parallel  straight  lines  in  space  and 
translation  at  right  angles  to  those  lines. 

11.  If  AB  a  straight  line  in  a  figure  S  have  been  shifted  so  that 
AB  coincides  with  A'B*  the  corresponding  straight  line  in  an  equal 
figure  8'  and  a  point  C  in  the  figure  S  not  collinear  with  AB  co- 
incides with  the  corresponding  point  C  in  the  figure  8',  then  the 
figure  8  coincides  with  the  figure  8\ 

But  if  when  AB  is  shifted  to  A'B',  C  do  not  take  the  position  C, 
we  can  make  it  do  so  by  rotation  through  some  angle  round  the  line 
A'B',  and  if  this  be  done  the  figure  8  wHi  coincide  with  the  figure  8\ 
It  appears  therefore  that  any  solid  figure  can  be  shifted  into  any 
other  position  in  space  by  successive  rotations,  round  two  straight 
lines. 

12.  Note.  If  ^BCD,  ii'B'C'D' be  two  tetrahedrons  in  which  iiJB, 
A'B',  are  at  right  angles  to  the  planes  CBD,  C'B'iy,  then  if  the  tetra- 
hedrons be  equal  the  angles  CBB,  C'B'iy,  would  be  said  to  be  drawn 
in  the  same  sense  round  AB,  A'B',  but  if  the  tetrahedrons  were 
reverse  the  angles  CBD,  C'B'D',  would  be  said  to  be  drawn  in  oppo- 
site senses  round  AB,  A'B'. 
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13.  We  will  now  prove  the  theorem :  Successive  rotationt  through 
given  angles  round  two  given  intersecting  straight  lines  are  equivalent 
to  rotation  through  a  definite  angle  round  a  definite  straight  line 
which  passes  through  the  intersection  of  the  given  straight  lines. 

Let  OAf  OB  be  the  axes  of  rotation  and  a,  j3  the  angles  of  rotation 
ronnd  them. 

First  let  the  rotation  be  in  the  same  sense. 

Draw  a  sphere  whose  centre  is  O  to  cut  OAi  OB  in  A  and  B. 

On  the  surface  of  this  sphere  draw  the  spherical  triangles  ABC^ 
ABB  making  the  angles  BAC^  BAD  each  equal  ^a  and  ABC^  ABD 
each  equal  to  ^p,  the  angle  BAG  being  measured  in  the  opposite  sense 
to  the  rotation  round  OA,  and  the  angle  ABC  being  measured  in  the 
same  sense  as  the  rotation  round  OB. 


In  the  diagram  rotation  round  OA  through  an  angle  a  would 
transfer  a  point  from  G  to  the  position  D.  Subsequent  rotation 
round  OB  in  the  same  sense  through  an  angle  /3  would  transfer  the 
point  back  again  from  D  to  its  original  position  G. 

OG  must  therefore  be  the  axis  round  which  the  equivalent  rotation 
takes  place. 

In  the  same  way  as  in  §  2  it  may  be  shewn  that  the  angle  of 
the  equivalent  rotation  round  OC  is  equal  to  twice  the  supplement 
of  the  angle  AGB. 

The  equivalent  rotation  is  always  less  than  the  smn  of  the  rota- 
tions a  and  /3  (p.  605). 
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Secondly,  let  the  rotations  about  OA  and  OB  be  in  opposite  senses. 
In  this  case  we  may  consider  the  rotation  p  about  OB^  as  a  rotation 
/3  about  0B\  the  line  BO  produced  beyond  0,  in  the  same  sense  as 
the  rotation  a  about  OA  and  thus  reduce  the  second  case  to  the  first. 

14.  We  will  now  prove  the  following  theorem :  Successive  rotations 
through  given  angles  round  two  given  non-intersecting  straight  lines  are 
equivalent  to  a  rotation  through  a  definite  angle  round  a  definite  straight 
lin£  together  with  a  translation  parallel  to  that  line. 

Let  us  consider  the  case  of  Euccessive  rotations  through  angles  a 
and  fit  round  a  straight  line  OA  and  a  straight  line  PQ  parallel 
to  OB. 

The  rotation  round  PQ  is  equivalent  to  a  rotation  round  OB 
followed  by  a  translation  at  right  angles  to  OB.  (§§  4,  10.)  And 
successive  rotations  round  OA  and  OB  through  angles  a  and  p  are 
equivalent  to  a  rotation  round  00  through  a  definite  angle  y  (§  13). 

Therefore  the  successive  rotations  round  OA  and  PQ  are  equi- 
valent to  a  rotation  round  OC  followed  by  a  translation  at  right  angles 
to  OB. 

Again,  the  translation  at  right  angles  to  OB  is  equivalent  to  a 
definite  translation  at  right  angles  to  OC  followed  by  a  definite  trans- 
lation parallel  to  OC ;  and  the  rotation  round  OC  followed  by  a  trans- 
lation at  right  angles  to  OC  is  equivalent  to  a  rotation  through  the 
angle  y  about  some  definite  straight  line  MN  parallel  to  OC, 

Therefore  the  rotation  round  OC  followed  by  the  translation  at 
right  angles  to  OB  is  equivalent  to  the  rotation  round  MN^  followed 
by  the  translation  parallel  to  MN. 

Here  the  translation  is  parallel  to  the  axis  of  rotation,  so  that 
the  order  in  which  the  translation  and  rotation  take  place  is  im- 
material. 

We  have  already  shewn  that  a  figure  may  be  moved  from  any 
position  to  any  other  by  successive  rotations  round  two  straight 
lines. 

Hence  a  figure  can  be  shifted  from  one  given  position  to  another 
given  position  by  rotation  round  a  definite  straight  line  together  with  a 
translation  parallel  to  it. 
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KEFLECTION  IN  A  POINT. 

Two  figures  8,  5',  such  that  every  straight  line  joining  a  pair  of 
corresponding  points  A^  A'  in  the  two  fi>gures  is  bisected  at  a  fijced 
point  0,  are  called  reflexes  of  each  other  in  tlie  point  0. 

Every  line  AB  in  the  figure  S  is  equal  to  the  corresponding  line 
A'B^  in  the  figure  8\  and  every  triangle  ABC  in  S  is  equal  to  the  corre- 
sponding triangle  A'B'C  in  S'  and,  in  plane  geometry,  the  triangle 
ABC  can  be  shifted  into  the  position  A'B'C  by  rotation  in  its  plane 
through  two  right  angles  round  the  point  0. 


-:::'-'  o 


Every  tetrahedron  ABCD  in  8  has  its  edges  equal  to  the  edges  of 
the  corresponding  tetrahedron  A'B'C'D'  in  8*^  but  it  is  impossible  to 
shift  the  tetrahedron  ABCD  so  as  to  coincide  with  the  tetrahedron 
A^B'C'D'.    They  are  reverse  tetrahedrons.    (Add.  Prop.  7,  p.  561.) 

If  8"  be  the  reflex  of  8\  with  respect  to  the  point  (f,  the  figure  S 
can  be  shifted  to  the  position  8'^  by  simple  translation  through  a 
distance  equal  and  parallel  to  200'. 

Any  even  number  of  successive  reflections  in  points  are  equivalent 
to  a  single  translation. 

Any  odd  number  of  successive  reflections  in  points  are  equivalent 
to  a  single  reflection  in  a  point. 
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BEFLECTION  IN  A  STRAIGHT  LINE. 

Two  figures  S^  S',  sttch  that  every  straight  line  joining  two  corre- 
sponding points  Af  A'  in  the  two  figures  is  bisected  at  right  angles  by  a 
fixed  straight  line  LM  are  called  reflexes  of  each  other  In  the  line  LM. 

If  a  figure  S  be  the  reflex  of  the  figure  /S '  in  a  straight  line  LM, 
either  figure  can  be  shifted  into  the  position  of  the  other  by  rotation 
round  the  line  LM  through  two  right  angles  (p.  616). 


M 


The  figure  8  can  be  shifted  into  the  position  £f'  by  rotation  through 
two  right  angles  round  the  line  LM, 

Therefore  reflection  in  a  line  is  equivalent  to  reflection  in  a  parallel 
line  followed  by  a  translation  parallel  to  a  line,  that  outs  both  these 
lines  at  right  angles  (p.  617). 
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US'  be  the  reflex  of  S  with  respect  to  the  line  OA  and  S''  the 
reflex  of  8'  with  respect  to  the  line  OB,  8  can  be  removed  to  the 
position  £f"  by  rotation  through  an  angle  equal  to  twice  AOB  round 
OC,  a  line  at  right  angles  to  the  plane  AOB, 


This  proves  that  by  successive  reflections  in  two  straight  lines  in 
the  plane,  a  plane  figure  can  be  shifted  from  any  position  to  any  other 
position  in  its  plane,  which  it  can  occupy  without  being  turned  over. 

It  can  also  be  proved  that 

A  figure  can  be  changed  from  any  position  in  space  to  any  other 
by  successive  reflections  in  two  straight  lines. 

For  the  figure  can  be  shifted  from  any  position  to  any  other  by 
rotation  round  some  straight  line  00  through  a  definite  angle  followed 
by  a  definite  translation  parallel  to  OC  (p.  619) ;  the  rotation  round 
00  can  be  replaced  by  successive  rotations  through  two  right  angles 
round  OA,  OB  two  straight  lines  at  right  angles  to  00,  The  rotation 
round  OB  followed  by  the  translation  parallel  U>  00  is  equivalent  to 
a  rotation  through  two  right  angles  round  some  line  parallel  to  OB, 
and  intersecting  00, 
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BEFLEGTION  IN  A  PLANE. 

Two  figures  8,  S\  mch  that  every  straight  line  joining  two  corre' 
8p(ynding  points  A,  A*  in  the  two  figures  is  bisected  at  right  angles  by  a 
fixed  plane  LMN,  are  called  reflexes  of  each  other  in  tbe  plane  LMN, 

Every  line  AB  in  the  figure  8  is  equal  to  the  corresponding  line 
A'B'  in  the  figure  S\  and  two  corresponding  tetrahedrons  ABCD, 
A'B'C'D'  are  reverse  tetrahedrons. 


If  8"  be  the  reflex  of  8'  in  the  plane  LMP,  then  8  can  be 
shifted  into  the  position  8*^  by  rotation  round  LM  through  an  angle 
double  of  the  inclination  of  the  planes. 

Hence  reflection  in  a  line  is  equivalent  to  successive  reflections  in 
two  planes  drawn  through  the  line  at  right  angles  to  each  other. 

Similarly  reflection  in  a  point  is  equivalent  to  successive  re- 
flections in  three  planes  drawn  through  the  point  at  right  angles  to 
each  other. 

Successive  reflections  in  two  parallel  planes  are  equivalent  to  a 
translation  at  right  angles  to  the  planes  through  a  distance  equal  to 
double  the  distance  between  the  planes. 

A  figure  can  be  shifted  from  any  position  to  any  other  position  by 
successive  reflections  in  two  intersecting  planes  together  with  re- 
flections in  two  planes  at  right  angles  to  the  first  pair  of  planes. 

If  a  part  of  a  figure  be  the  reflex  of  the  other  part  with  respect  to 
a  point,  a  line  or  a  plane,  the  figure  is  said  to  be  symmetrical  with 
respect  to  the  point,  the  line  or  the  plane. 
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SPHERE   TOUCfflNG  THE  FOUB  Sn)ES  OP  A  SKEW 

QUADEILATEBAL. 

To  draw  a  sphere  to  touch  the  four  sides  of  a  skew  quadrilaterdL 

Let  ABCD  be  the  quadrilateral. 

In  the  plane  ABC  draw  Bp^  one  of  the  bisectors  of  the  angle  ABC. 

Through  B  draw  a  plane  LBb  at  right  angles  to  Bp ;  eveiy  point 
in  this  plane  is  equidistant  from  AB  and  BC.    (Exercise  5,  p.  511.) 

Similarly  draw  Cy  and  Dd,  bisectors  of  the  angles  BCDj  CD  Ay  and 
draw  the  planes  MGc  and  NDd  at  right  angles  to  them. 

The  three  planes  LBb,  MCc,  NDd  will  meet  in  some  point  O. 
(Prop.  3.) 

Then  OP,  OQ,  OR,  OS,  perpendiculars  drawn  to  AB,  BC,  CD,  DA 
are  all  equal ;  and  a  sphere  drawn  with  centre  0  and  radius  OP  will 
touch  the  four  lines  at  P,  Q,  B,  8, 

Generally  the  point  O  is  a  unique  point  at  a  finite  distance  from 
the  given  lines. 

Since  there  are  two  planes  which  can  be  drawn  through  each  of 
the  three  points  B,  C,  D  Q,t  right  angles  to  one  of  the  bisectors  of  the 
angle  at  the  point,  there  are  2x2x2=8  combinations  of  three  planes, 
each  of  which  will  give  the  centre  of  a  sphere  touching  the  four  sides 
of  the  quadrilateral. 

There  are  therefore  in  general  8  finite  solutions  of  the  problem. 
But  if  three  of  the  bisectors  of  the  angles  at  B,  C,  D  say  Bp,  Cy,  Dd 
be  parallel  to  one  plane,  the  three  corresponding  planes  LBb,  MCc, 
NDd  are  at  right  angles  to  that  plane,  and  their  point  of  intersection 
0  will  be  at  an  infinite  distance.  And  further  if  Bfi,  Cy,  DB  be 
parallel  to  one  plane  and  in  addition  the  three  planes  LBb,  MCc,  NDd 
intersect  in  a  common  line  00',  the  point  O  may  be  taken  at  any 
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point  in  the  common  section  of  the  planes.    And  thus  instead  of  a 
single  solution  we  obtain  in  this  case  an  infinite  series  of  solutions. 

If  op  be  at  right  angles  to  00'  and  to  ABy  o  is  the  centre  of  the 
least  sphere,  that  can  be  drawn  in  the  series,  and  op  is  its  radius. 
(Ex.  4,  p.  543.) 

If  the  three  lines  Bfi^  Cy,  D8  which  we  have  assumed  to  be  parallel 
to  one  plane  be  all  external  bisectors,  the  three  solutions  which  are 
obtained  by  taking  two  external  and  one  internal  bisector  occur 
among  the  series,  but  the  four  solutions  obtained  by  taking  one 
external  and  two  internal  bisectors,  or  three  internal  bisectors,  stiU 
remain  distinct  from  the  series. 

Draw  PQ,  QR,  RS ;  they  are  parallel  to  the  lines  Bfi,  Cy,  D5. 

If  therefore  £/3,  Cy,  Dd  be  not  parallel  to  one  plane,  P,  Q,  i2,  8  are 
not  in  one  plane.  But  if  Bp,  Cy,  Dd  be  parallel  to  one  plane,  P,  Q, 
Rt  S  are  in  one  plane  and  since  P,  Q,  R,  S  are  points  on  the  surface 
of  a  sphere,  the  quadrilateral  PQR8  can  be  inscribed  in  a  circle. 

The  line  PS  is  parallel  to  one  of  the  bisectors  of  the  angle  BAD, 

We  conclude  that,  if  one  of  the  bisectors  of  each  of  three  angles  of 
a  skew  quadrilateral  be  parallel  to  one  plane,  one  of  the  bisectors  of 
the  fourth  angle  is  parallel  to  the  same  plane. 

If  a  plane  meet  the  sides  of  a  skew  quadrilateral  it  must  meet  an 
even  number  of  sides  in  points  in  the  sides  themselves  and  an  even 
number  in  points  in  the  sides  produced  (Ex.  5,  p.  509). 

Let  us  assume  that  the  four  points  P,  Q,  R,  8  lie  all  in  the  sides. 

Then  AP=A8,  BP=BQ,  CR=CQ,  DR=D8. 

Therefore  AB-hCD=BC+DA. 

This  therefore  is  a  relation  between  the  sides  of  the  quadrilateral 
which  must  exist  in  order  that  the  points  of  contact  with  the  sphere, 
P,  Qt  Rj  8t  may  lie  all  in  the  sides. 

Similarly  it  can  be  proved  in  every  other  case,  which  can  occur,  of 
the  four  points  of  contact  lying  in  a  plane,  that  either  the  sums  of 
opposite  sides  or  the  differences  of  opposite  sides  of  the  quadrilateral 
are  equal. 

Hence  the  theorem : — If  three  of  the  bisectors  of  the  angles  of  a  skew 
quadrilateral  be  parallel  to  one  plane,  either  the  sums  of  opposite  sides 
or  the  differences  of  opposite  sides  are  equal. 
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The  oonverse  of  this  proposition  may  be  stated  thus : — If  in  a  shew 
quadrilateral  either  the  sums  or  the  differences  of  opposite  sides  be 
equal,  four  of  the  bisectors  of  the  angles  are  parallel  to  one  plane. 

In  the  quadrilateral  ABCD  let  AB  +  CD=:AD+BC. 

Take  any  point  PiaAB  and  oomplete  the  quadrilateral  PQRS,  so 

that 

BP=BQ,  CQ=CR,  DR=D8  and  AS:=AP. 

Planes  drawn  through  P,  Q,  R  at  right  angles  to  AB,  BC,  CD  will 
meet  at  some  point  0.  '  A  sphere  can  be  drawn  with  centre  O  to 
touch  AB,  BC,  CD  at  P,  Q,  R, 

APi  DR  are  tangents  to  this  sphere  and  AP-{-DR=zAD. 

Therefore  AD  touches  the  sphere  (§  7,  p.  592).  It  must  touch 
atiSf. 

Let  QP,  CA  produced  if  necessary  meet  in  X 


Then 

AX :  CZ= perpendicular  from  A  on  PQ :  perp.  from  C  on  PQ 
=:AP :  CQ 
=AS : CR 
= perpendicular  from  A  on  RS  :  perp.  from  C  on  RS, 

Therefore  RSX  is  a  straight  line.    PQRS  is  a  plane  quadrilateral ; 
and  each  of  its  sides  is  parallel  to  one  of  the  bisectors  of  A,  B^C  or  D, 

A  similar  proof  can  be  given  in  the  case  when  the  differences  of 
opposite  sides  of  the  quadrilateral  ABCD  are  equal. 
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Let  0  be  the  centre  of  a  sphere  whose  points  of  contact  are  P,  Q, 
J2,  8  and  let  0'  be  the  centre  of  the  circle  through  P,  Q,  JS,  S, 

Now  OP=OE,  (yF=0'R. 

The  triangles  OPP,  OQP  are  equal  and  the  triangles  OQC,  ORG 
are  equal. 

Therefore  the  angle  OPP= the  angle  OQB 

=the  supplement  of  OQC 
=the  supplement  of  ORC 
=the  angle  ORD. 

Similarly  the  angle  0'PP= the  angle  O'RD. 

Therefore  while  the  triangle  OPCy  rotates  round  00*  into  the 
position  ORO't  the  line  APR  rotates  into  a  position  coincident  in 
direction  with  CRD. 

Similarly  by  rotation  round  0&  either  of  the  sides  BQC,  DSA 
might  be  rotated  into  the  position  of  the  other.  Any  straight  line 
obtained  by  the  rotation  of  any  one  of  the  sides  of  the  quadrilateral 
about  OCy  touches  every  one  of  the  series  of  spheres  which  touch  the 
sides  of  the  quadrilateral  and  have  their  centres  in  00' . 

And  every  straight  line  obtained  by  rotation  of  either  of  the 
opposite  sides  AB^  CD  about  00'  intersect  every  straight  line  that  can 
be  obtained  by  rotation  of  either  of  the  opposite  sides  PC,  DA  about 

oa. 

We  have  now  proved  that,  if  in  a  skew  quadrilateral  any  one  of  the 
three  equations 

AB  +  BC-CD-DA^zO, 
AB-BC+CD-DA=0, 
AB-BC-CD  +  DA  =  0, 

be  satisfied  by  the  sides,  there  exists  a  corresponding  series  of  spheres 
touching  the  sides. 

If  two  of  these  relations  be  satisfied,  by  two  pairs  of  sides  being 
equal,  there  exist  two  series  of  spheres. 

If  the  three  equations  be  simultaneously  satisfied,  by  all  the  sides 
being  equal,  there  exist  three  series  of  spheres. 


T.  E. 


41 


628  BOOK  XL 


INTRASCRIBED  SPHERE  OF  TETRAHEDRON. 

Consider  a  tetraliedron  A  BCD  in  which  the  sums  of  the  pairs  of 
opposite  edges  are  equal, 
that  is  AB  +  CD^^AG+BD^AD-^CB, 

We  have  ahready  proved  that  it  is  possible  to  describe  a  series  of 
spheres  to  touch  the  four  sides  of  the  quadrilateral  ABCD,  and  that 
the  centres  of  all  the  spheres  lie  on  a  fixed  straight  line  00' ,  Draw  a 
plane  through  B  at  right  angles  to  the  external  bisector  of  the  angle 
ABD.  This  plane  will  meet  the  line  00'  in  some  point.  Let  it  meet 
it  in  0.  0  is  the  centre  of  a  sphere  which  touches  the  sides  AB,  BC, 
CD,  DA,  and  BD  in  P,  Q,  R,  8,  T. 

Because  CA+BD=AB  +  CD  and  BT=BP  and  DT=DR; 

therefore  CA  =  CR+ AP. 

Therefore  CA  is  a  tangent  to  the  sphere  (§  7,  p.  592). 

Hence  a  sphere  can  be  described  to  touch  the  six  edges  of  a  tetra- 
hedron, in  which  the  sums  of  pairs  of  opposite  edges  are  equal. 

This  sphere  will  pass  through  the  inscribed  circle  of  each  face  of 
the  tetrahedron. 

This  may  be  called  an  intrascrlbed  sphere. 

Similarly  it  may  be  proved  that  a  sphere  can  be  described  to  touch 
the  six  edges  of  a  tetrahedron,  in  which  the  differences  of  opposite  edges 
are  equal. 

This  sphere  will  pass  through  the  inscribed  circle  of  that  face  of  the 
tetrahedron,  whose  edges  are  either  all  not  greater  than  or  all  not  less 
than  the  opposite  edges  of  the  tetrahedron;  and  it  will  also  pass 
through  an  escribed  circle  of  each  of  the  other  faces. 

In  the  case  of  a  tetrahedron,  whose  opposite  edges  are  equal,  four 
such  spheres  can  be  described. 

These  may  be  called  extrascrlbed  spheres. 

A  regular  tetrahedron  has  four  such  extrascribed  spheres  and  also 
an  intrascribed  sphere. 
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EULER'S  EQUATION. 

There  is  a  remarkable  relation  of  a  very  simple  nature  connecting 
the  numbers  of  the  faces,  the  edges  and  the  comers  of  every  closed 
polyhedron.    It  is  due  to  Euler*. 

It  may  be  stated  as  follows : 

If  F^  Ef  C  be  the  numbers  of  the  faces,  of  the  edges  and  of  the 
corners  of  any  closed  polyhedron, 

then  J'+ (7=^+2. 

It  may  be  proved  as  follows : 

Take  any  closed  polyhedron,  say  of  F  faces. 

Kemove  one  face  without  interfering  with  any  other  faces : 

this  will  not  destroy  any  edge  or  any  comer  of  the  polyhedron : 

next  remove  another  face  adjoining  the  opening  caused  by  the  removal 
of  the  previous  face: 

continue  this  operation  repeatedly  until  there  is  no  face  left : 

at  the  removal  of  every  face,  except  the  first  and  the  last,  the  number 
of  edges  destroyed  is  greater  by  one  than  the  number  of  comers 
destroyed : 

therefore  the  total  number  of  edges  destroyed  by  the  removal  of 
all  the  F  faces  is  greater  by  ^-2  than  the  total  number  of  comers 
destroyed, 

thatis^=C+J?'-2 

otF+C=E  +  2, 

♦  Leonard  Euler,  bom  at  Basle  1707,  died  at  St  Petersburg  1783. 


41—2 
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BEGULAR  SOLID  ANGLES. 

If  we  take  any  regular  polygon  of  n  sides  and  throngh  O  tlie 
centre  of  the  ciroumscribed  circle  draw  a  straight  line  OF  at  right 


angles  to  the  plane  of  the  polygon,  then  V{ABC...)  will  be  a  regular 
n  hedral  angle. 

The  angle  AVBi&  less  than  the  angle  AOB,  (Ex.  1,  p.  561.) 

Now  the  angle  subtended  by  a  side  of  a  regular  polygon  of  n  sides 

at  the  centre  of  the  circumscribed  circle  is  -th  part  of  four  right 

angles. 

If  the  polygon  be  a  triangle  ABC,  the  angle  AOB  is  ^rd  of  four 
right  angles  or  four- thirds  of  a  right  angle ;  therefore  the  angle  AVB 
might  be  the  angle  of  an  equilateral  triangle,  of  a  square  or  of  a 
regular  pentagon  which  are  respectively 

two-thirds  of  a  right  angle,  a  right  angle,  and  six-fifths  of  a  right 
angle;  but  it  could  not  be  the  angle  of  a  regular  polygon  of  six  or 
more  sides. 

If  the  polygon  be  a  square  ABCD,  the  angle  AOB  ib  &  right  angle, 
and  the  angle  A  VB  might  be  the  angle  of  an  equilateral  triangle,  but 
could  not  be  the  angle  of  any  regular  polygon  of  more  than  three 
sides. 

If  the  polygon  be  a  regular  pentagon  ABODE,  the  angle  AOB  is 
equal  to  four-fifths  of  a  right  angle,  and  the  angle  AVB  might  be 
the  angle  of  an  equilateral  triangle,  but  not  of  any  regular  polygon 
of  more  than  three  sides. 
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If  the  polygon  be  a  regular  hexagon  ABCDEF  or  a  regnlar 
polygon  of  more  than  six  sides  the  angle  AOB  is  equal  to,  or  less 
than,  two-thirds  of  a  right  angle,  and  the  angle  AVB  cannot  be 
equal  to  the  angle  of  any  regular  polygon  whatever. 

We  have  proved  therefore  that  there  are  but  five  different  forms 
of  regular  solid  angles  of  which  the  plane  angles  are  equal  to  those  of 
the  angles  of  a  regular  polygon. 


This  proves  that  it  is  not  possible  to  construct  more  than  five 
different  forms  of  regular  polyhedrons. 

It  has  been  just  shewn  that  the  only  possible  regular  polyhedrons 
are  those  which  have  their  solid  angles  composed  of  plane  angles 
as  follows, 

3"a"s,  4"a"s,  5  **a"s,  3 '^/S^s,  3  "7"s, 

where  a  is  the  angle  of  an  equilateral  triangle, 

j9  a  right  angle  (the  angle  of  a  square), 

and  7  the  angle  of  a  regular  pentagon. 

We  will  now  assume  that  such  figures  are  possible  and  we  will 
shew  how  to  find  the  number  of  faces,  corners  and  edges  of  each. 
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THE  BEGULAB  SOLIDS. 

Let  F  be  the  number  of  faces,  C  the  number  of  comers  and  E  the 
number  of  edges. 

First  take  3  <'a"s. 

Since  F  is  the  number  of  faces  and  each  face  is  a  triangle,  the 
number  of  plane  angles  is  3F. 

Since  three  plane  angles  occur  at  each  comer  the  number  of 
comers  is  one-third  of  the  number  of  plane  angles,  i.e.  ^  (3^) ; 

therefore  C=F. 

Since  the  number  of  sides  possessed  by  F  separate  triangles  is  3F 
and  each  edge  forms  a  side  of  two  triangles ;  therefore  the  number 
of  Qdges  is  one-half  of  ZF\ 

therefore  J?= I F. 

Again,  by  Euler's  equation  F+C=E-f2; 

therefore  lf+F=fl?+2, 
thati8F=4,  C=4  and  £=6. 

In  a  similar  way  may  be  found  the  numbers  of  faces,  comers  and 
edges  of  each  of  the  other  four  regular  solids.  The  results  are  given 
in  the  following  Table. 


Name  of  Figure 

Plane 
Angles  at 
a  Corner. 

Sides 

of  a 

Pace. 

Number 

of 

Paces 

Number 

of 
Comers 

Number 

of 

Edges 

Tetrahedron 

3 

3 

4 

4 

6 

Cube 

3 

4 

6 

8 

12 

Octahedron 

4 

3 

8 

6 

12 

Dodecahedron 

3 

5 

12 

20 

30 

Icosahedron 

5 

3 

20 

12 

30 

It  will  be  observed  from  this  Table  that 

(1)  the  reciprocal  figure  of  a  Tetrahedron  is  a  Tetrahedron, 

(2)  the  reciprocal  figure  of  a  Cube  is  an  Octahedron  and  vice 
versa, 

(3)  the  reciprocal  figure  of  a  Dodecahedron  is  an  Icosahedron 
and  vice  versa.    (See  p.  607.) 

We  will  now  proceed  to  shew  how  to  construct  each  of  the  five 
regular  solids  with  its  edge  equal  to  a  given  straight  line  and  thus 
prove  the  possibility  of  their  existence. 
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THE  REGULAR  TETRAHEDRON. 

Draw  a  Btraight  line  AB  of  lengih  a,  bisect  AB  in  M,  draw  MN 
at  right  angles  to  AB  such  that  MN^=ia\     Through  N  draw  CND 


at  right  angles  to  the  plane  NAB  and  take  NC,  ND  each  equal  to  ia. 
Then  A,  B,  (7,  Z>  are  the  corners  of  a  regular  tetrahedron. 

Proof.  AC^=AM^+MN^+NC^  (§  4,  p.  686). 

therefore  AC=a=^AB. 

Similarly  the  other  edges  may  be  proved  equal  to  either  AB  or 
CD ;  therefore  each  fOrce  is  an  equilateral  triangle,  and  all  the  solid 
angles  are  equal.    (Add.  Prop.  1.) 

The  following  is  an  alternative  construction : — 

Construct  the  equilateral  triangle  ABC.  Find  0  the  centre  of 
the  circle  ABC.    Draw  OD  at  right  angles  to  the  plane  ABC. 


Find  D  m  OD  such  that  AD  is  equal  to  AB. 

Then  as  before  A,  B^  C,  D  are  the  corners  of  the  tetrahedron. 
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THE  REGULAK  HEXAHEDRON  OR  CUBE. 

In  any  plane  constmct  a  square  ABCD  such  that  AB  is  equal  to 
a,  and  in  a  plane  at  right  angles  construct  the  square  ABFJE^ 


through  CD  draw  the  plane  CDHO  parallel  to  ABFE,  and  through 
EF  draw  the  plane  EFGH  parallel  to  ABCD, 

Draw  the  planes  BCF  and  ADE  to  meet  OH  in   G  and  H 
respectively. 

Then  ABCDEFGH  is  a  cube. 


Proof. 

The  two  planes  ADHE,  BCGFare  parallel  (Prop.  15) ; 

hence  the  figure  is  a  parallelepiped.     (Def.  18.) 
Each  of  the  plane  angles  at  ^  is  a  right  angle ; 

hence  the  figure  is  an  orthohedron.    (Def.  13  and  Prop.  18.) 
The  three  edges  meeting  at  A  are  equal; 

therefore  the  figure  ABCDEFGH  is  a  cube.    (Def.  13.) 
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THE   REGULAR  OCTAHEDRON. 

Construct  a  sqnare  ABCD  whose  side  is  equal  to  a;  draw  AC, 
BD  meeting  in  0;  through  0  draw  a  straight  line  EOF  at  right 
angles  to  the  plane  ABCD  and  make  OE,  OF  each  equal  to  OA. 

Draw  the  plane  faces  EAB,  EBC,  ECD,  EDA,  FAB,  FBC, 
FCD,  FDA. 


Then  EABCDF  is  a  regular  octahedron. 

Proof.    In  the  right-angled  triangles  AOE,  AOB, 

AO,  OE  are  equal  io  AO,  OB ; 
therefore  AE  is  equal  io  AB. 

Similarly  it  can  be  shewn  that  each  of  the  other  edges  is  equal  to 
one  of  the  sides  of  the  square  ABCD. 

Hence  each  of  the  faces  of  the  figure  is  an  equilateral  triangle. 

The  solid  angle  at  each  comer  is  composed  of  four  equal  solid 
angles,  for  instance  the  tetrahedral  angle  B  (AECF)  is  made  up  of  four 
trihedral  angles  B(AEO)y  B{ECO),  B(CFO),  and  B{FAO),  each  of 
which  is  contained  by  three  plane  angles  one  of  which  is  two-thirds 
and  the  other  two  each  one-half  of  a  right  angle.  The  solid  angles 
of  the  figure  ABCDEF  are  therefore  equal. 

Hence  the  figure  is  a  regular  octahedron. 
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THE  REGULAB  DODECAHEDRON. 

Let  I  be  equal  to  the  diagonal  of  a  regular  pentagon,  whose  side  is 
equal  to  a,  in  which  caae, 

by  Ptolemy's  Theorem,  we  have  l?=al-k-a\       (HI.  Prop.  37  b.) 

Gonstmot  a  cube  ABCDEFGH,  whose  edge  is  equal  to  I, 
Let  0  be  its  centre,  draw  from  0,  OL,  OAf,  ON  at  right  angles  to 
the  faces  ABCD,  ADHE,  AEFB  respectively. 


And  take  OL,  OM,  ON  each  equal  to  i  (a  +  Q;  draw  PLP*,  QMQ'^ 
BNB!j  parallel  to  AB,  AD,  AE  respectively. 

Take  LP,  LP*,  MQ,  MQ%  NR,  NB"  each  equal  to  J  a. 

Let  I,  m,  71,  jp,  p\  g,  g',  r,  /  be  the  reflexes  in  0  of  L,  3f ,  N,  P, 
P',  Q,  Q',  B,  B',  (See  p.  620.) 

Then  the  twenty  points  J,  J3,  (7,  D,  E,  P,  G,  H,  P,  P',  Q,  Q*,  iJ, 
^\PiP  t  Qf  *ii  ^>  ^'^  <^3  ^^3  comers  of  a  regular  dodecahedron. 
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Pboof. 

The  projections  of  AP  on  AB,  AD,  AE  are  equal  to  J  (Z  -  a),  ^  l,  J  a. 

(p.  633.) 
Therefore  iii«= J (2-a)2+JZ2+Ja*=J(^-ai+aa)=aa. 

(§  4,  p.  686.) 

Therefore  AP  is  equal  to  a. 

Similarly  every  edge  of  the  figure  is  equal  to  a. 

The  quadrilateral  APP'B  has  sides  AP,  PP\  P'B,  BA  equal  to 
a,  a,  a,  I  respectively  and  since  PP*  is  parallel  to  AB  it  forms  part  of 
a  regular  pentagon  whose  side  is  equal  to  a. 

The  triangle  ABB  has  sides  AB,  BB,  BA  equal  to  a,  a,  I  re- 
spectively and  therefore  is  equal  to  the  remaining  part  of  the 
pentagon. 

Let  S  he  the  middle  point  of  AB. 

The  projections  of  BS  and  BL  on  AD  are  equal  to  ^a  and  i(a+ Q* 
and  their  projections  on  AE  are  equal  to  ^  (Z  -  a)  and  ^l, 
and  a  :  a+l  :il-a  :  I, 

since  al=1?-  aK 

Therefore  B8L  is  a  straight  line  and  the  figures  APP'B^  ABB  lie 
in  one  plane  and  therefore  the  figure  PABBP"  is  a  regular  pentagon. 

Similarly  each  face  of  the  figure  is  a  regular  pentagon ;  and,  as 
each  solid  angle  of  the  figure  is  contained  by  three  plane  angles  of 
the  same  size,  they  are  all  equal;  therefore  the  figure  is  a  regular 
dodecahedron. 
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THE  REGULAR  ICOSAHEDRON. 

Let  {  be  equal  to  the  diagonal  of  a  regular  pentagon,  whose  side  is 
equal  to  a,  in  which  case, 

by  Ptolemy's  Theorem,  we  have  P=al-{-a\      (in.  Prop.  37  b.) 

Construct  a  cube  ABCDEFGH  whose  edge  is  equal  to  I, 

Let  0  be  the  centre  of  the  cube.  Draw  perpendiculars  OL,  OM^ 
ON  on  the  three  faces  ABCD,  ADHE,  AEFB,  and  in  these  faces 
draw  lines  PLF',  QMQ\  RNR',  parallel  to  AB,  AD,  AE  respectively. 

Take  LP,  LP',  MQ,  MQ',  NR,  NR'  each  equal  to  J  a. 

Let  p,  p\  q,  q',  r,  /  be  the  reflexes  of  P,  P',  Q,  Q\  R,  Rf  in  the 
point  0.  (p.  620.) 

The  twelve  points  P,  P',  Q,  Q\  i2,  R\  p,  p',  q,  q\  r,  r*  are  the 
comers  of  a  regular  ioosahedron. 


The  projections  of  PQ  upon  AB,  AD,  AE  are  equal  to  \{l-a\ 
J  a,  J  Z  respectively.  {p.  533.) 


REGULAR  SOLIDS. 
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Therefore  PQ2=i(2-a)2+la2+Ja2=i(Z3-ai+a3)=a2. 

(§  4,  p.  586.) 

Therefore  PQ  is  equal  to  a.  Similarly  every  other  edge  of  the 
figare  may  be  proved  equal  to  a. 

Therefore  every  face  of  the  figure  is  an  equilateral  triangle. 

And  all  the  points  lie  on  a  sphere  whose  centre  is  0, 

since  0P3= J  (a2+P). 

Each  solid  pentahedral  angle  is  composed  of  five  equal  trihedral 
angles;  for  instance  the  pentahedral  angle  P{P'r'Q'QR)  is  composed 
of  the  five  equal  trihedral  angles  P(P'r'0),  Pir^Q'O),  P{Q'QO), 
P  (QRO),  P  (RP'O). 

And  therefore  all  the  solid  angles  of  the  figure  are  equal  and  the 
figure  is  a  regular  icosahedron. 

Each  of  these  regular  solids  has  a  circumscribed  sphere  passing 
through  all  the  angular  points,  an  inscribed  sphere  touching  all  the 
faces,  and  an  intrascribed  sphere  touching  all  the  edges.  The 
squares  on  the  radii  of  the  circumscribed,  the  inscribed  and  the 
intrascribed  spheres,  which  we  will  call  R,  r,  p  respectively  are  given 
in  the  following  Table. 


422» 

4r» 

4pa 

Tetrahedron 

fa2 

ka' 

ia^ 

Cube 

3a3 

a2 

2a2 

Octahedron 

2a2 

K 

a^ 

Dodecahedron 

3P 

i(2a  +  3Z)(2a  +  Z) 

3P-a2 

Icosahedron 

a2  +  /2 

P-ia^ 

P 

In  this  Table  a  is  equal  to  the  edge  of  the  figure,  and  {  satisfies 
the  equation  P=dl+ a\ 
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ANHARMONIO  PROPERTY  OF  FOUR  PLANES. 

The  four  points  in  which  four  fixed  planes  which  pass  through  a 
straight  line  are  cut  by  any  other  straight  line  form  an  anharmonic 
range  of  constant  ratio. 

Let  OAA'y  OBB\  OCG\  ODIY  be  four  planes  passing  through  a 
common  straight  line  00'  and  cutting  two  straigiht  lines  ABCD^ 
A'B'Cjy. 


Take  any  two  points  O,  0'  in  00'  and  draw  the  planes  OABCD, 
CA'B'C'jy, 

and  let  OA,  O'A'  meet  in  a;  OB,  O'B'  in  6; 
OC,  O'C  in  c  and  OD,  O'D'  in  d, 

a,  &,  0,  <{  lie  in  a  straight  line,  the  common  section  of  the  planes 
OABCD,  O'A'B'C'D'. 

Now  0  (ABCD)  is  an  anharmonic  pencil  cut  by  two  transversals 
ABCD,  abed. 

Therefore  ABCD,  abed  are  two  like  anharmonic  ranges. 

(VI.  Add.  Prop.  13.) 

And  O'  {A'B'Ciy)  is  an  anharmonic  pencil  cut  by  two  transversals 
A'B'C'jy,  abed. 

Therefore  A'B'C'B',  abed  are  two  like  anharmonic  ranges, 
therefore  ABCD,  A'B'C'D'  are  two  like  anharmonic  ranges. 
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EXTENSION  OP  THE  THEOREM  OF  MENELAUS. 

If  a  plane  cut  the  four  sides  of  a  skew  quadrilateral^  produced  if 
necessary i  the  ratio  compounded  of  the  ratios  of  the  segments  of  the 
sides  taken  in  order  is  equal  to  unity. 

Let  a  plane  PQRS  cut  the  sides  AB,  BC,  CD,  DA  of  a  skew 
quadrilateral  ABCD  in  P,  Q,  JR,  S  respectively.  , 

Let  the  plane  PQB8  cut  the  two  planes  ABC^  ADC  in  the  straight 
lines  TPQ,  TSR;  they  necessarily  intersect  in  some  point  T  iaAC, 

(Prop.  3.) 


Because  TPQ  is  a  transversal  of  the  triangle  ABC, 

the  ratio  compounded  of  the  ratios  AP  to  PB  and  BQ  to  Q<7  is  equal 
to  the  ratio  ^r  to  TC :  (VL  Add.  Prop.  1.) 

and  because  TSR  is  a  transversal  of  the  triangle  ADC, 

the  ratio  compounded  of  the  ratios  CR  to  RD  and  DS  to  SA  is  equal 
to  the  ratio  CT  to  TA. 

Therefore  the  ratio  compounded  of  the  ratios  AP  to  PB,  BQ  to  QC, 
CR  to  RD,  and  DS  to  SA  is  equal  to  the  ratio  compounded  of  the 
ratios  AT  U)  TC  and  CT  to  TA,  that  is,  to  unity. 

It  follows  from  the  result  just  proved  that  if  AP  be  to  PB  as  DR 
to  RC, 

then  AS  is  to  SD  as  BQ  to  QC. 

Now  if  the  three  lines  AD,  PR,  BC  be  parallel  to  the  same  plane: 

then  AP  is  to  PB  as  DR  to  RC,  (Prop.  17.) 

and  if  AS  be  to  SD  as  BQ  to  QC,  the  three  lines  AB,  QS,  DC  are 
parallel  to  one  plane.  (Ex.  2  on  I^op.  17.) 

We  may  therefore  generalize  this  proposition  thus, 

Every  straight  line  which  can  he  drawn  to  intersect  three  given  non^ 
intersecting  straight  lines  which  are  all  parallel  to  a  fixed  plane 
is  parallel  to  a  second  fixed  plane. 


SURFACE  OF  SPHERE. 

Let  AB  be  a  diameter  of  a  Bphere  whose  centre  ia  0,  and  let  APB 
be  a  great  circle.  JJet  F  be  the  middle  point  of  QPR  a  tangent  to  tha 
circle  APB.  Through  P,  Q  and  R  let  planes  LST,  UCF,  NDE 
be  dravn  at  right  angles  to  AB,  cutting  AB  in  L,  M  and  N.  Let  the 
tangent  plane  to  the  sphere  at  P  cat  these  planes  in  ST,  CP  and  DE, 
and  let  two  planet  throngb  AB  eqnallj  inolined  to  APB  cat  the 
tangent  plane  at  P  ia  CJ)  and  FE. 

Now  tlie  area  of  the  qcadiilateral  CDEF  is  eqnal  to  QE .  ST. 

Let  LP  prodnoed  ont  the  enveloping  cylinder  of  the  Bphere, 
nhose  generating  lines  are  parallel  to  AB,  in  p ;  and  the  lines  MC, 
ND,  NE,  MF,  MQ,  NB,  LS,  LT  oat  the  tangent  plane  to  the  ojUader 
at  J)  in  c,  d,e,f,  g,  r,>,t. 
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Now  the  area  of  the  quadrilateral  cdef  is  equal  to  qr .  8t, 

And  QR  :  qr=PO  :  PL=pL  :  PL=8t  :  ST, 

Therefore  QR .  ST  is  equal  to  qr .  8t\ 
or,  the  quadrilaterals  CDEF,  cdef&Te  equal  in  area. 

Now  suppose  the  surface  of  the  sphere  to  be  divided  into  any 
number  of  lunes  of  equal  angles  by  planes  drawn  through  AOB,  and 
between  the  planes  forming  each  of  these  lunes  let  a  quadrilateral  be 
described  corresponding  to  and  equal  to  the  quadrilateral  CDEF;  and 
also  corresponding  to  and  equal  to  the  rectangle  cdef. 

If  the  number  of  the  lunes  be  increased,  the  quadrilaterals  CDEF... 
can  be  made  to  approach  as  nearly  as  we  like  to  a  strip  of  the  surface 
of  a  cone  whose  axis  is  in  AOB,  which  touches  the  sphere  at  P, 
and  which  is  generated  by  the  rotation  of  the  line  QR  round  AOB 
through  four  right  angles,  and  at  the  same  time  the  quadrilaterals 
cdef..,  approach  as  nearly  as  we  like  to  a  strip  of  the  surface  of  the 
enveloping  cylinder. 

Hence  the  curved  surface  of  the  portion  of  a  right  circular  cone, 
between  two  parallel  planes  at  right  angles  to  the  axis,  is  equal  to 
the  surface  of  the  portion  of  a  co-axial  circular  cylinder,  intercepted 
by  the  same  planes ;  where  the  radius  of  the  cylinder  is  equal  to  the 
radius  of  a  sphere  which  touches  the  cone  at  points  equidistant  from 
the  parallel  planes. 

Let  a  polygon  of  an  even  number  of  sides  be  described  about  the 
circle  APR  touching  at  A  and  B  and  let  P  be  the  point  of  contact  of 
one  of  the  sides  QPR, 

By  rotation  round  AOB  a,  strip  of  a  cone  will  be  generated  by  each 
of  the  other  sides  of  the  polygon,  except  those  which  touch  at  A 
andB. 

The  surface  of  all  these  strips  of  cones  will  be  equal  to  the  sorfiaoe 
of  the  cylinder. 

Now  if  the  number  of  the  sides  of  the  polygon  be  increased  the 
strips  of  the  cones  can  be  made  to  approach  as  near  as  we  like  to  the 
surface  of  the  sphere,  hence  the  surface  of  the  sphere  is  equal  to  the 
curved  surface  of  the  cylinder. 

Similarly  it  may  be  proved  that  if  two  closed  curves  be  drawn  on 
the  sphere  and  on  the  cylinder  so  that  the  straight  line  joining  corre- 
sponding points  on  the  two  curves  always  cuts  the  axis  of  the  cylinder 
at  right  angles,  the  surfaces  of  the  portions  of  the  sphere  and  the 
cylinder  bounded  by  these  curves  are  equal. 

T.  E.  42 
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VOLUME  OF  SPHERE. 

It  has  been  proved  that  the  quadrilaterals  GDEF,  cd^f  are  equal  in 
area. 

The  volume  of  the  pyramid  OGDEF  is  equal  to  JOP .  CDEJP*^ 
because  OP  is  perpendicular  to  (JDEF, 

And  the  volume  of  the  prism  McfNde  is  equal  to  half  the  ortho- 
hedron,  whose  base  is  cdef  and  height  Lp,  that  is,  equal  to 

JOP  .  CDEF, 

Hence  the  volume  of  OCDEF  is  two-thirds  of  the  volume  of 

Mc/Nde. 

Again,  if  lunes  be  drawn  as  before  and  between  the  planes  forming 
each  lune  a  pyramid  and  a  prism  be  constructed  corresponding  to 
OGDEFf  McfNde  respectively  and  then  the  number  of  the  lunes  be 
increased  indefinitely,  the  volume  generated  by  the  rotation  of  the 
triangle  OQR  round  AOB  is  two-thirds  of  the  volume  of  the  cylinder 
generated  by  the  rotation  of  qrNM  round  AOB, 

Again,  if  a  polygon  of  an  even  number  of  sides  be  described  in  the 
plane  APB  as  before  and  a  strip  of  a  cone  generated  by  the  rotation 
of  each  of  its  sides,  except  those  which  touch  at  A  and  B,  the  volume 
generated  by  the  rotation  of  the  polygon  omitting  the  part  formed  by  the 
two  triangles,  whose  vertices  are  at  O  and  whose  bases  are  the  tangents 
which  touch  at  A  and  £,  is  two-thirds  of  the  volume  of  the  cylinder. 

Again,  if  the  number  of  sides  of  the  polygon  be  increased  in- 
definitely, the  volume  generated  by  that  part  of  the  polygon  becomes 
equal  to  the  volume  of  the  sphere. 

Hence  the  volume  of  the  sphere  is  two-thirds  of  the  volume  of  the 
enveloping  cylinder. 

Similarly  it  may  be  proved  that,  if  two  closed  curves  be  drawn  on 
the  sphere  and  on  the  cylinder  so  that  the  straight  line  joining  corre- 
sponding points  on  the  two  curves  always  cuts  the  axis  of  the  cylinder 
at  right  angles,  the  volume  of  the  portion  of  the  sphere  enclosed  by 
radii  of  the  sphere  passing  through  the  curve  on  the  sphere  is  two- 
thirds  of  the  volume  of  the  portion  of  the  cylinder  enclosed  by  straight 
lines  drawn  at  right  angles  to  the  axis  passing  through  the  ourve  on 
the  cylinder. 

The  relations  which  we  have  established  between  the  surfaces  and 
the  volumes  of  the  sphere  and  the  enveloping  cylinder  were  discovered 
by  Archimedes,  a  Greek  philosopher,  who  was  killed  at  the  siege  of 
Syracuse,  212  b.c. 


VOLUME  OF  SPHEME. 
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MISCELLANEOUS  EXERCISES. 

1.  If  a  straight  line  be  parallel  to  each  of  two  planes  it  is  parallel 
to  their  common  section. 

2.  The  perpendicular  drawn  from  a  vertex  of  a  regular  tetra- 
hedron on  the  opposite  fEMe  is  three  times  that  drawn  from  its  own 
foot  on  any  of  the  other  faces. 

3.  A  pyramid  stands  on  an  equilateral  triangle  as  base  and  the 
angles  at  the  vertex  are  right  angles :  shew  that  the  sum  of  the  per- 
pendiculars on  the  faces  from  any  point  of  the  base  is  constant. 

4.  The  edges  AB^  CD  of  a  tetrahedron  are  at  right  angles,  and 
if,  K'  are  the  orthocentres  of  the  faces  ABC,  ABD,  Prove  that  KK', 
AB  are  at  right  angles. 

5.  If  OABC  be  a  tetrahedron,  prove  geometrically  that  it  is 
impossible  for  the  opposite  edges  OA,  BG,  and  OB,  CA  and  OC,  AB 
to  be  inclined  to  one  another  at  the  same  angle  unless  that  angle  be  a 
right  angle.  The  order  in  which  the  letters  are  given  is  to  be 
considered  as  fixing  which  angle  between  each  pair  of  lines  is  con- 
sidered. 

6.  If  ABCD  be  an  orthooentrio  tetrahedron  and  O  its  ortho- 
centre,  then  the  five  tetrahedrons  formed  by  any  four  of  the  five  points 
0,  A,  Bf  G,  D  is  ajOL  orthooentrio  tetrahedron  and  the  fifth  point 
is  the  orthocentre. 

7.  If  ABGD  be  an  orthooentrio  tetrahedron  and  0  its  ortho- 
centre,  the  twelve-point  spheres  of  the  five  tetrahedrons  formed  by 
joining  the  points  O,  A,  B,  C,  Z>  intersect  each  other  in  pairs  in  the 
nine-point  circles  of  the  ten  triangles  formed  by  joining  the  points 
O,  A,  B,  C,  D. 

8.  In  an  orthooentrio  tetrahedron  each  solid  angle  is  contained 
by  three  plane  angles  of  the  same  kind,  i.e.  all  acute,  all  right,  or  all 
obtuse. 

9.  In  a  tetrahedron  ABGD,  AB  is  at  right  angles  to  CD.  Also 
the  sum  of  the  inclinations  of  the  planes  meeting  in  AB,  and  of  the 
planes  meeting  in  GD  is  equal  to  two  right  angles;  and  the  planes 
bisecting  these  angles  meet  in  the  shortest  distance  EF  between  AB 
and  GD.  Prove  ti^at  the  rectangle  AB,  GD  is  four  times  the  square 
on  EF. 

10.  ABGD  is  a  given  tetrahedron,  A\  B\  G'  points  on  DA,  DB, 
DG  taken  so  that  the  planes  ABG,  A'B'G'  are  parallel;  prove  that  the 
locus  of  the  intersection  of  the  planes  AB'G',  BG'A',  GA'B'  is  the  line 
joining  D  to  the  centre  of  gravity  of  the  triangle  ABG. 

11.  A  point  moves  so  that  the  sum  of  the  volumes  of  the  tetra- 
hedrons formed  by  joining  it  to  the  angular  points  of  two  given 
triangles  is  constant :  prove  that  its  locus  is  a  plane. 
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12.  The  section  of  a  rectangular  parallelepiped  made  by  a  plane 
passing  through  one  of  its  edges  is  a  rectangle. 

13.  The  middle  points  of  the  six  edges  of  a  cube  which  do  not 
meet  a  diagonal  of  the  cube  lie  in  a  plane  which  bisects  the  diagonal 
and  is  at  right  angles  to  it. 

14.  Every  triangular  section  of  a  rectangular  parallelepiped  is  an 
acute-angled  triangle. 

15.  In  a  parallelepiped,  AB,  the  diagonal  of  one  face  is  at  right 
angles  to  the  edges  of  intersection  of  the  four  faces  not  parallel  to  the 
first.  A  similar  fact  is  true  for  AC,  AD,  the  diagonals  of  the  other 
faces  meeting  at  A. 

Shew  that  the  parallelepiped  is  rectangular. 

16.  The  section  of  a  parallelepiped  by  every  plane  through  the 
centre  of  the  parallelepiped  is  either  a  parallelogram  or  a  hexagon 
whose  opposite  sides  are  equal  and  parallel. 

17.  The  sum  of  squares  on  the  diagonals  of  a  parallelepiped  is 
equal  to  the  sum  of  the  squares  on  the  edges. 

18.  Prove  that,  if  OP  be  a  diagonal  of  a  parallelepiped,  and  OA, 
OB,  00  three  edges,  then  the  sum  of  the  squares  on  OP,  OA,  OB, 
GO  is  equal  to  the  sum  of  the  squares  on  PA,  PB,  PC, 

19.  An  octahedron  can  be  formed  of  any  eight  equal  triangles 
provided  that  they  are  acute  angled. 

20.  Two  intersecting  circles  cut  at  the  same  angle  as  their 
inverse  circles. 

21.  Prove  that  a  sphere  can  be  described  through  any  two  circles 
which  intersect  in  two  points.  What  are  the  conditions  that  a  sphere 
can  be  described  through  two  non-intersecting  circles  ? 

22.  If  six  points  A,  B,  C,  D,  E,  F  be  such  that  three  circles 
ABCD,  CDEF,  EFAB  may  be  described  through  them  in  fours,  the 
six  points  lie  on  a  sphere.  What  are  the  conditions  that  a  sphere 
can  be  described  through  three  non-intersecting  circles  ? 

23.  A  straight  line  is  divided  at  a  fixed  point  into  parts  of  a 
constant  length,  and  the  ratios  of  the  distances  of  its  extremities 
from  two  other  fixed  points  are  equal:  prove  that  the  line  always 
lies  in  the  same  plane. 

24.  Shew  how  to  reduce  the  Solid  problem  to  describe  a  sphere 
to  touch  two  given  planes  and  to  pass  through  two  given  points  to  the 
Plane  problem  to  find  a  point  on  a  given  straight  line  eqmdistant  from 
a  given  point  and  another  given  straight  line. 

25.  In  a  tetrahedron  of  which  the  opposite  edges  are  equal,  shew 
that  (i)  the  centre  of  gravity,  the  centre  of  the  inscribed  sphere  and 
the  centre  of  circumscribing  sphere  all  coincide,  (ii)  the  shortest 
distance  between  opposite  edges  bisects  those  edges,  ana  (iii)  that  the 
three  shortest  distances  are  all  mutually  at  right  angles  and  are 
bisected  in  the  centre  of  gravity. 
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26.  Each  edge  of  a  tetrahedron  is  eqnal  to  the  opposite  edge : 
proYe  that  the  sum  of  the  squares  on  the  sides  of  a  face  is  double  the 
square  on  the  diameter  of  the  circumscribed  sphere. 

27.  It  is  possible  to  describe  two  circular  cones  such  that  each 
passes  through  two  given  circular  sections  of  the  same  sphere.  The 
vertices  of  the  two  cones  lie  on  the  polar  line  of  the  common  section 
of  the  planes  of  the  two  circles. 

28.  Every  tetrahedron,  self-conjugate*  with  respect  to  a  sphere,  is 
orthocentric. 

29.  An  orthocentric  tetrahedron  ABCD  and  its  orthocentre  O  are 
such  that  each  of  the  five  tetiahedrons  is  self-conjugate  with  respect 
to  a  sphere,  whose  centre  is  at  the  fifth  point.  These  five  spheres  cut 
each  other  at  right  angles.  One  sphere  has  an  imaginary,  and  the 
other  four  real  radii. 

30.  The  six  spheres,  described  on  the  edges  of  a  self-conjugate 
tetrahedron  as  diameters,  iJl  cut  the  sphere  at  right  angles. 

31.  If  two  points  P,  Q  be  conjugate  with  respect  to  a  circle  in  a 
plane  in  which  they  lie,  they  are  conjugate  with  respect  to  any  sphere 
passing  through  the  circle. 

32.  If  PQR  be  a  self-conjugate  triangle  with  respect  to  the 
circular  section  of  a  sphere  made  by  the  plane  PQRt  and  it  S  he  the 
pole  of  the  plane  PQR  with  respect  to  the  sphere,  the  tetrahedron 
PQRS  is  self-conjugate  with  respect  to  the  sphere. 

33.  In  a  self-conjugate  tetrahedron  one  vertex  is  within  the  sphere 
and  the  other  three  without.  All  the  plane  angles  of  the  tetrahedron 
at  tiie  internal  vertex  are  obtuse  angles. 

34.  If  PQRS  be  a  self-conjugate  tetrahedron,  a  cone,  whose 
vertex  is  i?  or  5  drawn  through  a  circle,  whose  plane  passes  through 
PQf  will  cut  the  sphere  again  in  a  second  circle,  whose  plane  also 
passes  through  PQ. 

35.  Prove  that  any  two,  reverse  tetrahedrons  may  be  divided  each 
into  six  parts,  which  in  pairs  are  equal  in  all  respects,  each  part  being 
composed  of  two  tetrahedrons  and  the  twelve  tetrahedrons  having  a 
common  vertex  at  the  centre  of  the  inscribed  sphere. 

36.  If  a,  /3,  7,  9  be  the  centroids  of  the  faces  of  the  tetrahedron 
ABCD  opposite  A,  B,  C,  D,  and  if  0  be  the  centre  of  the  circle  ABC, 
H  the  foot  of  the  perpendicular  from  D  on  the  plane  ABC,  and  P  the 
orthocentre  of  the  triangle  ABC,  then  the  centre  of  the  section  of  the 
sphere  a/37d  by  the  plane  ABC  is  the  centroid  of  the  triangle  OHP, 


*  Two  points  are  said  to  be  conjugate  with  respect  to  a  circle  or 
a  sphere,  when  each  point  is  on  the  polar  line  or  me  polar  plane  of 
tiie  oUier  point ;  a  triangle  or  a  tetrahedron  is  said  to  be  stif -conjugate 
with  respect  to  a  circle  or  a  sphere  when  each  vertex  is  on  the  polar 
line  or  the  polar  plane  of  each  of  the  other  vertices. 
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Aonte-angled  triangle,  12 
Algebra  and  Geometry  connected, 

134. 
Aliquot  part,  definition  of,  327. 
Alternate  angles,  definition  of,  75. 

—  arc,  definition  of,  244. 
Altitude,  351. 
Ambiguous  case,  prefaccy  z. 

—  extension  of,  367. 
Angle,  acute,  9. 

—  in  arc,  definition  of,  168. 

—  dihedral,  601. 

—  dihedral,  generation  of,  503. 

—  in  segment,  168. 

—  obtuse,  9. 

—  of  intersection  of  curves,  266 

—  not    limited    to    two    right 
angles,  221. 

—  pentahedral,  501. 

—  plane,  7. 

—  polyhedral,  501. 

—  right,  9. 

—  right  solid,  603. 

—  of  sector,  351. 

—  solid,  definition  of,  501. 

—  tetrahedral,  501. 

—  trihedral,  501. 

reverse,  561. 

Angles,  addition  of,  8. 

—  all  right,  equal,  37. 

—  of  any  magnitude,  essential  to 
Euclid's  method,  411. 

—  equal  in  opening,  503. 

—  test  of  equality  of,  8,  602. 

—  plane,  measurable  by  circular 
arc,  501. 


Angles,  plane  vertically  opposite, 
46. 

—  regular  solid,  630 

—  solid  vertically  opposite,  503. 

—  solid,  measurable  by  spherical 
area,  501. 

—  solid,  mode  of  denoting,  501. 
Anharmonic  pencils,  having  com- 
mon ray,  439. 

transversals  of,  437. 

—  property  of   four   points  on 
circle,  440 

—  property  of  four  planes,  640. 

—  property  of  four  tangents  to 
circle,  441. 

—  ranges,  having  common  point, 
438. 

—  ratio  of  four  points  on  circle, 
442. 

property  of,  436. 

Antecedent,  definition  of,  328. 
Apollonius,  circle  of,  426 
Arc,  definition  of,  167, 
Archimedes,  644. 
Arcs,  direction  of  measurement 

of,  289. 
Area,  definition  of,  10. 
Arithmetical  Progression,  462. 
Away  from,  why  used,  33,  41. 
Axiom,  use  of  term,  j?re/ac«,  vi. 
Axioms,  definition  of,  15. 

—  examples  of,  15. 

—  the  list  of,  imperfect,  preface^ 

•  • 

Vll. 

Axis  of  circle,  607 

—  of  similitude  defined,  454 
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Axis  of  triangles,  444. 

^  radical,  264 

of  pair  of  circles  touching 

three  circles,  456. 
Axes,  spheres    of   similitude  of 

three,  595. 

—  of  similitude  of  three  circles, 
454. 

Base  of  parallelogram,  351. 

—  of  triangle,  351. 
Brianchon's  theorem,  447. 

Casey's  theorem,  469 — 171. 
Centre,  of  circle,  13.    Cf.  174. 

—  of  direct  similitude,  when 
infinitely  distant,  454. 

— -  of  picture,  677,  578. 

—  radical,  265. 

—  of  similitude,  (a)  direct,  (&) 
inverse,  455. 

—  of  sphere,- 507. 

Centres  of  similitude  of  four 
spheres,  relative  positions  of, 
596. 

Centroid,  centre  of  gravity,  de- 
finition of,  103. 

—  of  weights,  425,  584. 
Ceva,  theorem  of,  422,  584. 

converse  of,  424. 

Chord,  definition  of,  167. 

—  of  arc,  167. 
circle,  167. 

contact  of  circle  touching 

two  circles,  451. 
Chords  of  two  circles  intersecting 

on  radical  axis,  452. 
Circle,  definition  of,  13. 

—  escribed,  definition  of,  294. 

—  inscribed,  definition  of,  172, 
294. 

—  of  Apollonius,  426. 

—  Nine-point,  271. 

—  great,  of  a  sphere,  590. 

—  small,     ,,        ,,     591. 
Circles,    coaxial,    definition   of, 

429. 

—  construction  for  circles  to  touch 
three,  458. 

—  equal,  have  equal  radii,  231. 


Circles,  four  pairs  of  circles  touch 
three,  459. 

—  orthogonal,  266. 

—  pair  of^  touching  two  circles, 
455. 

touching  three  circles,  455. 

—  touching  three  circles,  radical 
axis  of  pair  of,  456. 

Circumference,  definition  of,  167. 
Circumscribed  circle,  definition  of, 

297.    Cf.  172. 
Coaxial  circles,  properties  of,  268, 

465,  479,  481,  482,  483. 

—  triangles,  definition  of,  444. 

compolar,  445. 

Collinear  points,  351. 
Commensurable,    definition    of, 

328. 
Common  section  of  two  planes, 

definition  of,  500. 
Complanar  spheres,  definition  of, 

594. 
Complete  quadrilateral,  353. 
Complement.        Complementary 

angles,  definitions  of,  45. 
Complements  of  parallelograins, 

(&C.,  111. 
Compolar  triangles,  definition  of, 

444. 

coaxial,  444. 

Concentric,  definition  of,  170. 
Concurrent  lines,   definition  of, 

351. 
examples  of,   63,   71,  96, 

103, 422, 424, 582, 583, 684, 587. 
Cone,  circular,  507. 

—  right  circular,  507. 

—  vertex  of,  507. 

—  enveloping,  of  sphere,  692. 
Configuration    of    three    circles 

touching  a  fourth  circle,  459. 

—  of  four  circles  touching  a  fifth 
circle,  471. 

Conjugate,  648. 

—  points,  352. 

—  rays,  852. 

Consequent,  definition  of,  328. 
Contact,  external,  199. 

—  internal,  201. 

Contain.  Arcsoontain angles,  168. 


INDEX. 


651 


Contained,  a  rectangle  is,  134. 

Continuity,  principle  of,  472, 
473,  474. 

Converse  propositions,  27. 

not  necessarily  tme,  27. 

Convex  figure,  plane,  definition 
of,  10. 

solid,  definition  of,  505. 

Comer,  505. 

Correspondence  of  sides  of  tri- 
angles, 256. 

Corresponding  angles,  definition 
of,  75. 

—  vertices,  349. 

Cube,  definition  of,  505,  506. 

—  construction  of,  634. 
Curve,  inverse  of,  460. 
Curves,  angle  between,  266. 
Cylinder,  circular,  607. 

—  right  circular,  507. 

—  enveloping,  of  sphere,  592. 

Data,  definition  of,  61. 

—  often  conditioned,  61. 
Decagon,  definition  of,  285. 
Desargues,  theorems  due  to,  444, 

445. 

Diagonal,  of  parallelepiped,  562. 

Diagonals,  of  a  complete  quadri- 
lateral, 353. 

—  definition  of,  10. 
Diameter,  of  circle,  13. 

—  of  sphere,  507. 

—  bisects  circle,  175. 
Direction  of  measurement  of  arcs, 

289. 
Distance  from  a  point,  definition 
of,  171. 

—  between  centres  of  inscribed 
and  circumscribed  dreles  of 
triangle,  476. 

Distances  of  point  from  two 
points,  sum  of  multiples  of 
squares  on,  478. 

Dodecagon,  definition  of,  285. 

Dodecahedron,  505. 

—  regular,  construction  of, 
636. 

Duplicate  ratio,  definition  of^ 
332. 


Each  to  each,  why  discarded,  prt- 

facCy  ix. 
Enunciation,  joint  for  Props.  5 

and  6,  Book  II.,  145. 

—  joint  for  Props.  9  and  10,  Book 
n.,  153. 

Equal  in  all  respects,  definition 
of,  13. 

plane  figures,  13. 

solid  angles,  502. 

solid  figures,  506. 

—  in  opening,  502. 

Equality  of  ratios,  definition  of, 

330. 
remarks  on,  329. 

—  ratio  of,  328. 
Equiangular  triangles,    property 

of  sides  of  pair  of,  256. 

—  polygons,  506. 

Equilateral  figure,  11. 

Equimultiples,  definition  of,  327. 

Eudid,  by  his  Postulates  restrict- 
ed himself  in  his  use  of  instru- 
ments, 21. 

—  in  Prop.  4,  Book  I.,  assumes 
that  two  lines  cannot  have  a 
common  part,  23. 

Euler's  equation,  629. 

Example  of  the  principle  of  con- 
tinuity, 474. 

Exterior  angles,  definition  of, 
75. 

Extrascribed  sphere  of  tetra- 
hedron, 628. 

Extreme  and  mean  ratio,  351. 

Extremes,  definition  of,  332. 

Figure,  definition  of,  preface,  vi. 

—  circumscribed,  172,  285. 

—  convex,  definition  of,  10. 

—  equiangular,  11. 

—  equilateral,  11. 

—  inscribed,  172,  285. 

—  plane,  6. 

—  rectilinear,  9. 

—  regular,  11. 

—  skew,  504. 

Figures,  impossible,  prefaeey  ix. 

—  reflex,  621. 

—  reverse,  661. 
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Figures,  reversion  of,  caosed  by 
reflection,  620,  621,  623. 

—  symmetrical,  623. 

—  translation  of,  615, 

Gauss,  what  regular  polygons  can 
be  inscribed  in  a  circle,  320. 

Geometrical  Progression,  462. 

Geometry,  plane  and  spherical 
compared,  606. 

^-  solid,  definition  of,  499. 

Gergonne's  construction  for  cir- 
cles touching  three  circles, 
458. 

Gnomon,  why  discarded,  ^eface, 
vi. 

Harmonic  pencils,  having  com- 
mon ray,  435. 
transversals  of,  433. 

—  property  of  polar,  430. 

—  range,  defined,  352. 
property  of,  428,  432. 

—  ranges,  having  common  point, 
434. 

Harmonioal  Progression,  462. 
Hexagon,  definition  of,  285. 
Hexahedron,  505. 

—  regular,  construction  of,  634. 
Homologous,  definition  of,  331. 
Hypotenuse,  definition  of,  11. 

Icosahedron,  505. 

—  regular,  construction  of,  638. 
Impossible  figures,  ^preface,  ix. 
Inclination,  of  a  line  to  a  plane, 

504. 

—  of  a  plane  to  a  plane,  504. 

—  of  two  planes  at  a  point,  521. 

—  of  two  non-intersecting  lines, 
527. 

—  of  two  spheres,  592. 
Incommensurable,  definition  of, 

329. 
Inequality,  ratio  of  greater,  328. 

—  ratio  of  less,  328. 

Interior  angles,  definition  of, 
76. 

Intrascribed  sphere  of  tetra- 
hedron, 628 


Inverse  curves,  definition  of,  400, 
mechanical  mode  of  draw- 
ing, 468. 

—  of  circle  through  pole,  463. 

—  of  circle  not  through  pole,  463. 
-—  of  straight  line,  462. 

—  surfaces,  600. 

—  of  plane  through  pole,  600. 
not  through  pole,  600. 

—  of  sphere  through  pole,  600. 

not  through  pole,  ^X). 

Inversion,  definition  of,  460,  600. 

—  angle  between  two  curves  not 
altered  by,  461,  601. 

—  distance  between  two  points 
in  terms  of  inverse  points, 
464. 

—  coaxial  circles  invert  into  co- 
axial circles,  465. 

—  concentric  circles  invert  into 
coaxial  circles,  465. 

—  concentric  spheres  invert  into 
complanar  spheres,  601. 

—  complanar  spheres  invert  into 
complanar  spheres,  601. 

—  limiting  points  invert  into 
limiting  points,  465,  601. 

—  locus  of  point  P,  where 

mPA=nPB,  464. 

—  one  circle  may  be  its  own  in- 
verse, 466. 

— ,  pole  of,  460,  600. 

—  Ptolemy*s  theorem  proved  by, 
467. 

—  radius  of,  definition  of,  460, 
600. 

—  two  circles  may  be  their  own 
inverses,  466. 

—  two  circles,  how  inverted  into 
equal  circles,  466. 

—  two  points  and  their  inverses 
lie  on  a  circle,  461. 

—  two  spheres  may  be  their  own 
inverses,  601. 

—  three  spheres  may  be  their 
own  inverses,  601. 

—  two  spheres  may  be  inverted 
with  two  equal  spheres,  601. 

—  three  circles  may  be  their  0¥m 
inverses,  466. 
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InYenion,  three  ciroLes,  how  in- 
verted into  equal  dzclesy  466. 

—  three  spheres  may  be  inverted 
into  three  equal  spheres,  601 

—  four  spheres  can  be  inverted 
into  four  eqoal  spheres,  601. 

Isosceles,  definition  of,  11. 

Letters,  nsed  to  represent  magni- 
tudes, 327. 

Like  anharmonic  pencils,  353. 

-—  anharmoDic  ranges,  352. 

Limit,  explained,  217. 

Limiting  points  of  a  series  of  co- 
axial circles,  429. 

Line,  definition  of,  2. 

—  horizon,  677. 

—  of  sight,  677. 

—  pedal,  definition  of,  272. 

—  Simson's,  272. 

—  straight,  definition  of,  4. 

—  tangent  to  sphere,  692. 
Lines,  addition  of,  6. 

—  cut  proportionally  (1)  extern- 
ally, (2)  internally,  360. 

—  dotted,  use  of,  499. 

—  polar,  with  respect  to  sphere, 
693. 

Locus,  definition  of,  and  example, 
39. 

—  of  points,  distances  from  which 
to  two  fixed  points  are  equal, 
39. 

distances  from  which  to  two 

fixed  points  are  in  a  fixed  ratio, 

426,  464. 
tangents  from  which  to  two 

circles  are  equal,  264. 
tangents    from   which    to 

two  circles  are  in  a  fixed  ratio, 

479,  480,  481. 
Lune,  definition  of,  602. 
— -  angle  of,  602. 

—  area  of,  603. 

Magnitude  of  angles  not  limited 
by  Euclid's  method,  411. 

Magnitudes  represented  by  letters, 
327. 

Maximum  value,  definition  of,  65. 


MaTimmn  value,  example  of,  190, 
192,  193, 195. 

Maximum  and  minimum,  illus- 
tration of,  65. 

—  and  minimum  values  occur 
alternately,  193. 

Mean  proportional,  definition  of, 

332. 
Means,  definition  o^  332. 
Measure,  definition  of,  327. 
Menelaus,  theorem  of,  418,  584. 

converse  of,  420. 

extension  of,  641. 

Method  of  superposition,  5. 
Minimum  value,  definition  of,  55. 

example  of,  66, 67, 193, 195. 

Multiple,  definition  of,  327. 

—  definition  of  wfi'^  327. 

Nine-point  circle,  definition  of, 

271. 
properties    of,    270,    271, 

448,  449. 
Notation  of  proportion,  830. 

Obtuse-angled  triangle,  definition 

of,  12. 
Octagon,  definition  of,  285. 
Octahedron,  605. 

—  regular,  construction  of,  635. 
Orthocentre,  definition  of,  96. 

—  of  tetrahedron,  688 
Orthocentrio  tetrahedron,  588. 

twelve-point  sphere  of,  588. 

Orthogonal  circles,  266—268. 
Orthohedron,  606. 
Orthogonally,  system  of  circles 

cutting  two  circles,  268. 

Parallel,  definition  of,  7. 

—  lines,  7. 

—  line,  to  plane,  604. 

—  plane,  to  plane,  604. 
Parallelepiped,  definition  of,  506. 

—  diagonal  of,  562. 

—  general  properties  of,  682. 

—  rectangular,  606. 

—  special  forms  of,  686. 

—  allied  tetrahedrons  of,  682, 
686. 
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Parallelogram,  definition  of,  12. 
Parallelograms   about    the   dia- 
gonal-of  a  parallelogram,  111. 

—  eeotions  of  tetrahedron,  685. 
Part,  definition  of  m*>»,  327. 
Parts  of  a  triangle,  definition  of, 

74. 
PasoaPs  theorem,  446. 
Peancellier's  cell,  468. 
Pedal  Hne,  272. 
Pencil,  anharmonic,  352. 

—  definition  of,  851. 

—  how  denoted,  351. 

—  harmonic,  352. 

—  like  anharmonicj  353. 
Pencils,  equality  o^  test  of,  440. 
Pentagon,  definition  of,  285. 

—  regular,  conetruction  for,  309. 
Pentahedron,  505 
Perimeter,  definition  of,  9. 
Perpendicular,  definition  of,  9. 
Perspective,  triangles  in,  444. 

—  principles  of,  576 — 681. 
Picture,  centre  of,  577. 

—  plane,  576. 

Plane,  definition  of,  6,  500. 

—  polar,  of  point  with  respect  to 
sphere,  593. 

—  tangent,  to  sphere,  692. 

—  radical,  oT  two  spheres,  693. 
Planes,  common  section  of  two, 

600. 

—  test  of  the  coincidence  of  two, 
600. 

—  inclined  to  one  another,  604. 

—  parallel  to  one  another,  604. 

—  of  similitude  of  four  spheres, 
696. 

Point,  angular,  9,  506. 

—  definition  of,  2. 

—  pole  of  plane  with  respect  to 
sphere,  693. 

—  vanishing,  678. 

Points,  conjugate,  defined,  352. 

—  limiting,  of  a  series  of  coaxial 
circles,  429. 

Polar,  definition  of,  258. 

—  lines  with  respect  to  sphere, 
693. 

Pole,  definition  of,  258. 


Pole,  of  inversion,  460. 

—  of  line  with  respect  to  drde, 
268. 

—  of  plane  with  respect  to  sphere, 
693. 

—  of  triangles,  444. 
Polygon,  definition  o^  11. 

—  the  term  extended  to  inolnde 
triangles  and  quadrilaterals, 
349. 

Polygons,  equiangular,  349. 

—  number  of  conditions  of  eqni- 
angularity  of,  349. 

— number  of  necessary  conditions 
of  similarity  of,  350. 

—  regular,  which  can  be  inscribed 
in  a  circle,  320. 

—  similar,  349. 
Polyhedron,  605. 

—  convex,  definition  of,  605. 

—  regular,  606. 

—  closed,  relation  between  faces, 
edges  and  comers,  629. 

Polyhedrons,  equiangular,  606. 

—  similar,  506. 
Poncelet*s  theorems,  483. 
Porism,  definition  of,  476. 

—  examples  of,  476—477. 

—  of  inscribed  and  circumscribed 
circles,  477. 

condition  for,  476. 

—  of  set  of  coaxial  ditdes,  483. 
Postulate,  definition  of,  prefctce, 

vui,  4. 

—  I.  Two  straight  lines  cannot 
enclose  a  space,  4. 

—  n.  Two  straight  lines  cannot 
have  a  common  part,  4. 

—  in.  A  straight  line  may  be 
drawn  from  any  point  to  any 
other  point,  6. 

—  IV.  A  finite  straight  line  may 
be  produced  to  any  length,  5. 

—  y.  All  right  angles  equal, 
preface^  viii,  9. 

—  VI.  A  circle  may  be  described 
with  any  centre,  and  with  any 
radius,  preface,  ix,  14. 

—  VII.  Any  straight  line  drawn 
through  a  point  within  a  closed 
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figure  most,  if  produced  fax 
enough,  intersect  the  figure  in 
two  points  at  least,  14. 
Postulate  Vni.  Any  line  joining 
two  points  one  within  and  the 
other  without  a  closed  figure 
must  intersect  ^e  figure  in  one 
point  at  least,  14. 

—  IX.  If  the  sum  of  the  two  in- 
terior angles,  which  two  straight 
lines  make  with  a  given  straight 
line  on  the  same  side  of  it,  be 
not  equal  to  two  right  ang^, 
the  two  straight  lines  are  not 
parallel,  61. 

—  Book  XI. 

—  I.  A  plane  may  be  drawn 
through  any  three  points,  500. 

—  II.  A  part  of  a  plane  may  be 
produced  to  any  extent  in  any 
direction  in  its  plane,  500. 

Principle  of  continuity,  definition 
of,  472. 

examples  of,  474. 

Prism,  506. 

Problem,  definition  oi^  preface,  xi. 

Problems  often  admit  of  several 
solutions,  17, 19,  249,  287. 

Progression,  Arithmetical,  Geo- 
metrical, Harmonical,  462. 

Projection,  definition  of,  533. 

Proportion,  proportionals,  defini- 
tion of,  330. 

—  continued,  definition  of,  332. 

—  notation  of,  330. 
Proportional,  reciprocally,  defini- 
tion of,  380. 

Proportionally    cut,    externally, 

350. 

internally,  350. 

Ptolemy's  Theorem,  property  of 

chords  joining  four  points  on 

circle,  257. 
Casey's  extension  of,  469, 

470,  471. 

employed,  636,  638. 

Pyramid,  506. 

Pythagoras,  Theorem  of,  120. 

Quadrilateral,  complete,  353. 


Qoadrilateral,  harmonic  proper- 
ties of,  complete,  423. 

—  convex,  353. 

—  cross,  353. 

—  definition  of,  11. 

—  re-«ntrant,  853. 

—  skew,  spheres  touching  sides 
of,  624-627. 

Badical  axis,  of  two  circles,  264. 
of  three  spheres,  594. 

—  centre,  of  three  circles,  265. 
of  four  spheres,  594. 

—  plane  of  two  spheres,  594. 
Badius,  of  circle,  13. 

—  of  sphere,  507. 

—  of  inversion,  460. 

—  vector,  definition  of,  460. 
Bange,  anharmonio,  352. 

—  defijiition  of,  851. 

—  how  denoted,  351. 
Banges,  like  anharmonic,  352. 
Batio  of  anharmonic  range,  852, 

443. 

—  compounded,     definition    of, 
332. 

independent   of   order   of 

composition,  399. 

—  definition  ojf,  327. 
— -  of  equality,  328. 

—  of  greater  inequality,  328. 

—  of  less  inequality,  328. 

—  of  a  pencil,  353. 

—  of  ratios,  332. 
Batios  compounded,  332. 

—  equality  of,  defined,  330. 
Bays,  conjugate,  352. 

—  of  a  pencil  defined,  351. 
Beciprocal  figures,  607. 
Beciprooally  proportional,  379. 
■Bectangle,  definition  of,  12, 134. 

—  how  denominated,  134. 
Be-entrant  quadrilaterals,  353. 
Beflection,  in  point,  620. 

—  in  straight  line,  621. 

—  in  plane,  623. 
Beflections,  successive,  in  planes, 

623. 

in  points,  620. 

in  straight  lines,  622. 
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BeflexeB,  definition  of,  620,  621, 

623. 
Begular  plane  figure,  definition  of, 

11. 

—  solid  angles,  630. 

—  solids,  only  five  possible,  631. 

—  solids,  oonstraction  of,  632 — 
639. 

—  Dodecahedron,  636. 

—  Hexahedron  (Cube),  634. 

—  loosahedron,  638. 

—  Octahedron,  635. 

—  Tetrahedron,  633. 
Belations  between  a  line  and  a 

circle,  213. 

—  between  two  circles,  203. 
BespectiYely,howused,jpr«/ac«,  ix. 
Beverse  tetrahedrons,  561. 

—  trihedral  angles,  561. 
Bhomboid,   why  discarded,  jpre- 

fcLce^  vi. 
Bhombus,  definition  of,  12. 
Bight  angles  are  equal,  37.    Gf. 

preface,  viii. 

at,  line  and  line,  9. 

line  and  plane,  504. 

plane  and  plane,  503. 

Bight-angled  triangle,  definition 

of,  11. 
Botation  in  plane  point   about 

point,  186,  614. 
line   about   point,  186, 

614. 
plane  figure  about  point, 

186,  689,  615. 

—  in  space,  point  about  line,  616. 

line  about  line,  616. 

figure  about  line,  689, 

616. 
Botations,  sucoessiYe,  in  a  plane, 

618. 
in  space,  619.     ' 

Secant,  definition  of,  213. 
Sector,  angle  of  a,  351. 

—  of  a  circle,  361. 
Segment,  definition  of,  167. 
Segments  of  a  chord,  251. 
Self-conjugate,  648. 
Semicircle,  definition  of,  167. 


Sides,  corresponding,  266,  349. 
definition  of,  9. 

—  of  a  spherical  triangle,  602. 
Sight,  line  of,  677. 

Similar  arcs,  definition  of,  168. 

—  figures,  similar  and  similarly 
situate,  448. 

—  segments,  definition  of,  168. 
Similarity  of   figures,  condition 

of,  403. 
Similitude,  axis  of,  defined,  454. 

—  centre  of,  for  plane  figures, 
448. 

for  solid  figures,  695. 

direct  for  plane  figures,  448. 

solid  figures,  596. 

at  infinite  distance,  409, 

461. 
inverse,  for  plane  figures, 

448. 
solid  figures,  695. 

—  axes  of,  for  three  spheres,  596. 

—  planes  of,  for  four  spheres,  596. 

—  centres  of,  of  two  circles,  460. 

of  three  circles,  464. 

of   circle  of   nine  points 

and  circumscribed  circle,  449. 
Simson's  line,  272. 
Skew,  figure,  definition  of,  604. 

—  quadrilateral,  sphere  touching 
four  sides  of,  624—627. 

Solid,  definition  of,  3. 

—  geometry,  definition  of,  499. 
Solids,  regular,  632—639. 

definition  of,  505. 

names  of,  506. 

Sphere,  surface  of,  642,  643. 

—  volume  of,  644. 

—  touching  four  spheres,  698 — 
599. 

—  description  of,  698. 

—  inscribed  in  tetrahedron,  608— 
613. 

—  definition  of,  607. 

—  properties  of,  690 — 699. 

—  how  denoted,  607. 

—  Twelve-point,  688. 

—  great  drde  of,  590. 

—  tangent  line  to,  692. 
plane  to,  692. 
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Sphere,  enveloping  cone  of,  592. 
cylinder  of,  692. 

—  touching  sides  of  skew  quadri- 
lateral, 624. 

Spheres,  intersection  of,  592. 
Spherical  trigonometry,  602,  606. 

—  triangle,  602. 

area  of,  603. 

sides  of,  602. 

—  triangles,  reverse,  603. 

polar,  604. 

Square,  definition  of,  12. 

—  ordinary  definition,   why  dis- 
carded, prefoLcet  vi. 

Straight  lines,  test  of  equality  of,  5. 
Superposition,  method  of,  5. 

note  on,  preface^  viii. 

Supplement,  supplementary  an- 
gles, definitions  of,  45. 
Surface,  definition  of,  3. 

—  closed,  504. 

—  inverse  of,  600. 
Symmetrical,  definition  of,  623. 

Table  respecting  planes  of  simili- 
tude of  four  spheres,  596. 

—  —    inscribed    and    escribed 
spheres  of  tetrahedron,  613. 

Tables  —  the  regular  solids,  632, 

639. 
Tangent,  definition  of,  169. 

—  common  to  two  circles,  219. 

—  limit  of,  a  secant,  217, 245, 253. 

examples  of,  246,  263. 

Test  of  equality  of  plane  angles,  8. 

of  solid  angles,  502. 

geometrical  figures,  5. 

straight  lines,  5. 

Tetrahedron,  505. 

—  description  of  a  sphere  about, 
573. 

—  inscribed  sphere  of,  608. 

—  general  properties  of,  683. 

—  special  forms  of,  686. 

—  orthocentric,  688. 

—  regular,  construction  of,  633. 

—  two  distinct  types  of,  612. 

—  intrascribed  sphere  of,  628. 
Tetrahedrons,  allied,  of  a  parallel- 
epiped, 582,  686. 


Tetrahedrons,  reverse,  561. 
Theorem  of  Apollonius,  426. 

—  Brianchon's,  447. 

—  Casey's,  469,  470,  471. 

—  Ceva's,  422,  684. 

—  of  Desargues,  444,  445. 

—  of  Menelaus,  418,  584. 
extension  of,  641. 

—  Pascal's,  446. 

—  Poncelet's,  482,  483. 

—  Ptolemy's,  267. 

—  of  Pythagoras,  120. 

Third  Proportional,  definition  of 

332. 
Touch,  meaning  of,  169. 
Translation,  definition  of,  616. 
Transversal,  definition  of,  419. 
Trapezium,  why  discarded,  ^e- 

face^  vi. 
Triangles,  coaxial,  444. 

—  compolar,  444. 

—  definition  of,  11. 

—  equal,  on,  74. 

—  inscribed  in  a  circle,  416. 

—  missing  case  of  equality  of, 
prefacBy  x. 

Tnhedral    angle,    definition    of, 

601. 
construction  of,  560. 

—  angles,  opposite  vertical,  672. 
Triplicate  ratio,  definition  of,  332. 

Units  of  length  and  of  area,  136. 

Vanishing  point,  578. 

—  points  of  three  directions  mu- 
tually at  right  angles,  678. 

Vertex,  7. 

—  definition  of,  9. 

—  of  a  pencil  defined,  361. 

—  of  polygon,  7. 

polyhedron,  506. 

cone,  507. 

Volume,  of  sphere,  644. 
tetrahedrons,  568,  670. 

Weights,  centroid  of,  425,  584. 
Within  a  circle,  169. 
Without  a  circle,  169. 
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Author 

Banedlx 
Fteytag 


CkMthe 

It 
Gutikow 
HttcWander 
Hanff 

»t 

»t 
Immermaim 
Xlee 

KoUraiuKdi 
Lessiiiir 


4.   GERMAN. 

Work  Editor 

Ballads  on  German  History    Wagner 


Dr  Wespe 

Der  Staat  Friedrichs  des 

Grossen 
German  Dactylic  Poetry 
Knabenjahre  (1749 — 1761) 
Hermann  und  Dorothea 
Zopf  und  Schwert 
Der  geheime  Agent 
Das  Bild  des  Kaisers 
Das  Wirthshaus  im  Spessart 

Die  Karavane 

Der  Oberhof 

Die  deutschen  Heldensagen 

Das  Jahr  181 3 

Minna  von  Bamhelm 


Price 

a/- 
3/- 

«/- 

3/- 
Wagner  &  Cartmell    a/- 

n  >f  3/^ 

Wolstenholme  3/6 

£.  L.  Milner  Barry     3/- 


Breul 


Wagner 


t> 


lessinff  ft  OeUert    Selected  Fables 
Mttndtissolm       Selected  Letters 


Raiim«r 
Blehl 


»» 


8ciim«r 


»> 


9» 


»» 


>l 


miland 


Der  erste  Kreuzzug 
Culturgeschichtliche 

Novellen 
Die  Ganerben  &  Die  Ge- 

rechtigkeit  Gottes 
Wilhelm  Tell 

„         (Abridged  Edition) 
Geschichte  des  dreissigjah- 

rigen  Kriegs  Book  ill. 
Maria  Stuart 
Wallenstein  I.  (Lager  and 

Piccolomini) 
Wallenstein  II.  (Tod) 
Ernst,  Herzog von  Schwaben  Wolstenholme 


Breul 

3l- 

Schlottmann 

&  Cartmell 

3/-. 

Schlottmann 

3/- 

Wagner 

3/- 

Wolstenholme 

3/- 

II 

»/■ 

Wolstenholme 

In  the  Prest 

Breul 

3/- 

Sime 

3/- 

Wagner 

»/- 

Wolstenholme 

3/6 

fi 

3/- 

Breul 

t/6 

t» 

1/6 

tf 

3/- 

i> 

3/«        , 

f» 

3/6 

„              In  the  Press 

3/6 


THE  PITT  PRESS  SERIES. 


5.    ENGLISH. 

Author 

H^crk 

■ayor 

A  Sketch  of  Ancient  Philoso- 

phy from  Thales  to  Cicero 

Wallace 

Outlines  of  the  Philosophy  of 

Bacon 

History  of  the  Reign  of 

King  Henry  VII 

Cowley 

Essays 

Giay 

Poems 

More 

History  of  King  Richard  III 

f» 

Utopia 

UUton 

Arcades  and  Comus 

*» 

Ode  on  the  Nativity,  L* Alle- 
gro, 11  Penseroso  &  Lycidas 

i» 

Samson  Agonistes 

)) 

Paradise  I^t,  Bks  I,  II 

)( 

„            Bks  III,  IV 

fi 

„            Bks  V,  VI 

f  t 

„            Bks  VII,  VIII 

)) 

„            Bks  IX,  X 

a 

„           Bks  XI,  XII 

Pope 

Essay  on  Criticism 

Scott 

Marmion 

}) 

Lady  of  the  Lake 

tt 

Lay  of  the  last  Minstrel 

y  9 

L^end  of  Montrose 

A  Midsummer-Night's  Dream 

Bhakeepeare 

19 

Twelfth  Night 

it 

Julius  Caesar 

Sliakeepeare 

ft  netcher  Two  Noble  Kinsmen 

Sidney 

An  Apologie  for  Poetrie 

Edifor  Price 


3/6 
Aristotle  4/6 

Lumby  3/- 

4/- 
Tovey  In  Preparation 

Lumby  3/6 

3/6 
Verity  3/- 

3/6 


») 


»» 


«/6 

,/- 
»/- 

»/- 

V- 

In  Preparation 

»,  «/• 

West     In  the  Press 

Masterman         2/6 

„      In  the  Press 

Flather    In  the  Press 

Simpson  In  the  Press 

Verity  1/6 

1/6 

1/6 

Skeat  3/6 

Shuckburgh         3/- 


*i 


»» 


Wert 

Carlos 

Mm 

Bartbolomew 


Elements  of  English  Grammar 
English  Grammar  for  Beginners 
Short  History  of  British  India 
Elementary  Commercial  Geography 
Atlas  of  Commercial  Geography 


a/6 

I/- 
1/6 

3/- 


BoMnaon 


Church  Catechism  Explained 


«/• 


THE  PITT  PRESS  SERIES, 


6.    EDUCATIONAL  SCIENCE. 


Author 

COlbeck 
Comeiiiiu 


£▼6 

Sidgwick 
AblMtt 

Fazrar 

Poole 

Lo6ke 

MUton 

Sidgwick 

Tbrixifi^ 


Work 


Editor 


of 


Lectures  on  the  Teaching  of  Modern 

Languages 
Life  and  Educational  Works 
Three  Lectures  on  the  Practice 

Education 

I.  On  Marking 

II.  On  Stimulus 

III.  On  the  teaching  of  Latin 

Verse  Composition 
General  Aims  of  the  Teacher) 
Form  Management  ( 

Thoughts  on  Education 
Tractate  on  Education 
On  Stimulus 
Theory  and  Practice  of  Teaching 


Laurie 


4 


I  Vol. 


I  Vol. 


Quick 
Browning 


Price 

2/- 

3/6 


2/- 


1/6 
3/6 

2/- 

i/- 

4/6 


7.    MATHEMATICS. 


Ball 
EucUd 


>* 


»> 


f> 


I  >> 


Taylor 


Elementary  Algebra 
Books  I — VI,  XI,  XII 
Books  I— VI 
Books  I— IV 
Also  separately 

Books  I,  &  II ;  III,  &  IV;  V,  &  VI;  xi,  &  Xll  i/6  each 
Solutions  to  Bks  I— iv  W.  W.  Taylor        6/- 

Hol)Bonft  Jeasop  Elementary  Plane  Trigonometry 


»i 


»> 


4/6 

5/- 
4/" 
3/- 


Loney 


»t 


Smith,  0. 


»» 


ft 


Hale,  0. 


Elements  of  Statics  and  Dynamics 

Part  I.    Elements  of  Statics 
„     II.    Elements  of  Dynamics 
Solutions  of  Examples,  Statics  and  Dynamics 
Mechanics  and  Hydrostatics 
Arithmetic  for  Schools,  with  or  without  answers 

Part  I.  Chapters  I — viii.   Elementary,  with 

or  without  answers 

Part  II.     Chapters  ix—xx,  with  or  without 

answers 
Key- to  Smith's  Arithmetic 


♦/6 
7/6 

4/6 
3/6 
7/6 
4/6 
3/6 

»/- 
7/6 
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GLASGOW :  163,  Argyle  Strebt. 
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^fit  aramttttrge  iSible  for  ^c^oofe 

anlr  Colleges/ 

General  Editors  : 
J.  J.  S.  PEEOWNE,  D.D.,  Bishop  or  Wobcebteb, 
A.  F.  KIBKPATBICK,  D.D.,  Begiub  Professob  op  Hebbbw. 

♦ 

Extra  Fcap.  Svo.  doth,  with  Maps  when  required. 
Book  of  Joaliua.    Bev.  G.  F.  Macleab,  D.D.     28.  6d, 
Book  of  Jndgos.    Bev.  J.  J.  Lias,  M.A.     3<.  6d. 
First  Book  of  8ainn«L    Prof.  Eibkpatbiok,  D.D.     3s.  6<i. 
Saeond  Book  of  Samwl.    Prof.  Eibkpatbick,  D.D.    Ss.  6d, 
First  k  Bacond  Books  of  Kings.  Prof.  Lumbt,  D.D.  ds,  6d.  each. 
Books  of  Bxra  &  MTAhemiali.    Prof.  Byle,  D.D.     4s,  6(2. 
Book  of  ^ol>.    Ptof.  Davidson,  D.D.    Bs, 
Psalms.    Book  Z.    Prof.  Eibepatbick,  D.D.    Ss.  6d. 
Psalms.   Books  ZZ  and  HZ.    Prof.  Eibkpatbick,  D.D.   Ss,  6(2. 
Book  of  Eoclesiastes.    Very  Bey.  E.  H.  Plumptbe,  D.D.    5s, 
Book  of  Jeremlali.    Bev.  A.  W.  Stbeane,  D.D.    is,  6(2. 
Book  of  Emekitf.    Prof.  Davidson,  D.D.    5s. 
Book  of  Bosea.^  Bev.  T.  E.  Ghbyne,  M.A.,  D.D.    Ss. 
Books  of  ObfluliiEb  and  Jonak.    Arch.  Pebownb.    2«.  6(2. 
Book  of  BUeab.    Bev.  T.  E.  Chbynb,  M.A.,  D.D.    Is,  6(2. 
Books  of  Bagsai,  Zachariah  AMalaclii.  Arcih.  Pebownb.  3«.6(2. 
Book  of  BEalaehl.    AichdesLOon  Pebowne.    Is, 
OoapA  according  to  8t  Matthew.  Bev.  A.  Gabb,  M.A.  2s.  6(2. 
Oo^ptt  according  to  Bt  aCariE.  Bev.G.F.  Macleab,D.D.  2«.6(2. 
Ooq^  ace  to  Bt  Zinkc  Very  Bev.  F.  W.  Fabbab,  D.D.  4^.  6(2. 
Gospel  according  to  Bt  Jokn.  Bev.  A.  Plummeb,  D.D.  is.  6(2. 
Acts  of  tbe  AposUM.    Prof.  Lumby,  D.D.    is.  6(2. 
Bpistls  to  the  Bomans.    Bev.  H.  G.  G.  Moule,  D.D.    39.  6(2. 
First  and  Becond  Corinthians.  Bev.  J.  J.  Lias,  M.  A.  28,  each. 
Epistle  to  the  Oalatlans.   Bev.  E.  H.  Pebowne,  D.D.  Is,  6(2. 
Epistle  to  the  Ephesians.    Bev.  H.  G.  G.  Moule,  D.D.  2s.  6(2. 
Epistle  to  the  Philippians.  Bev.  H.  G.  G.  Moule,  D.D.  2«.  6(2. 
COlossians  and  Philemon.    Bev.  H.  G.  G.  Moule,  D.D.  28. 
Epistles  to  the  Thessalonians.   Bev.  G.  G.  Findlay,  B.A.  28. 
Epistles  to  Timothy  and  Titos.  Bev.  A.  E.  Humphbeys,  M.A. 

Ss. 
Epistle  to  the  Bebrews.  Very  Bev.  F.  W.  Fabbab,  D.D.  3s.  6(2. 
Epistle  of  Bt  James.  Very  Bev.  E.  H.  Plumptbe,  D.D.  Is.  6(2. 
Bt  Peter  and  Bt  JtUto.  Very  Bev.  E.  H.  Plumptbe,  D.D.  2s.  6(2. 
Epistles  of  Bt  John.    Bev.  A.  Plummeb,  D.D.    38.  6(2. 
Book  of  BeT«Ution.    The  late  Bev.  W.  H.  Smcoz,  MJ^.    Ss. 

Other   Volumes  Preparing, 


LONDON  :  C.  J.  CLAY  and  SONS, 
CAMBBIDGE  UNIVEBSITY  PBESS  WABEHOUSB, 

AVE  MABIA  LANE. 


